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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROUNAE 

24,1 (1983) 

FUNCTIONAL TIGHTNESS, Q-SPACES AND r-EMBEDDINGS 
A. V. ARHANGEL'SKII 

Abstracts A mapping f :X—.> Y i s ca l l ed s t r i c t l y f - c o n -
tinuous i f for every s e t AcX such that IA| ^ t there e x i s t s 
a continuous mapping g:X—> Y such that f (x ) • g(x) for a l l 
i f i A . The weak functional t ightness tm(X) of X i s countable 
i f every s t r i c t l y ^ -continuous real-valued function on X 
i s continuous. A part icular case of Theorem 4 : t (X) I s 
countable i f and only i f the space C (X) of a l l continuous 
real-valued functions on X in the topology of pointwise con­
vergence i s realcompact. i t follows that i f C (X) and Cjjf) 
are homeomorphic and t (X) i s countable then tffl(Y) i s a lso 
countable. Other coro l lar i e s and re lated r e s u l t s are obtained. 

Key words: Tightness, functional t ightness , realcompact-
n e s s , pointwise convergence, *e-continuity, s t r i c t ^ - c o n t i ­
nuity , type G^ , type G^ f dens i ty . 

C l a s s i f i c a t i o n : 54A25f 54C40, 54D60 

Notations and terminology. In th i s a r t i c l e the symbols 

X, Yf Z denote topological spaces , % , % denote i n f i n i t e 

cardinals , Cix(A) (or ~K) i s the closure of a s e t A in a spa­

ce X, | At i s the cardinal i ty of the s e t A, d(X) » min f l A l i 

:Ac X and A • X\ i s the density of the space X, fix denotes 

the Sech-Stone compactif ication of a completely regular Haus-

dorff space X. The r e s t r i c t i o n of a mapping f :X—> Y to Ac X 

i s denoted by f U . A mapping f:X—> Y i s ca l led t - c o n t i n u ­

ous i f for every s e t AcX^such that lAl £ tr the mapping 
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tU*A—> I ie continuou0# A space io called functionally clo-

eed (or realcompact or a -space) if it is homeomorphic to a 

closed subs pace of the apace R^ where R is the usual space 

of real numbers and T is a cardinal* The space of all conti­

nuous real-valued functions on X with the topology of point-

wise convergence is denoted by C (X). All spaces under con­

sideration are assumed to be completely regular and Hausdorff• 

Bicompact spaces are called compact spaces* 

The tightness t(X) of a spaoe X is the smallest infinite 

cardinal x such that the following condition is satisfied: 

if xcX. AcX and xel, then there exists a set Be A for which 

IB1 .^ r and x € B*. 

1. Functional tightness 

Definition 1 ([!])• The functional tightness tQ(X) of a 

space X is the smallest infinite cardinal number x such that 

every x-continuous real-valued function on X ia continuous* 

Definition 2* The weak tightness tc(X) of a space X is 

the smallest infinite cardinal number % such that the follow­

ing condition is satisfied: if a set AcX is not closed in Xy 

then there exist a point xcA\A, a set Be A and a set CcX 

such that xcB, "ScC* and |C| £. x • 

Proposition 1* For every space X we have the following: 

(a) t0(XMtc(X)| (b) tc(X)^t(X)* (c) tc(X)^d(X). 

Proof* The last two assertions are obvious• 

(d) We put x 9 t0(X)* Let f be any t-continuous real-

valued function on X and let P be a subset of X* We have to 

show that f(P)cfTF;. For the set A « ixc P:f(x) € IF?)} we 
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have the following: PcAcP * A. If A * P then we are done. 

Suppose that A=#.P. Then A4-A. Since t (X) « x , there exist 

xcI\A, Be A and CcX such that x€Bf Bel? and (C I ̂  x • Ta­

ke any open set U in R such that f(B)cU and put C »{eeC: 

:f(c)sTJ$f C-j * C\CQ. Suppose that bcU^. Then since f is 

X-continuous and IC-JJ •& x, ome has f(b)e f(C,). But t(C«) f) 

flu* • 0 and U is open in R. Hence f(b)e)u*. From f(B)c U it 

follows that beiB. Thus Cl OB » 0. Since BcC • C"UCZ we ha­

ve BcZT and xclTcCT. Since f is x-continuous, from xeC_ 

0 0 F © 

and 1C01 * x it follows that f(x)ef(C^). But f(CQ)cU. The­

refore f(x)€lf. By regularity of Rf f(B) »/Hlf:u* is open in 

R andU3f(B)J. It follows that f(x) c fTDc f(A). Now, by de­

finition of the set A, f(A)cf(P). Hence f(x)c f(P). Hote 

that xc A » f. Applying again the definition of A we conclude 

that xcA which is in contradiction with the choice of x. Thus 

A = P*,which means that the function f is continuous and that 

t0(X) A x . 

Corollary 1. for every space Xf t (X)-£d(X). 

Example 1. The weak tightness (and the functional tight­

ness) does not always coincide with the tightness. 

Indeed, the tightness of the space Rc is equal to c -

» 2 °. At the same time, Rc is separable (see E4--f ch. 2,Jfo 

380) and hence t0(R
c) » t0(R

c) - XQ. 

Example 2. Let T( O^) « -[oo : oc *£ Oj} be the space ot 

all ordinal numbers not exceeding the first uncountable or­

dinal number o^ in the order topology. Put f(oC) » 0 for all 

oC <r c->x and f ( O^) « 1. The function f :T( O^) —*- R thus de­

fined is obviously .^-continuous and not continuous • It fol­

lows that the functional tightness of the space T( 6\) i« 
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equal to j ^ . Hence t c(T(ca1)) - j - : 1 # The space T( c^) i s 

homeomorphic to a closed subspace of the separable space Rc. 

We have: 

V T ^ ) ) m ^ x > ^ 0 - t0(R c) 

and 

V K c ^ ) ) - *x> Jfi0 - t c ( R c ) . 

This means that neither the functional tightness,, nor 

the weak tightness are mono tonic with respect to closed sub-

spaces. This is in a sharp contrast with the behaviour of 

tightness which is monotonia with respect to arbitrary subs pa­

ces. 

It may seem that the concepts of x -continuity and of 

functional tightness express a certain idea in the most appro­

priate way. However, it is possible to modify these two con­

cepts in a rather curious and quite useful way. 

Definition 3. A mapping f:X—•> Y will be called strict­

ly or-continuous if for every set Ac X such that lAl ̂  % the­

re exists a continuous mapping g:X—> Y such that g L « f|. 

i.e. f(x) - g(x) for all x€A # 

Definition 4. The weak functional tightness (or mini-

tightness) tm(X) of a space X is the smallest infinite cardi­

nal number t such that every strictly m-continuous real-va­

lued function on X is continuous. 

Clearly, every strictly t-continuous function is tr-con-

tinuous. Hence the definitions 1 and 4 imply the following as­

sertion. 

Proposition 2. For any space X, t^(X)^t (X)« 
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In connection with the non-mono ton ic i ty of the funct io­

nal t ightness observed in the example 2, the fol lowing r e s u l t 

i s of i n t e r e s t . 

Theorem 1 . The following conditions are equivalent to 

each other for arbitrary space X: 

(a) tm(Y) .6 r for every YcX* 

(b) t0(Y)-£ t for every Yc X; 

(c) t(X) £ r . 

Proof. Clearly, from (c) follows (b) and from (b) f o l ­

lows (a )* Let us derive (c) from ( a ) . 

Take any Ac X. We sha l l show that the s e t P • LKHTsBcA. 

and iBl _= <v} i s c losed in X. Assume the contrary, f i x y € A \ P 

and put Y « P l K y * . We are going to verify that the function 

f :Y—> R defined by: f (x) « 0 for every x c P and f (y) » 1, -

i s s t r i c t l y tr -continuous• Let CcY and |C1 ^ X . Put C0 « 

-» CHP. Prom tC Q l^ f and C 0 c P i t follows e a s i l y ( see for 

example [ 4 ] , ch . 2r)fcl06) that y ^ ( T . Thus there e x i s t s a con­

tinuous real-valued function g on Y such that g(y) » 1 and 

g(x) m 0 for a l l x e C Q . Obviously f L • g | c which implies that 

the function f i s s t r i c t l y t - c o n t i n u o u s . But t ^ Y ) -£ x . Han 

ce the function f i s continuous - which i s in contradict ion 

with ye"P, f (y) - 1 and f(P) - \0}. 

In the case of compact Hausdorff spaces Theorem 1 can ha 

considerably strengthened. 

Proposition 3 . Let f:X—> Y be a factor mapping and 

f(X) « Y. Then: 

(a) t 0 ( Y ) * t 0 ( X ) , 
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Proof. Let g be a x-continuous (strictly x-continu­

ous) function on Y. Then h » gof is x-continuous (corres­

pondingly, strictly x -continuous) function on X. Letting 

X • t (X) (correspondingly, x » "^(X)) we conclude in both 

cases that h is contiguous.From h » gof and the fact that 

f is a factor mapping, it fellows that g is continuous. Hen­

ce tQ(Y)dkx - tQ(X) (correspondingly, ^(Y) & % • tm(X)). 

We shall need also the following 

Proposition 4. Let X be an infinite set, -< - a well-

ordering on X such that | ij€ X:y-<x}| « | X| for some xeX 

and let X be given the topology generated by this well-order­

ing. Then t A X ) » |X| (moreover, t^(X) • |X|). 

Proof. Clearly, t^CX)^ |XU Put Xx «-f ycXsy-cxl for 

xeX and let x • )X|. By our assumptions the set P • fxcX: 

: I X | • x \ is not empty. Let a • min J.*. 

Case I. x i« regular. Put fa(x) • 0 for x<a and 

fa(x) » 1 for a^x. It is easy to verify that the function 

fa:X—-> R is strictly ft-continuous for every % < x (as 

cf {x ) • f ) and that fa is not continuous (indeed, a€Xft, 

f(Xft) »40j and f(a) » 1). Hence X <: tm(X) for every X < x, 

i.e. x & \££)* 
Case 2. x is not isolated. For any A <<: X there ex­

ists bcX such that IX-̂ I • A + (where ?l* is the first car­

dinal greater than X ) and 1XX( -£ A for each x<b. Put 

ffe(x) » 0 for x<b and fb(x) » 1 for xi>b. Obviously the 

function f. :X—^ R is strictly A-continuous and not conti-
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nuous. Hence 9i <• tm(X) i.e. x & tffi(X). 

Theorem 2. For every compact Hausdorff space X the fol­

lowing two conditions are equivalent: 

(a) t(X) * v; 

(b) \(Y) s£ x for each closed subspace Y of the spa­

ce X. 

Proof. Let us deduce (a) from (b). Assume that t(X)>f. 

As X is compact, there exists then a free sequence {x^ : 

:oc<t+$ in X of the length X* (see [1] or[4], ch. Ill, 

142). It was shown in [6] that the closed subspace F »«f x^ : 

: oC < x +? of the space X can be mapped continuously onto the 

space T( T + ) » -toe : oc & "S+l. This mapping is automatically 

perfect. Then by Proposition 3 "b
mvF)>tm(T( f

+)) and by Pro­

position 4 *m(T( r
+)) • 'cr+« Since F is closed in Xf 

t (F) & x • Hence we have: 

XZ tm(F)>tm(T(T
+)) - r + , 

- a contradiction. 

Remark 1. Theorems 1 and 2 can be reformulated in the 

following manner: 

(a) t(X) « sup «£tm(Y):YcXf for every X* 

(b) t(X) » sup {tffi(F):FcX and F is closed in X?f for 

every compact Hausdorff space X. 

Problem 1 (unsolved). Find a space for which weak func­

tional tightness and functional tightness are not equal. 

In connection with this problem the following result is 

of some interest. 

Theorem 3. Let T be a normal space and x - an infinite 
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c a r d i n a l . Then: 

(a) every x -continuous real -valued function f on X 

i s s t r i c t l y x-continuous, and 

(b) tm(X) - t Q (X) . 

Proof. Obviously, (a) implies ( b ) . Let us prove ( a ) . 

Let AcX and | A | * X . By Corollary 1 , X0(k)£ d ( A ) ^ / A | ^ T . 

The function f W i s T-continuous on the space A. Hence f / y 

i s continuous on X. As X i s normal, there e x i s t s a continuous 

function gsX—> R such that glj- « f l y . Then fK » g L . Thus 

we have proved that the function f i s s t r i c t l y x-continuous• 

Remark 2 . This argument shows that i f tm(X) <k x and e-

very closed subspace F of X such that d(F) & x i s C-embedded 

in X, then tQ(X) « tffl(X). 

^.T-embeddings. the Hewitt number and mr - spaces . We sha l l 

say that a s e t A i s of type G t in X i f there e x i s t s a family 

qf of open s e t s in X such that 0 -jf * A and ly'l J£ x . A sub­

s e t AcX i s said to be x -embedded in X, i f for each x € X \ A 

there e x i s t s a s e t Pc X of type GT in I such that x c P c X \ A . 

Proposition 5 . If X c Y c Z where X i s x -embedded in Y 

and Y i s x-embedded in Z then X i s T-embedded in Z. 

The proof i s obvious. 

Proposition 6 . I f a space X i s x -embedded in some com­

pact Hausdorff extension bX c £ X, then X i s a lso or-embedded 

in |5X - the Sech-Stone compaottfication of the space X. 

For the proof t t i s su f f i c i en t to reca l l that yS X can 

be mapped continuously onto bX in such a way that 

f-^bXNX) • p x \ x . 
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Defini t ion 5 . Put q(X) • min { v > j^0*X i e <r-embed­

ded i n [3X}. We c a l l the cardinal q(X) the Hewitt number of 

the space X. 

I t i e wel l known ( for example, see I4J , ch . IV9.AJO82) 

that the inequal i ty q(X) -ss KQ jus t means that X i e a Q-spa­

ce in the sense of E. Hewitt ( i e realoompact in other termi­

nology) . 

Proposition 7 . I f XcX and X i s closed i n Y, then 

q(X)^q(X) . 

This asser t ion can be e a s i l y deduced from Proposit ion 6 . 

We r e c a l l that a network of a space X ( i n a space X) i s 

any family S of subsets of X such that every open subset U of 

X can be represented as the union of some subfamily of the 

family S ( t h i s concept was introduced in ( 8 ) 9 ( 9 ) ) « 

The following general izat ion of the concept of network 

plays a ro le in the argument to fo l low. 

Definit ion 6. A family (P of s e t s i s ca l led network of 

a family Q of s e t s , i f every AeQ i s the union of a subfamily 

of the family JP i . e . i f for each Ue Q and each xeV the re 

e x i s t V G 5^ such t ha t x e V c U , 

Thus a network of a space i s rjust a network of the topo­

logy of t h i s space . We remind t h a t a subset P c X i?? cal leo. 

canonical c losed subset of the space X i f P = U for some open 

s e t U in X. 

Def in i t ion 7 . A space X i s c a l l e d an m ^ - s p a c e i f th* 

family of a l l s e t s of type G r in X i s a network of the fami­

ly of a l l canonical c losed subse ts of X. 

C lea r ly , X i s an m ^ - s p a c e i f % 2: 1 X | . Hence the follow-
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ing definition makes sense. 

Definition 8. Put m(X) • min-Ctr 5- 4<o?X is an m -spa­

ce}. We call the cardinal m(X) modality of X. If m(X) -£ .K0 

we shall say that X is a moscow space. 

Remark 3» By the upper .^-modification of the space X 

we understand the space for which the family of all sets of 

type G<- (i.e. of type G ) in X serves as a base. Obvious-
d ^o 

ly, X is a moscow space if and only if the closure of every 

open set in X is open with respect to the upper ^-modifica­

tion of X. 

Example 3. If in thevspace X every canonical closed sub­

set is of type Gtj* then X is a moscow space. Hence the space 

R^ of all mappings of a set A in R (in the topology of point-

wise convergence - i.e. in the topology of product) is a mos­

cow space. If L is any real linear space, then the space i/ 

of all real linear Junctionals on L in the topology of point-

wise convergence is also a moscow space. Indeed, L* is (cano-

nically) homeomorphic to the space R^ where A is any Hamel's 

basis of L. Observe that among moscow spaces, there are all 

dyadic compacts and all perfectly 9C-normal spaces in the sen­

se of SSepin [53 • It follows (see 151) that the product of any 

family of metric spaces is a moscow space. Besides, C (X) is 

always a moscow space (as C (X) » R^ or by perfect ae-norma­

lity of Cp(X)). 

The next assertion generalizes a result of A .Oh. Chigo-

gidze 133• 

Proposition 8. Let Xc Y, q(X) & x , T « Y and m(Y)<£ r. 
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Then X i s t-embedded in Y. 

Proof. Let B be any compact Hausdorff space such that 

Y c B . There e x i s t s a continuous mapping f: ^X—> B such that 

f (x) » x for every x c X (see £4J f ch . IVfXolB). .bet y s . Y \ X . 

A s i a I and the compact space f( /3X) i s closed in the Haus­

dorff space B, we have: f(AX)z>Y. Hence | f (y) I g 1 . 

Case I . Let | f " 1 ( y ) | » l f i . e . f"X(y) -* iz), for some 

z e AX. Since f (X) * X and y^X f we obtain: S B C / 3 X \ X . The 

condition q(X) ^ x permits us to f i x a family y of open s e t s 

in p x such that Clf - » f z } and I 9" I -£ f . Then f""1(y) c d y 

which implies that y e f)X , where A « 4 B \ f( ftZ\ U) :U 6 y J > 

I AI ^ I x l — tr and each s e t V € X i s open in B. 

Clearly, f)X - B \ U -f f( fiX\ U) :U € ^ } * B \ f ( U«f^X\U: 

:U € <y$ ) c B \ f ( X ) » B \ X f as f(X) = X and ( f\^)f)X » 0 . We 

put P m ( HA ) f \Y. Then y g P c Y M and the s e t P i s of type 

Gr i n Y. 

Case I I . I f I f ^ t y J I r q . Fix t5 l f z 2 £ f" X (y) , e ^ z 2 . Ta­

ke neighborhoods Osuf 0z 2 of the points z , f z 2 i n t3X such 

that C i ^ x ( 0 z 1 ) n C i ^ x ( 0 z 2 ) -. 0 and l e t V i - 0^/1 X, 1^ « 

* Cix(Y±)9 i « 1 , 2 . 

Clearly z^e Ci^-^V.^). Since f i s continuous and f(V-f) * 

s V i» y * f^zi)* 1 * 1 , 2 » w e h a v e : y € P i ^ P 2 * 

Also, P i nF 2 nXc C £ ^ x ( 0 z 1 ) n c i . x ( 0 z 2 ) » 0, which means 

that P i n P 2 c Y \ X . 

Take an open s e t Ŵ  i n Y such that W ^ X « V±> i * l f 2 . 

Prom I » Y i t follows that P^ » c*Y^*i^* **ence P i * s a cano­

n ica l c losed s e t in Y. By i ( Y ) ^ x there e x i s t s a family f± 

of open se t s in Y such that y e 0 T i c * \ a n d ' T±' -^ ^ * 
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i - 1,2. ïhвn tor -f" fi U -ү2 w« hav*. l y l & x •*•* 

y «Пjrc( Г)Гi)MПTг)c.r1ñ*2cr\x. 

In H*. 

3 . Main results: theorems on duality 

Proposition 9, If \ ( X ) ^ % than C (X) i s -r-aabaadg* 

Proof. Lot g€R*\C (X). from t^X) £ x i t follow© 

that there exists a sat AcX such that |A| *-= tr and g/j + f|A 

for every f€C (X). We consider the restriction napping 

artR*—* R4, - i . e . 3T(h) - hL for a l l hcR*. tha aet X -

- or(Cp(X)) i s *-embedded in tha space RA since IAI £ X (al l 

one-point sets in R* are of type Gr ) . Prom Trig) • g|^ 4- * 

i t follows that there exists a sat PQ of type Gr in R̂  such 

that 3r(g)&P0cRA \Y. than tha sat P • *r~H*0) U of type 

G^ in R* and gaPcI^N Cp(X). 

Proposition 10. If C (X) i s x -embedded in R1, than 

tm(X) -6 x . 

in 

Proof. Let g be a strictly <r-continuous function on X 

and P a set of type G^ in R such that g€P. Evidently one 

can find a set AcX such that |A| «6 <r and g€*Cf€R :f L • 

* glft}cr. Since g is strictly X-continuous there exists 

h^C (X) surh t"»iAt hU • gjA. flien hcP. Thus Pf)C (X)+0 

for •.•very bet P of type Q.r in R such that geP. Becaase 

C (X.) ic T-eai!>e«lui»d in R we he.ve gcC (X) - i.e. the func­

tion g i*i continuous. K*nce t (X) & r. • 

Theorem 4. For any space %9 * m W
 a q(CpW)» 

Proof. Put t » tm(X). By Proposition 9» C (X) is r-
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embedded in R^. As the space R^ is realcompact [4J, R is 

^-embedded in fi(1r). It follows (by Proposition 5) that 

C (X) is r-embedded in /3(« )• This implies, by Propositi­

on 6 that C (X) is a:-embedded in ft(Q (X)). Hence 

q(Cp(X))^ x i.e. q(Cp(X))-6tffl(X). Put .A- q(Cp(X)). We 

haves m(RX) » j*0 & A and C (X) » R*. By Proposition 8f 

C (X) is .A-embedded in R . We now apply Proposition 10 and 

arrive at the conclusion: tm(X) *£ A . Thus 1m(X)^q(C (X)) 

and, finally, q(Cp(X)) - y x ) . 

Corollary 2. The weak functional tightness of the s pa­

il 

pact. 

ce X is countable if and only if the space C (X) is realoon* 

Corollary 3. If the spacesC (X) and C (Y) are homeo-

morphic then tm(X) - tm(Y). 

Corollary 4. If a space X is normal then tQ(X) • 

« q(Cp(X)). 

This follows from Theorems 3 and 4. A particular case 

of Theorem 4 is the following assertions the functional 

tightness of a normal space X is countable if and only if 

the space C (X) is realcompact. This assertion is a combi­

nation of some results of A.V. Arhangel'skii and A.Ch. Chi-

gogidze published in [2, 43 and T33. 

Corollary 5. If X and Y are normal spaces and C (X) 

is homeomorphic to C (Y) then tQ(X) • t0(Y). 

Problem 2. Let C (X) and 0(1) be homeomorphic. Is it 

true then that t(X) - t(Y)t Is thia true under Xbm addition* 

assumption that the spaces X and Y are normal? 
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Corollary 6 . I t i s always true that q(X)^tm(C (X)) . 

Proof. By Theorem 4 , tffi(C (X)) » q(C (C (X))l But X i s 

homeomorphic to a closed subspace of the space C (C (X)) (see 

173) . Hence (by Proposition 7) 

q(X)-£q(Cp(Cp(X)))-- tm(Cp(X)). 

Corollary 7. If the weak functional tightness of C (X) 

is countable then X is realcompact. 

After the concepts and results contained in this article 

were exposed in my course on the topology of function spaces 

at the Moscow University and in answer to my question V.V. Us-

penskij has shown that t (C (X))^q(X) for every space X (see 

E10J). Prom this beautiful result and Corollary 6 it follows 

that always tm(C (X)) * q(X). Thus we have 

Corollary 8. Let C (X) and C (Y) be homeomorphic. Then 

q(X) « q(Y). In particular, if X is realcompact, then Y is re­

alcompact. 

4. The case of mappings into any space 

It is easy to prove the following assertions (compare 

with 14J, ch. IV,Jfcl28). 

Proposition 11. Let X » T H X ^ : cc e A} and Y » TT-C Y ^ : 

: cc € A| be topological products, X ^ c Y^. for all cc e A 

and let x be an infinite cardinal. Then: 

a) if X^ is x-embedded in Y^ for each oo e A then X 

is x -embedded in Y; 

fc) if q(Xc) £ x for all oo e A then q(X) -£ X . 

Proposition 12. If every X-continuous (strictly f-

continuous) real-valued function on X is continuous then each 
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T-continuous ( s t r i c t l y x-continuous) mapping f of the spa­

ce X into arbitrary space Y i s continuous. 

For the proof i t suf f i ces to represent Y as a subspace 

of the space R and to consider the compositions of the map-
Y 

ping f with projections R —> R. 

With the help of Proposition 12 we e a s i l y get the fol low­

ing general izat ion of Proposition 9: 

Proposition 13 . I f tm(X) & <v then C (XfY) i s f-embed-

ded in Y*. 

Here, as usua l ly , C (XfY) denotes the space of a l l cont i ­

nuous mappings of X into Y endowed with the topology of point-

wise convergence. 

Prom Propositions 13# l l f 5 and 6 we get the fol lowing 

r e s u l t : 

Theorem 5. I f tm(X) * t and q(Y) <£. x than 

q(Cp(XfY)) -£ <* . 

Theorems 4 and 5 imply 

Corollary 9* For any X and Yf q(Cp(X fY))^max {q(Y)f 

q ( C p ( X ) ) } . 

Corollary 10 . I f tm(X) -£ &Q and Y i s realcompact than 

C (XfY) i s realcompact. 

Corollary 1 1 . I f Y and C (X) are realcompact than 

C (XfY) i s a lso realcompact. 
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