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THE EXISTENCE AND SOME PROPERTIES OF SOLUTIONS OF A
DIFFERENTIAL EQUATION WITH DEVIATED ARGUMENT
Jozef BANAS, Urszula STOPKA

Abstract: The paper contains a theorem on existence
and asymptotic behavior of solutions for some differential
equation with deviated argument and with implicit derivative.
Considerations are based on the notion of measure of noncom-
pactness and the fixed point theorem of Darbo type.

Key words: Differential equation with deviated argument,
measure of noncompactness, fixed point theorem of Darbo type.

Classification: 34K25, 34K99, 4THO9

1. Introduction. The theory of differential equations
with deviated argument was developed by several mathematici-
ans (cf. the well known monograph [11]), At most there have
been studied the functional differential equations of the
form

(0) x’= £(t,x( g (1)),

where the unknown function x(t) must additionally satisfy so-
me initial condition (see e.g. [3,4,7,8,9,10,13]). Moreover,
there have been examined also solutions of differential equa-
tions with deviated argument in the My3kis's sense (see [8,
11,14], for example).

This paper is devoted to the study of existence and a-

symptotic behavior of some differential equation with devia-
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ted argument more general than the equation (0), i.e. such
that the right hand side of this equation depends on the de-
layed derivative.

We will use the method of a fixed point theorem of the Darbo
type [6] which is based on the notion of a so-called measure
of noncompactness. This notion was intensively studied in the
last years by several authors. The most expository papers on
this topic are those of Daned [ 5], Sadovskii [12] and Banas
and Goebel [2].

In this paper we will apply measures of noncompactness defi-

ned in the axiomatic way in the work [2].

2, Notations and basic definitions. Denote by B a fix-
ed Banach space with the zero element © and with norm il .
Further, let us denote: -

?ﬂx - the family of all nonempty and bounded subsets of
the space E,

9%3 - the family of all nonempty and relatively compact
subsets of E.

If we have some nonempty family Z of subsets of E then
we will denote by ‘20 its subfamily consisting of all closed
sets, ‘

Moreover, we will use standard notations (cf. [2]), for exam-
ple K(x,r) will denote the ball centered at x and with radius
r, the symbol X denotes the closure of the set X, the symbol
Conv X denotes the closed convex closure of a set X, and so
on. ~

Now we recall the definition of a measure of noncompact-

ness from [ 2] (cf. also [1]).
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Definition 1. A function w: 33&-—)( 0,+) will be cal-

led a measure of noncompactness if it satisfies the following
conditions:
1° the family P=[X & ME: (X) = 01 is nonempty and
E

’

2° XeY = (X 2wy, .

P a® = e,

4° (w(Conv X) = w(X),

59 @(AX+ (1=2)D) £ w(X) + (1-2) @(Y), for all
A e 0,1y,

6° ir x < M, Xy € Xy for B = 1,2,00. and if
Lm (X)) = 0 then X, = N\ X .+0.

The family [P described in 1° is said to be a kernel of-
the measure 4+ and will be denoted by ker A . It may be shown
that (ker w )¢ forms a closed subspace of the space m; in
topology generated by the Hausdorff distance [2]. For other
properties of measures of noncompactness (in the above sense)
and their examples see [2].

Let us notice that the set X, in axiom 6° is a member of
ker ¢ [2). This fact is used in the fixed point theorem of
the Darbo type which will be given below.

First we recall the following definition. We assume that

‘u, is a given measure of noncompactness on the space E.

Definition 2 (2], Let MCE be a given nonempty set and

let T:M —> E be a continuous trarsformation such that TX €
e 'mE for any X € W, A transformation T will be called -
 -contraction if there exists a constant k €{0,1) such that

@(TX) £k w (X) for each set X € Mg,
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Theorem 1 [1]. Let C be a nonempty, closed, convex and
bounded subset of the space E and let T:C-—> C be a w-con-
traction. Then the set Fix T = [xe€C:Tx = x] is nonempty and
Fix Te ker w -

For the details of the proof we refer to [1,2]. Let us
only mention that the information that the set Fix T of fix-
ed points of transformation T belongs to ker w plays an im-
portant role in the characterization of solutions of some

functional equations (cf. [2]).

3. The space C({0,+cu),p(t)). Let p(t) be a given func-
tion defined and continuous on the interval {0,+c0) and tak-
ing real positive values. Denote by C(<0,+ec0),p(t)) = Cp the
set of all real continuous functions x(t), defined on the in-
terval {O,+c) and such that

sup [1x(t)Ip(t):t=z0l<+ 0.

It is easy to check that Cp forms a real Banach space with
reapect to the norm
JxW=suplix(t)lp(t):tz0]
(cf. L131).
Next, for an arbitrary xe Cp, Xe Zﬂcp, T>0 and & > O let

us denote:

mT(x,a) = supl| x(t)p(t) - x(s)p(s)l:t,s8e<0,T>,
ft-sl2€el,
T - T
w K,e) =sup[aw(x,&):ixeX],
T - : T
o (X) = el};noca (X,¢e),

T '
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a(X) = 1lim aug({sup[!x(t)ip(t):tZTlg,
%€

T>o0

w(X) = w (X) + a(X).
The function w(X), defined by the last formula, is the mea-
sure of noncompactness in the space Cp [2]. Its kernel is the
family of all bounded sets consisting of functions which are
equicontinuous on each compact interval and such that '
%iinm x(t)p(t) = O uniformly with respect to xe X [2], For ot-
her properties of the measure « see [2].

We will still use the following notation. If xeCp then
\)T(x,e) will denote the usual modulus of continuity of x on

the interval {0,T?, i.e.

»T(X, &) = sup [ix(t) - x(8)l:1t-sl26 ,t,8c<0,T,

4. Differential equation with deviated argument ard its

solutions. Consider now the following differential
equation

(1) x’(t) = £(t,X(H(t)),x (h(t))), t=0

with the initial condition

(2) x(0) = 0,

where x(t) is an unknown function.
We will seek continuously differentiable solutions of the
problem (1) - (2).

Let us assume that

(i) the functions h, H: {0,+w)—>»<0,+c0) are continu-
ous,

(ii) £:<{0,+0)< RxR—> R is a continuous function.
Under the above hypotheses we may put

x’(t) = y(t)
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and transform the equation (1) with conditiom (2) into the
following functional-integral equatiom

)
(3) y(t) = £(t, j:“ y(8)ds, y(h(t))), tzo.

In the sequel we will examine the equation (3). Apart from
the assumptions (i),(ii) we will additionally assume that:

(iii) the function f(t,x,y) satisfies the Lipschitz con-
dition with respect to the last variable i.e.

I£(t,x,5,) = £(t,x,y,) £ K4ly, - ¥,l, X,20,

L, (t)
(iv) If(t,x,0)1< L(t) + e "I x|, where Lyt <0,40) —>
—> { 0,+w) is a continuous function such that
t o
tl_)ilg!5 Lo(t)éxp (- J, L (s)ds) = 0 and L;: <0,+ao)L—=> R is a

) (1)

continuous decreasing function such that 'tl—%‘m te =0,

(v) H(t)zt, t1_:1):30(}1“.) - t) = 0 and H{t) is such that
Het)
sup [‘[t L (s)ds:tz0] = K<+,

(vi) h(t)<t and ,1im (t - h(t)) = O.
t—>co
In what follows let us define

L, (8)
L(t) = j;t (Lo(e) +e! )ds.

Denote by C; the space C({0,+e), e-llL(t))’ where M is some
arbitrarily fixed constant, M>1,
Notice that in view of (iv) and (v) the number

H()

elL(s) °"L(t):t£ al

L, (t)
! j; ds)e

ky = sup[ (e

is finite.

Now we may formulate the main theorem of our paper.

Theorem 2. Under the assumptions (i)-(vi), if in addi-
tion k = Xk, + k, + &<1 and if the function f(t,x,y) satisfies
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the conditiom (vii) If(t,x,,y) - f(t,xz,y)l = o(em‘(t)) ir
t tends to infinity, uniformly with respect to Xy XY6 R,
then the equation (3) has at least one solution y = y(t)
which belongs to the space C; and such that y(t) = O(elu'“))
if t tends to infinity.

Proof. Consider the transformation F defined on the spa-

ce C; by the formula
)
(Fy) (t) = £(t, £H(ty(e)do,y(h(t))), tzo.

Actually, for any ye C; the function (Fy)(t) is continuous.

Moreover, using our assumptions we have
- t
L) (1 e M2 120, " ()am,7m000) -

He)
- £(t, [ y(8)as,0) | e ML(t) | je(e, J;H&;(s)ds,c)l o ML(t)

L, (t) H(t)
cxylym(en) oMYy rp (o) 0 o LT | y(e)lanleT M) .

£X,17(h(2))] o MIR(0) ML) -L(1)),

L,4) W)
] J;) .I(L(s)d'] e-lﬂ.(t)é_ K, Nyil +

+ [Lo(t) +lhyl e
L, (t) fot SML(8) 4y o

+ L (1)e M) L yviife

L'(t)j‘”&)e‘"'"’dg] o-ML(t).
t
Hence, denoting g(t) = Lo(t)e"u'“’), we get

+ e

VR 1M 02k gl e gee) + Uyl (ML (o) +

o oi12))eMH(®)ag) ML) 4y, g h e gt) + (k, + Ky + ) Iyl .

Thus
iFy < sup [g(t):tz 0] +kiiyll

so that the trarsformation F maps the space CL into itself.
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Moreover, from the obtained evaluation we conclude that for
r = (l-k)-rsup[g(t):tz 01 the operatar F maps the ball
K(9,r) into itself.

Now we prove continuity of F on the ball K(6,r). Let y, Y €
e K(@,r) and let Y, converge to y in the space CL' Keeping

our assumptions in mind, we have

) -ML(t)

He )
lece, [y (0)a8,y,(n(e)))e - 1(t, ngty(a)ds,y(h(t)))

H

_ )
e ML)\ 4| gy, f Ty, (8)as,y, (h(t)) -

- 20ty 1Y (e)as,y(h(2)))| e MUY
0

~HW)

¥, (8)as,y(h(t))) - f(t,fo““’

Y (s)as,y(h(t)))]| e ME(t)

+ 1 £(t, _[0

- He)
ék,lyn(h(t)) - y(h(t)le ML () If(t,j;’ Yn(s)ds,y(h(t)))-
't) i -
- £(t, fom y(8) ds,y(h(t)))]e ML(t)

From the above inequality it follows that it suffices to

prove that the term

£2) AH(E) -]
L£(t, fo‘“ Yo (8)d6,y(n (1)) - f(t,Ja““ymas,y(h(t)))l o ML()

tends to O as n tends to infinity.
To do it let us fix I'>0 and let € > O be arbitrarily small.
Taking into account the uniform continuity of the function

£(t,x,y) on the compact set, for t&{0,T) we obtain

. JH(E) ¥
26, [y @0, yne)) - £, [0,y L e

for n sufficiently large.
On the other hand, choosing T suitably large and using

the assumption (vii), for t=T we get
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+) Het) -
\f(t,f: Yy (8)as,y(h(t))) - f(t,j; y(8)as,y(h(t)))]e M“t)ffa

which finally gives the desired continuity.
Further, let us fix T>0, Ye K(8,r) and y € Y. In virtue
of our assumptions, for an arbitrary t=T we get

\(Fy)(t)\e-lL(t)‘._k ‘y(h(t))ie-l(L(h(t.))ell[L(h(t))-L(t)J,,,

Het)
+ L (t)[f ly(s)las 4-_] Iy(s)\ds +f{: |y(s)lasle

L, (T)
<k, y(h(t))le'uuh(t)) +g(t) +Te ' o+

-ML(t),

L, (t) f
' j;H(t’”IIL(a)ds)e-ML(t) N

+ (e

(t) _
. J~t | y(s)] e ML(8) ML(8) gy ML) o

L, (1)

< k'ly(h(t))le’m’(h(t)) + g(t) + rTe +

L,(t)
+re ] e“[L(H(t))"L(t)-] (K(t)'t) +

+ (tegnrly(t)\e'm‘(t))[ﬁ ,f; (L,(s) +

o o111 L ML) g ML) ML) | oey) 4

dsle” <k, ly(h(t))le

L, (T

1

t
e et ™ 4 e - vyeMILE®-LI M

- -ML(t
L tsl,\lzljy(t.)le ML(t) (n +k )('CB%ECT ly(t)‘: ) )y + g(t) +
L, (t

(T)
s oo T 4 ni(e)) - 1)eMILKH(E)-KL,

Hence, owing to the fact that

L

lim ©
t o0

(t)
t) -
= .tl_;-:,‘ate ! = 0 and taking into account that f'gg n(t) =

we have
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) a(FY) 2 (K, + fa(¥) £ka(Y).

On the other hand, fixing an arbitrary € >0, T>0 and ta-
king t,s ¢ <0,T) such that jt-8) = ¢ , we may calculate the

following sequence of inequalities

L (By) (136~ ME(E) = (By) (0)e™MH(®)] £ |(By) (1)eML(E) _

- (Fy) () ML(®)) & [ (Fyt)e ME(®) | (5y)(s)e ML(8)]
H?

e e ML) _ MU [l e(e, [T y(s)as,y(n(t)) -

t) _
t(t,J;Hmy(s)ds,O)\ + f(t,j:k y(s)das,0)|] +

+

HC HOD ,
£(t, j;, y(2)az ,y(h(t))) - f(s,J‘; v(z)ar ,y(n(s))) iz

»T(e ML) ¢ )k re™U(™) 4+ sup [1 (1) :teT)s

"N

roup[eL'(t)em‘m(t))l{(t):té'ﬂ) + ’;{f(f,s )y

+

where we have denoted

33(‘, €)= aup[lf(t,!' ,Yr) - f(B,XZ'YZ)' :t,ac(O,T),

MLLH(T)]

lt-size , Ix; -xl4r I(E(L), € e R E o P

Thus, by means of the above estimation we deduce that

wo(FY) = 0

and consequently
(5) QO(FY) = 0,

Finally, combining (4) and (5) we obtain
@(FY)e k w (Y)

so that F is ( -contraction.
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Applying now Theorem 1 we comple te the proof.

Remark, From the Theorem 1 it follows that all soluti-
ors of the equation (3) have the property mentioned in the

thesis of Theorem 2.

References

[1) J. BANAS: On measures of noncompactness in Banach spaces,
Comment. Math. Univ. Carolinae 21(1980), 131-143,

[2] J. BANAS, K. GOEBEL: Measures of noncompactness in Banach
spaces, Lecture Notes in Pure and Applied Mathe-
matics,Marcel Dekker, Inc.,Vo0l.60(1980), New York
and Basel.

[3] S. CZERWIK: The existence of global solutions of a functi-
onal-differential equation, Colloq. Math., Vol.36,
fasc. 1(1976), 121-125.

[4] S. CZERWIK: On the global existence of solutions of a
functional-differential equation, Periodica Math.
Hungarica 6(1975), 347-351.,

[5] J. DANES: On densifying and related mappings and their ap-
plications in nonlinear functional analysis, Theo-
ry of nonlinear operators, Akademie-Verlag, Berlin
(1974), 15-56,

[6) G. DARBO: Punti uniti in transformazioni a condominio non
comg;tto, Rend. Sem. Math. Univ. Padova 24(1955),
84‘ .

[7] L.H. EL’SGOL’C, S.B. NORKIN: Introduction to the theory
and application of differential equations with de-
viating arguments, New York, Acad. Press, 1973.

[8] J. HALE: Functional differential equations, Springer-Ver=-
lag, New York-Heidelberg-Berlin, 1§71.

L 9] G. HETZER: Some applications of the coincidence degree for
set-contractions to functional differential equa-
tions of neutral type, Comment. Math. Univ. Caroli-
nae 16(1975), 121-138.

[10) J. JARNIK, J. KURZWEIL: On Ryabov’s special solutions of
functional differential equationa, Proe. Colloq.
Math. Soc. Janos Bolyai, 15, Diff, Eas.(1975),
303-308.

I11] A.D, MYSKIS: Linear differential equations with retarded
argument, Moscow 1972 (in Russian).

[12] B.B. SADOVSKII: Limit compact and condensing operators,
Russian Math. Surveys 27(1972), 85-155,

[13) K. ZIMA: Sur une équation différentielle du premier ordre
4 un argument fonctionnel, Ann. Polon. Math. 25

- 535 -



(1971), 205-214.

{14) K. ZIMA: Sur 1 existence des solutions d‘une équation
intégrg-différentielle, ibidem, 27(1973),
181-187.

Institute of Mathematics and Physics, I. Yukasiewicz Techni-

cal Univeraity, 35-084 Rzeszow, Poznanska 1, Poland

(Oblatum 8.4, 1981)

- 536 -



		webmaster@dml.cz
	2012-04-28T07:15:21+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




