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THE SOLUTION OF A FUCIK'S CONJECTURE
Rudolf SVARC

Dedicated to the memory of Svatopluk FUCIK

Abstract: In his book [3] Pudik had formulated an open problem
on the equations with jumping nonlinearity. Roughly speaking,
having in mind the special kind of the nonlinearity, there could
be some nontrivial relations between the Leray-Schauder degree
and the number of solutions to guch equations. By a method of
geometrical visualization of IR", this article shows that it is
not the case.

AMS classification: 4TH15, 55M25
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Let H be a Hilbert space with a cone C of "non-negative"

elements, i.e.,for each ue H there exist

o - W{Q‘D‘SC:C,'
U = wax {-—u‘O}GC\
VY

= ut. U

Let the mappings " — u*‘

u)——-’\i
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be continuous. Let S : W —> 4 ve a linear completely
continuous selfadjoint operator. Let A and < be two real

paremeters, We define the operators S"r’*‘ + W=\ as follows:

$)\e& uw o= W~ ASu” —(_»_Su" .

An operator of this type is said to be an operator with
Jumping nonlinearity. First results concerning this type of
operators were probably obtained by Ambresettl and Prodi in [1,2] .
Some other papers concerning this subject are quoted in the

references to this article, A 1list of references can be found

in 13\ also.
The operator SA\ being positively homogeneous
L - b
( SA\CH_ (2u) 37\ o~ \*) , one can easily prove the

Assertion: Let ® be a ball centred in OeM . Let the

- o e e e e e

Leray-Schauder degree of SA(& W, ¥. A the point QO and the ball

.B \

aai\(sh‘ OB
be defined,
Then the equation
(x) %k\ w W 4

has at least \4 (S;\\@L\D\E) | solutions for each ‘Q& H .
In [3) Pudik had formulated the following

Leray-Scheuder degree of SA‘(& W.r. k the point 0 and the
va11 B

dog(S, , O1)= 0.

Then there exists some QG H such that the equation (&) has

no solution.

- 484 -



This conjecture doesn’t hold and we shall construct a counter-

example,

1, The Representation of (R4 by Moves in IR3

We shall construct a counterexample to the Fudfk’s conjecture
in the four-dimensional euclidean space IR4. In order to achieve
this goal, we need some geometrical intuition concerning the
four-dimensional euclidean space, Fortunately we have good
experiences with the four-dimensional space-time, because we all
live in it. These experiences only need to be translated into
the geometrical terms and assertions concerning the \R4.

For the sake of better understanding the corresponding
construction, at first we shall investigate the relations between
r’ and the three-dimensional "plane-time", Then we shall proceed
by analogy in the more interesting case of (R4 and the space~time,

Let us bave the cartesian coordinates ( Oz, x, '\.) in the
three~dimensional euclidean space, Let S be the plane perpendi-
cular to the t-axis, which intersects it in the point 0= \00*-)
Let the axes xr, x‘\;‘_ be the perpendicular projections of
the axes X, and %, into the plane &‘L e Let U be any
geometrical object in the space. Let Ut be its section by the
plane 3

Let g be a plane with the cartesian coordinates ( D‘x,‘ \1*,_3 .
In the time ¥ we can map S (with the coordinates ( 0 x,‘ . :3
and u ) isometrically onto g go that the axis 7&:‘ is mapped
onto the axis x‘ » sz onto xl .

Mapping this way in each moment {1 the corresponding plane
§ onto § » we get in { some moving object, which will be
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in the time L conformable to the section Ut .

So we can visualize any geometrical object in the space as
a moving object in the plane, It ‘s worth of mentioning
explicitly, how can be interpreted the point, the straight-line,
the half-line and the plane :LnL'R3 by means of two-dimensional
moving pictures,

Let us choose some point in R3. Then all but one plane
perpendicular to the t-axis are disjoint with the point,

That’s why the planeE will be "void" in any time t , only

in one moment we shall see there one distinguished point, A straight
-~line may be either perpendicular to the +*-axis or not., If not,
then every t-section is a plane with a distinguished point. So

in the plane E we shall see one moving point. Because this

point corresponds to a straight-line, it will move with a constant

l velocity (in special cases this velocity can be O ), If the
straight-line is perpendicular to the <t-axis, all but one

t -sections are void, the remaining section contains all the line,
So the plane § will be void in all but one time moments, in one
moment we shall see some straighteline in it, As for the half-line,
the situation in § will be similar, If it is not perpendicular

to the t-axis, then we shell see in—§ either a point moving
with a constant velocity until it disappears in some time moment,
then § remains void. Or E will be void for an infinite time,
but in some moment there appears & point moving with a constant
velocity, which can’t disappear any more.

To a plane in TR3 corresponds in general in '-&N a straight-line
moving with constant velocity through 'g’ « Probably the reader
visualizes the moving pictures in E as black objects in
a white plane, The vigualization of such a type is necessary in the
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cage of a plane perpendicular to the +t-axis. Such a plane can be
represented in §' as follows: g is white in all but one moments,
in one moment it is black.

By analogy one can visualize geometrical objects in lR4 asg
moving geometrical objects in \'R3. E.g.,to a three-dimensional
hyperplane in IR4 there corresponds in general a plane in {R3,
moving itself with a constant velocity. Another example: Two
two-dimensional planes in m" have in general one common point,
This fact can be visualized as follows: To a plane in [R4
corresponds a moving straight-line in lR3. To two planes in IR4
correspond in general two moving straight-lines in general
setting, i,e,y they are not parallel and they have not the same
velocity., Thus they intersect in just one point in just one
moment,
0f course, we can represent geometrical objects in 1R as mo-
ving objects in [R?"! by this way, but we shall need this re-

presentation only in the cases n = 3 and n = 4.

2, Brouwer Degree of a Map

Because we shall work in euclidean spaces we don”t need
the concept of the Leray-Schauder degree of a map. As concerns
the Brouwer degree, we have to make some comments about its
application to the special type of problems, we are dealing with,
The Brouwer degree of a continuous mepping ¥: -ﬁ —-Rn
with respect to the (non-void open bounded) set D<c P\“
with the boundary ©D and & point te Rh—":(‘ab) will be

doq (F Y.

denoted as
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J(F(x)) means the Jacobi determinant of F i x

Deginition: -Q-e_DS—F(’QB) is said to be a regular value of
F iff there exists JG:(A\'* O  whenever F()=§ .

n
feR -F@D)  is said to ve a singular value of ¥ if it is

not a regular value of ¥ .
Remark: In the definition of regular values of ¥ one usually
supposes that F is (‘_‘ s 80 3@0}3 always exists., Unfortunately,
the operators with Jumping nonlinearity are continuous, but not
C‘ in general, That is why the above definition suits better
for our aims,
It is a well-known fact +that
M o (FED) ZF*@
whenevér FeC'( D) a CKB) and ‘Q'epr -¥ (D) is
a regular value of F . For F-‘ ('ﬂ"'}zs we have ch%(\:\g \B) =0.
Let B_(O) be a ball with radius * centred in O .

gl“ J(FQA} \

Let

\ n
2 R =R
(2) SN
be defined by the equation

(3) S5\(L\A = U+ )S:u?-eL3>&".

.)(S%\()L (<))  does not exist in general, if

n
x e ;\i\ it

Wherg

e e R =0y, 102w
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Let P“ be the system of all subsets of the set
- {\‘2\3‘ ‘V\}
The hyperplenes . divide R® into 2~  components KN‘ Neph
defined as follows:
n
K“-{xeR | x, >0 tor s e N x, <0 rorxe'y(a‘NX.

gL can be divided into the subsets

gL‘“- {-xGR“\)&L-D.‘ x\'E‘O for &e“ \'kfﬂ..‘
x"f() for &QXL’N\.{*LX-

S’*c‘“ is evidently linear on the closure of any component K“
\'
and
Ain Rign = w-A for every + N ,
Thus

Qi SA‘(». k&i‘N) = n-A
and the Lebeaque n -dimensional measure
wmaeas SA“L (&L ‘“\ -0
for every L\N o But then

(4) maog s"\(“‘(};JN i \“)-" Yneas, &7‘\(“'(},).4 g‘.y =0 \

too.

Lemma 1, Let J(SA(“_()Q)= 0 . Then there existe
S (e U < -
1¢S5 (SabDo M) e
Proof is trivial, one only needs to recall that S,‘\ & 18 linear
on the closure of any component K“ e As a consequence of

Lemma 1, and (4) we have
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Lemma 2, The set of singular values of S)(Khas zero Lebesque

\

measure,
»
So for almost all $€ R we can define
(€, ¥ B (OY)
by (1). In the singular values we can define 3«&(&,‘&\!"'\%‘\-(“3)
using the continuity of the Brouwer degree on Sa (mca ®.O).

In particular 5 0 Y: (O)) 1is defined this way, whenever
Ofg U&B o Having in mind the positive ho-
mogeneity ot S’\‘“ , We see that cha&&,“& 0 \.&,KDB) is
independent of v .

Further, L being & regular value of &7‘\ o~ and 04»-&7“(“_&3%‘, \0)) |
the values f are also regular for all £ >0 small enough,

Thus we get for any regular value £
““X‘SA‘(\L\O\B"(Oﬂ = 3‘;:‘0. & (S/\“u.t&c \Br kO\) =

= kw2 . \Me -
£ -0 'G‘S;:‘;LU‘Q(\E,KO) 'ot(s ( At (v)\

= Ln L qn J(2S vle
Sl Toe, Wnng o TS )
\

= M"\ Z_ \an A} L ('Y
£ -0 ues;‘(m(#} ) B"[t \D) wk ( Mr"'k 3)

an M, (u
ﬁ;}m e )

From now on we are interested only in the degree of

g)(“_ W, v, 1 0 and a ball centred in O and we shall use
\

a shorter notation,namely c\(& ("‘3 « In this notation we have:
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- Y \\(& (u
5) A, D \éz‘;‘(&&-\-)h(\ re (0))

for any regular value L ot g,‘ PR
\

Conventions

The vectors considered in the sequel will be tacitly supposed
to be regular, If it would not be this case, we could slways.
take a regular value of Sh\ o near enough to the singular one
in the question.

neighbourhood of O instead of B _(O) . In particular, instead
of E‘, \0> we could consider the unit ball in the non-euclidean

norm

(6) \\u\\‘ "'Z_ \\,\i\I

X =\
i.e.)the set
%A = iuG R“ \Z\u»\f: k} .
S being linear on K“ , NG_'P“ and \{N A ’&’E\ lying

7«‘(‘L
in a hyperplane in R®, the set

SRS CEN
lies also in a hyperplane in R", From the point of view of

geometrical visualization we can take advantage of this fact. In the

sequel we shall work with B A rather than 35‘.\0 s because
~ 'S
%A@(BBO can be better visualized then S%“»\'&f(‘ )3.

In perticular, all pictures are to be understood in the norm (6),
-~ ~~

i.e.,as the images of ©B, . Also, instead of 9B, (or . 0))

we shall use only the symbol ©
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3s _The Geometrical Rules_for Computing the Brouwer Degree

) in the norm (6) is not a smooth surface, Neverthéless
it can be oriented as shown for n=2 on the picture 1A,
The veotor of the outer nmormel n, in a point Xe& (with
ell coordinates different from sero) can be chosen so that it
belongs to the same KNC— R"(Ne T.) as the point X . This
way the outer normal is defined in almost all points of @ .
Remark: "> can be smoothened on a small neighbourhood of the
points some coordinates of which are zero. Choosing an appropriate
orientation on this regularization of @ , we get on ©  the
Just defined orientation by taking the 1limit.
On a neighbourhood of X in- we can choose a local system of
ooordinates (X \i.\g“ \3“") in such a way, that the system
of coordinates \X\g - i“ " .) inR® is oriented positively.
S maps the system (X\g“ Ii“ ‘\ on & system

\g“ “ey S“ \ ). This system is regular whenever X is

a regular value of S & Now we can choose the normal w .%o

7\\ \33 in X' so that the system \Y\\S.“ |S AN, \) is
oriented positively (see picture 1B), Let .-. —S. (“\ o
Then \\(S (X\3>“ ire (X\S e S“_“ “ \ has &
positive orientation. kl(s ( \\ + O because X' is supposed
to be a regular value of gh\?* )
Thus

{.-‘.tn A(Sh‘(m(xv) = %Kv\ \v"x ‘Y\KB ‘

(.,.) denoting the inner product. But X =dn, *O , >0
and & is parallel with that part \<N ne of O which

contains X o Thus
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X'-& WO - ey,

'\ being parallel with $ (\( c\'é)and X'e & (kJ\@B \
1o, (ny \-\)) =0 and

(1) v AK& (XB\ W (X “\

Let -‘P be a regular value of Q Ao o Let us teke the half-line
p-1t k=0 taRY.

On the picture 2B this half-line intersects S,‘\(&WB in the

points M ML\M‘L with preimages M“Mz ‘M3 on the picture

2A. From the picture and (7)

an 308, (M) -
1‘%“ “&7\ &Mz\)~l
\(hl\% K\’\\X'—""

P

Now for each u e Qh end £>9Q
Q-‘t\h 3(&,‘ ‘“(\bw "\'v\“ 3(&7‘(&&\-\% \
in particular,
s 308 (W) = oy Me, e\&\\u“))

for W 'f O , Now, from (5) we can deduce the equation

(3 = eZs_" @ A 7\,&&\\“\\3>

('Y
and using also (7) we get

'

& QN Xn

d( \ ;(-Z\-.Q‘—L>() %\\ V)
)(es)\(‘a}

but X‘-H » £ >0 means that X'Q? e So we have finally
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"S- e On ).

In the case of picture 2 we have

A\S)‘#\‘t\ rh-A-d
In general we have the following rule for computing

AQ&)‘ Q : Pirst we choose a suitable half-line p starting in 0.
Then we construct the set of all intersection points

{_ML yoorT A\ 2\ |\‘l 0 g;.‘(.. (®) . Then we have to sum

the signa of \ML \'\“l) tor 1-42,.. k.

Further we shall Ldenote D = Q)\(u- (33 .

Remark: Regularizing © and &,‘\r& s We get certain regularization
D of o . Then the orientation of the whole &'  is defined

by choosing n,i in a single point X‘ of "5'. Taking a limit,

we get an orientation of a' s Which is of the type defined sbove,
Thus if we are interested only in \4 (&,\\‘«\\ and not in
o\(gh\(&) , we do not need 1':0 cax'-e about'a' . We only have

to choose hxv in a point X' € © and © will be oriented.
If we take the orientation opposite to that one induced by g,.‘(u_
from © , the formula (8) gives —c\&&,‘\‘&\ instead of &(&7\\(&_\ .
From now on we shall suppose that
@ &, Pa{xe®\x =0 ey,

\

where g is a hyperplane in R . et S‘ be a hyperplane
parallel with g and passing through o' « For computing AK&, ‘_._.3
according to the above-written rule, we can take 'Q lying in R -
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!
Then pc g‘ and the points M;,_ lie in a “S . Let n:. be
the perpendicular projection of ne in S « Then

wae (Xint) = vgn (x‘ng
and (see (8))

(10) A(SN(‘L\ = Z_T o (7\"“;,) .

Xe'a(\r

Clearly w ‘\ is a normal vector to’a‘r\ &‘ in g(

Let A = SpeLan), Na=s (*10

( a, 1is the unit vector in the direction of the axis X ).

We shall distinguish two cases:

m N and A' lie in opposite half-spaces, defined by g‘ .
Let, e.g.,Q lie in the half-space A’.g‘ .
With the help of a rotation of the coordinates in R® the
axis y _  can be made perpendicular to g’ o Thenfa‘r\ g‘ is
F(®') , where ¥ :R“.—l’ R , FO)= 0O , ¥ is
positively homogeneous and "linear on quadrants" ( 31
iz the boundary of the unit ball in ®R®~'). So ¥ is of the

same type as g) - y in particular, a formula analogous
\

to (8) and (10) holds for F,
!
In the preimage Mi_ of the point M, we can define
a positively oriented system of coordinates ( M. \ S O
L .\.\

- g 3 such that the axes i"“ ‘- ‘SL 2 lie in g
\

on -l has the direction of the vector M and
i‘\“ the' direction of OV\L « (This is possible for
w23 ; if n=2 everything is easier.) Now all the axes
S‘L Y are oriented into the half-space A“&‘ and all

the other axes lie in & « That 18 why either all the
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systenms ( L \S:,H ‘i‘“\"\ have the same orientation as the
corresponding systems (M \i)‘ n ‘iLn_z \gk ') in & or
all have the opposite orientation to the corresponding
systems, So up to the sign d&&h\e:) is equal to

A(F).In the situation drawn in picture 3 (w =2) we can
compute A&S \up to the sign from the picture 4, whenever
we know in which component of & , defined by the points
E: N b: s lies the point 0 o In the situation on the
pictures 5A, resp. 5B \n =3) we can compute d k&?\t“)
up to the sign from the pictures 6A, resp. 6B, of course

\
we must know, in which one of the components of g‘ 1ies O

A+ and A 1ie in the same half-space defined by %‘
(see picture B ), With the exception of not interesting
cases.'a hg is a pair of homothetic objects similar to (9).
Let us denote these objects as U ana W , u' being that
one which is contracted with the growing X,  into the
point P\ib (see section 1), vy being the other one,
The points M'L can be divided into two subsetsy sne subset
containing those ones lying on U\f, the other subset that
ones lying on u— .
Making a rotation of coordinates, U\+ can be considered
as FA(@“\ , W as F—(D‘). (¥ end ¥ are certain
maps R%~! —= B%"! ywith the propertiex of F defined
in the part 1 Further we can choose these maps so that

a(FW = L i‘.—‘x&n (X‘ n‘-y

X'e \;r\U* LN

AF) =2 \-T\&X )



then we get of course

(11) A(S)\K\J =d(FN +3(F7) |

-4
Lemma 3. Let uvea SA - (-{-\ (£ 1s a regular value of
\
A\ N\ . Let
A )

v
"
N
b)
1
-

}‘Q\ “n’.:‘ %'\‘K:VL for 2y
(12) Q‘.ih w, = - %;X\ N, -

Then

(13) wo \“&N“ (W)Y == wgn 3 (&"\r‘* ) .

Proof, let ue KNA y V& \<Nz ’ N“NZ =3 Ph\"\QNZ\\\\:NZUih"
On \(N resp. KN the operator { coincides with some
\ 2 \
regular linear operator 5
€ P M Na AN *

The matrices of these two linear operators differ ony in the

s Tes8sp. g

n -th column and

J(%?\\(u_ KU‘BS = At S)\\(u.. N

R} &%7\\(» (v\)=$¢'r Sm(“_

(14)

\Nl ’

For W and V we have the linear equations

e o =1 < ¢ =4

LT \ M- N

According to the Frobenius® theorem

Aa'\"‘\'% S7‘\(‘“‘!“‘\ N = ALL“\*\ S
—_— — 1\ n Aé, g

)lel-\Nt

(15) v, =da* Y

A\(“'\‘Q\ 7‘\(“‘\“7.
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A"Lr\ Q

(u_ are the determinants of the matrices which

\ \

we get from the matrlces S Ao N; substituting the «-th column
O

by 'C « But g)\

N, ere different only in the n -th column,
A

so after this substitution the two matrices will coincide, Thus,

we have

= ad Q
Al-l’“\‘c g)\\(}_‘\“ A& “\Q Q)\CL\NL

and
ﬁ»‘cX\ SR e Sx\f\\\\,\ = - ‘k\cy\ Ak %7‘\(“‘“

according to (12) and (15). Now according to (14) we get (13).
On U\* and \}\- the orientation is defined by means of the
projections V\“. of the vectors W into g‘ . 'y and W
are homothetic, so to each point of U* corresponds just one point
of U ¢ further the vectors \'\1. and “:(. in corresponding
points X\ , \T’ are parallel,
From lemma 3 follows that these two vectors have always
opposite orientations:
The points X| » \(' define a straight-line 1. Let us
choose a point Q‘ e l not in the interval X‘\“‘ « Let us make
a shift of the system of coordinates in order to get the origin
into the point Q o That means: we have to subtract the vector
D Q € R“— from all the columns of the matrices \: ’ \: B
and also from all the columns of the matrix $ (in the case of the
matrix S we consider O‘ Q‘ as & vector inRZ). This way
we get certain maps F F gg\ Ao o In the new
coordinate system neithex the geometrical form nor the orientation
ot O is subjected to & change. (The orientation of ' 1is now
induced from D by means of S n instead of g) o «) Thus,

the orientation of \\" resp, U~  Temains the same, too.
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Choosing now -Q in the direction of the half-line Q’X’ = Q"T’ “
lemma 3 applied to Sq A gives the assertion,

Remark: Excluding the cases, in which the centre of the homothety
of U\* and U™ 1lies on U\*(‘\\}\* (we have made this assumption
tacitly in the foregoing considerations), we can choose just this
centre for Q‘ , because this centre never lies in X'\{‘ .

\)\+ divides g( into certain components 'DL:“; U . into
components 'DL:“ . (Between BC;“ and 9':“\ there is & one-~to-one
correspondence because of the homothety.)

To each of the components ';Lt., there corresponds an
integer AM such that AL‘:-W equals AM , 1f O' lies
in 'QL: o Defining similar integers a‘:‘ for *, , we get

according to the previous reasoning the equation

N

™

Thus we can formulate the following rule for computing
aLe, DL
We choose some orientation of U;" and we find the integers
c)um corresponding to the components SQ.: « To the components
— Py ' ——
oL correspond the integers ~$M . It Qe gq_*;“ﬂ oY
we have according to (11) either

(16) AKS)K\) = 3., " %,

or

M, ) =mdn v da

+ —
In the case n=3 , if \\ , \l  are as in the picture TA
(see picture 8), we take the picture 9 at first. In the hyperplane
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gt there is w » orienting it properly, the integers th,,

will be as in the picture. In the hyperplane gi‘ there is u- ’
to the components 9&; of &“ correspond the integers “C\m .
Covering 3? with § and computing the‘sums of the corresponding
integers for each component of S{ - ?D‘ we get the picture 10,
from which we can read c&@sk & up to the sign, if we know, in
which of its components lies\()'.

If U+\\A— have the form of the picture 7B, see pictures
11 and 12 which have been obtained Just the same way from 7B as S
and 10 have been obtained from 7A.
Remark: The most interesting feature of the picture 12 is the
presence of the integer -2 in it, i.e,, for n=12 there are

operators with ld(Sh (")\ =2,

4, The Surjectivity of the Operator S, ..
e

Let us continue in the investigation of the last example
in the preceding section, What is the two-dimensional visualization
according to the section 1? At first we have a void plane., In
a certain moment there turns up the picture 7B, This picture
immediately splits into two copies of itself, Each of these
copies then begins to contract and shift uniformly to a point.
In some other moment one of these copies disappears in the cor=
responding point and then we have only one copy of the picture 7B
in the plane, This remaining copy continues in contracting and
shifting, at last it disappears in the corresponding point, too.
Then the plane remains void,.

Further, in the time O  in the plane will be one point

more (it corresponds to the origin of the coordinate system ).
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So in this moment we shall see something like the picture 12
(without the integers but with one more point). What does it mean,
that the equation (k) has no solution? In the ususl setting it
means that there is a half-line going from the origin which

does not intersect O .

Thus, in the plane visualization (in general) either
in the time O there turns up the image of the origin whkich
does not disappear any more, but moves with a constant velocity
into infinity. Or, vice-versa, there is a point coming with
a constant velocity from infinity into the origin, in some
moment it falls into the origin and disappears for ever.

In neither of the two cases the moving point passes across
the moving lines drawn in the picture 12 .

The components of the picture 12 with the integer 0O represent
the cases in which (k) has no solution for some right-hand side,
Really, let us imagine the development of the picture with reversely
oriented time axis. In the time Q we shall have just the picture
12 with one more point in a ()-component. We can choose such
a velocity for this point, that it won’t touch any of the lines
of the picture in any time between Q and the moment, when VN
and u coincide., But then it cannot touch these lines either,
because after this moment the plane will te completely void except
of that one poirt. {Thus we have ccnstructed a half-line not
intersecting @' D

This cannot happen in any other component, If, e.g., the
imege of the origin falls into the component with -2 s it cannot
get out of i: without passing across some of the moving lines,
because all the component contraetsinto one point and our moving

point will be necessarily “caught".
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The difference between these two examples is caused by the
fact, thet all the () -components in the picture 42 are
coverings of some component of 7B by itself, all the other
components are coverings of some component of 7B by anothe:

component of 7B,

5 The Existence of the Counterexample in(R4

Now we want to find an operator Sﬁ ox s such that

\
AK3>% C*\ =0 and (k) has some solution for any
\
right-hand side % « We want to use the results of the preceding

sections, thus we will seek it among the operators fulfilling

the assumption (9). It has no sense to seek it among the operators
considered in the part 1 of the section 3. If there were an
operator corresponding to this part of section 3 in the dimension
n , there would exist an operator with the same properties in

the dimension n -\ \ too.
[ - !
So let g | Fm B 0, d.. be as in the part 2 of

-\

the section 3.

1 + -
Let O e = n % . We require (see (16)) that Q-= A».,‘- dn, ,
" 2 LN

i.e.,

A, = b .

h\‘ 2
according to the section 4 it must be

oy +
A

A2a) ‘“L
Thus we look in the dimension w- { for such an operator

N for which % - &' ") has two
or whic - s

At et

different components with the same corresponding integers.

We can’t find a counterexample in the dimension 3, because
2 4
it is clear, that R -3 (?‘DAB has one of the

)‘\ \3"’4

forms in the pictures 7A, 7B, In neither case it has two different
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components with the same integers Am o But it is just as clear
now that a counterexample exists for n= 4 Nemely, the picture
15 shows that it is possible to construct on operator

S‘ : —Rl-" Rz

RNt f .
such that - 3)‘ \(‘H(a)has two components with the same d,, .
We only have to cover, €.,gZ., the component with 1 on the left-hand
side of the picture 12 with such a component on the right-h;nd
side. One only needs to know that these two components are
really disjoint in R3 (see picture 13, they are drawn there),
It does not follow at once from the fact +that their two-dimensional
gsections in the picture 12 are disjointf E.g., all the
Q-components in the picture 12 are parts of the section of the
single component of WRo- SM“_(@) with AM =0
Remark; &A corresponds 1\:0 ¥ from the section 3,

}\\\(0’\

Remark: By the same reasoning as above we can show that for w= l‘\'
there exists g"ﬁ“‘ with \ d (g)‘\(‘)\ =3

An attentive reader has probably noticed that we haven’t reached
our goal yet. In fact, till now we have proved only the existence
of an operator with required properties in a more general class of
operators than defined in the beginning. Namely, it ’s the class

of operators of the type
() A + By
\

A and P  being two linear operators.(Let us notice that
the i-th column of the matrix A is the image of d'._ » the
i-th column of B 1is the image of —q. o)

But i
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- \ \
b\\,\+ + By = " (A*B}\? + 5 (A"EB\: -
A - A -~
+ 'é—'(A—E)u - —ZKA -E)V\ =
A \ 4 A -
= —Z(A—B)v\ + E-(A-;B)u + 3 (N2 BDuU -
From the construction of the counterexamples one sees at once
that they form an open set in the class of operators (17). So
taking another example if necessary, we can suppose that A-%»

is a regular matrix, Then, making a regular change of coordinates

in the space R4, the operator (17) can be transformed into the form
- -1 -
(18) WA -BY (ARG + (A-RY (AR O

which is [_{A—E)_‘(A+X$3__\ in our notation.
A regular transformation of coorfa.ilnates can only change the sign
of ak&"ﬂ"\ (1t does not matter) and does not concern the
solvability of (k).

One can also show that the matrices 1\\% in (18) can be
chosen so that \A—EYA(P\-*BB is symmetric,
Remark: We could continue with the covering construction
into higher dimensions, Of course, it would be technically more
difficult, Nevertheless it's almost clear now that we can
construct examples with \d (S)\ \\ as big as we please,
Also we could construct examples‘with o\&%h (‘_J= V) and 28 many
solutions for every right-hand side, as we piease. One only

must teke w big enough.

6, One Counterexample

W tak = = - a
e can take 3 l\(_u. \ an

R T

-\ 38 -4 -d

(19) %=(-‘\ -\ 35 -4
\—‘l -4 - 28 |,
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Repark:s The matrix S nas a double eigenvalue, But the
counterexamples to the Fud{k’s conjecture form an open set,

thus there exist matrices without multiple eigenvalues which also
give counterexamples for some X and . .

Remarks If we knew the above-written matrix & and the numbers A
and ) the proof,that it gives a counterexample to the Fudik’s
conjecture, could be done much shorter., But, according to my opinionm,
the method used in the construction of the example gives a beiter
understanding of it (see the concluding remarke to section 5).

Problem: The inverse matrix to S in (19) is

3% 28 28 4
23 23 23 3
A 28 3w 28 L3
S; 23 2% 2% )
- 28 28 3 &
23 23 23 EY
L. SURR. S S 2
3 3 Ry

Thus all its entries are positive, It would be interesting to know
whether this fact is important for the construction of the counter-

example or not,
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