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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
21,2 (1980)

PURELY FINITELY GENERATED ABELIAN GROUPS
Ladislav BICAN

Abstract: In this note a new structural description
of purely finitely generated abelian groups is presented.
This criterion enables us to show that the class of purely
finitely generated groups is closed under pure subgroups
and that this class is contained in the ¢lass of all fac-
tor-splitting torsionfree abelian groups. As an application-
a theorem concerning the splitting of pure subgroups is
generalized.

Key words: Purely finitely generated group, factor-
splitting group, p-rank, generalized regular subgroup,
splitting group. '

Classification: 20K15

By the word "group" we shall always mean an additive-
ly written abelian group. The symbol ¥ will denote the
set of all primes. If H is a torsionfree group, M a subset
of H and or’S9r then (M)MG denotes the a"-pure closure of
M in H. %#,
minators prime to every p ¢ or’ . Any maximal linearly inde-

will denote the group of rationals with deno-
pendent set of elements of a torsionfree group H is called

a basis, Other notations and terminology is essentially

that as in [81.
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1. Purely finitely generated groups. Recall [3] that

a torsionfree group H is said to be purely finitely genera-
ted if it co;\tains elements h,,h,,...,h such that

~v
Ho= Zy<hyy

Iemma 1: Let H be a completely decomposable torsion-
free group of finite rank n. Then there is a decomposition
= ig g1; of the set & such that for each i=1,2,...,k
the group H® Zm_,i is completely decomposable with ordered
type set.

m

Proof: Let H =:‘:<-_’;0 J; be a complete decomposition of
H, hieJi, i=1,2,...,n. For any permutation ¢ ¢ S, define
M, to be the set of all primes p with hG(hg,(l)) 2z

P

G > »1.G : .
:hp(hg(Z));”"" hp(hga(n))' The group H® Z, is obviously

completely decomposable with ordered type set for each
ge S,.

Theorem 2: If H is a torsion_free group of finite rank
n then'the following conditions are equiw{alent:

(i) H is purely finitely generated.

(ii) There exists a decomposition i =£¢:1 :"fi of the
set st such that th‘e group H® Z"i is completely decompos-
able for each i=1,2,...,k.

(iii) There exists a decomposition ar = 1.’&?4 % ; of the
set s+ such that for each i=1,2,...,k the group H® Z‘"i is
completely decomposable with ordered type set.

(iv) There exists a pair-wise disjoint decomposition
¥ = 1'-@4 Jr; of the set & such that for each i=1,2,...,k
the sroup H® in is comple tely decomposable with ordered

tyne set.
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Proof: (i) implies (ii). Let H be a purely finitely
ordered group of rank n. By [3; Lemma 5] to every prime p
there exists a linearly independent subset {h{p),hép),...

...,hép)} of fhe et fhy,hy, ... b0} such that {hy,hy,...
JH_ H, ¢ : .
eeeshpd p* ;§1 < hi>p-+&§1 (h;> . For each linearly inde-

pendent subset S = {hil,hiz, coe ’hil,} of {‘hl,hz, eeoshy ) we
denote by g the set of all primes p for which
& m
H _ , H .
(hl,ha,...,hm)p —5’;4 < hij>p +;§4< hi>. By the preceding
part we clearly have &= \éJ g and this union is obviously
finite. To finish the proof of the implication in question
it suffices to show that H® Z‘" is a completely decomposab-
S
le group. Assuming a suitable enumeration of the elements.
hy,hy,...,h we can suppose that S = {hy,hy,...,h } and that
&hl,hz,...,hn} is a basis of H. Moreover, taking suitable
multiples of h; ‘s, i=1,2,...,m, we can suppose that h  .,...
...,hme<h1,h2,...,%hn) . Then i’;xr each prime p € g we have
H _ +H - - ® ,, \H
(hyshgyeeeshp = Z K +.2, Chy= 20 Chp @
m
®
®‘{c=§+4 < hi)’
ca s R H _
Now it is easily seen that <h1'h2""'hm>.¢(s =

= %"@ ()l @ %e ¢ h.;) and consequently the group
‘L‘l‘1 i“s i=h§4 1

& m
= 3@ H ® ; _
H® 2, =2y Khpe © 2,0 ), Kbp® 7, ) is com

pletely decomposable.

S
(ii) implies (iii). Suppose that & = ,1% o, and that
the group H® Zq,. is completely decomposable for each

i
i=1,2,...,k. By Lemma 1 for each i=1,2,...,k the set 3’ de-
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%o,
composes into =,}L,J4 -’!T‘(jl) in such a way that the group
H® zm_e» Zﬂ.(i) is completely decomposable with ordered
1 J

type set for each j=1,2,...,ki. Now the assertion follows
easily from the simple fact that Z , D Z e for all
subsets r’, ar” of ar .

(111) implies (iv). For each i=1,2,...,k put Jr =

=ars\ ( LJ . ). The group H@ Z._ i=1,2,...,k is obvi-
’

ously completely‘bdecomposable with ordered type set and
the union ar = ;{4 "ﬁi is clearly pair-wiee disjoint.

(iv) implies (i). Suppose that the set ¥ decomposes

&k
into a pair-wise disjoint union o' = ;‘LSJ,' I in such a way
that for each i=1,2,...,k the group H® Zﬂ,' is completely
i
decomposable with ordered type set. Then for each i=1,2,...
eesyk there are elements h(l) h(l),...,h(l) in H such that
H; =H®1Z = Z@ (h(1)® 1) i, We are going to show
i
2 (
= i)yH .

that H —%§1 :ag,, ( hj >ar . Let he H be an arbitrary element.

For each i=1,2,...,k the set {h{l),hz(l),...,hél)} is obvi-
ously a basis of H so that there is a positive integer o

(1) (1) (i) - % (i), (1)
such that oche(hlll shpteen > xh -,}; njl hjl ,

for each i=1,2,...,k. Write & in the form <= r;s;, i=
=1,2,...,k, where Ty is diviseible by the primes from &; on-

ly and (8;,p) = 1 for each p € ;. Now r;h ®1 =h® 1/5;=
g s . m : : ’
=2 e /sy =2 AP 0@ 1), From

[9; § 60 Ex. 9(a)] it easily follows that r. ‘A(l)hgl) for
each j=1,2,,,,,n and consequently s he.Z < h(l)) a3~ How-

ever, (51:8 yeee,8.) = 1 in view of the disjointness of
L*=2 Sk
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ko L2 : .
A e Thus »i?{ s; 063 = 1 for iu:.table integers o(;,

°‘2""’°ck and consequently h =1-‘_‘Z4 ocisih €

' n . & m .
(i)yH > (inH
6:24 .=, <hj ).,,ighz)' }%4 <ngtp -

Theorem 3j: Every pure subgroup of a purely finitely
generated torsionfree group is purely finitely generated.

Proof: ILet S be a pure subgroup of a purely finitely
generated group H. By Theorem 2(iii) there exists a decompo-
sition & =;,§§4 Jr; of the set o such that for each i=1,2,...
«eoyk the group H® Z‘"i is completely decomposable with or-
dered type set. By [9; Theorem 60.4] the group S@® Z""’i is
isomorphic to a pure subgroup of H® Z"’i for each i=1,2,...
«++yk. Consequently, S® Z"’i is a completely decomposable
group with ordered type set by [1, Theorem 1] and it suffi-

ces to use Theorem 2.

Recall that a torsionfree group H is said to be factor-
splitting if each homomorphic image of H splits.

Theorem 4: Every purely finitely generated torsionfree
group is factor-splitting.

Proof: Let H be a purely finitely generated group. By
Theorem 2(ii) there exists a decomposition sor =;L_j_54 Jq; of
the set o such that the group H® Zwi is completely decom-
posable for each i=1,2,...,k. Now for each i=1,2,...,k the
group H® Zm,. is factor-splitting by f.7; Theorem 6 ) and it

i
suffices to use [ 7; Lemma 5].

2. Splitting of pure subgroups. If H is a torsionfree

group then the set of all elememts h of H having infinite
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p-height is a subgroup of H which will be denoted by
H[p®] . It is well-known (see [11]) that if H is a torsion-
free group and F its free subgroup of the same rank then the
rumber rp(H) of summands C(p%’) in H/F does not depend on
the particular choice of F and this number is called the p-
rank of H., A subgroup K of a torsionfree group H is called
generalized regular if for every geK the characteristics of
g in K and in H differ only in finitely many places.

Now we shall formulate Conditions (of), €7y) (see [2]1).
A mixed group G with the torsion part T satisfies Condition
(o) if to any g € G\ T there exists an integer m such that
mg has in G the same type as g+T in G/T. We say that a mixed
group G with the torsion part T satisfies Condition (4) if
it holds: If G/T contains a non-zero element of infinite p-
height, then the p-primary component T of T is a direct sum

p
of a divisible and a bounded group.

lemma 5: let H = {al,az,...} be a torsionfree group of
finite rank n and let -(hl,ha,...,hn'} be a basis of H, F =

1)
=a24 <{h;7. If for each m=1,2,... it is

H/(Fu.>, <adiye =@ o
=1 il €, Py’

where Tp‘# O and 7o is an infinite set of primes, then H
i

contains a generalized regular subgroup K of rank n such that
the factor-group H/K has infinitely many non-zero primary
components.

Proof: In each set ELI m=1,2,..., choose a prime p,

in such a way that all these primes are pair-wise different,

- 214 -



By hypothesis, to each m=1,2,... there exists a subgroup

K,2 (Fu.g <ai)§> of H such that H/K =C(p, "), where

kp e41,2,...,00%. If we put K = A ), K, then for each msl,
2,000 it is Kgl(m and the factor-group H/Km is a homomor-
phic image of H/K. Consequently, the factor-group H/K has
non-zero pm-primary component for each m=1,2,... and it re-
mains to show that K is a generalized regular subgroup of
H.

If g€K is an arbitrary element then g = ap for some

m=1,2,... « If the equation pkx = g is solvable in H then

xe(g)H 4 am>H and x € f\ K:. by the choice of Km s. If

p¢ {pl,pz,...,pm_l} then xeK nKyn.eoonKy 4 and 80 xeK.
Thus the characteristics 'L'K(g) and t’H(g) can differ only
on places corresponding to the primes PysPosecesPp_q and K

is a generalized regular subgroup of H.

lemma 6: Let H be torsionfree group of finite rank n.
If the set &’ of all primes p with r(H [ p®])< rp(H) is in-
finite then H contains a generalized regular subgroup K of
rank n such that the factor-group H/K has infinitely many
non—-zero primary components,

Proof: Let {hl,hz,...,h % be a basis of H, F =

= 1';'"';0 { hi) and H = {al,nz,...}. With respect to Lemma 5
it suffices to show that for each m=1,2,... the factor-group
H/AF u&:Z'; < ai)“H) has infinitely many non-zero p-primary
components. Proving indirectly suppose the existence. of a
positive integer m such that the factor-group

H/{F %% (a b Hy is o, -primary where o, is a finite
set of primes., Denoting ;y = x\ “1' the sequence
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H i yHy_
0= 2, (¥ +Z, Caph— %y © B> % © B/(F +.Z,Capg)=0

is exact by [ 9; Theorem 60.6]. Thus the group Z“2® H is pu-
rely finitely generated and consequently rp(H) =r(HLDp®]
for each p & Ay by [3; Propoaitiqn 1). Then necessarily
a'E 1., which contradicts the hypothesis.

Now we are ready to prove the following generalization

of [4; Theorem 5].

Theorem 7: The following conditions are equivalent for
a torsionfree group H of finite rank n:

(i) If G is a mixed group with the torsion part T such
that G/TZH then every pure subgroup of G of rank n splits
if and only if G satisfies Conditions (w), ().

(ii) (a) rp(H) = r(H[p® ] ) for almost all primes and
for all primes p with r(H [p®]) = 0,

(b) for every generalized regular subgroup K of H
of the same rank n the facior-group H/K has only a finite
number of non-zero primary components.

(iii) rp(H) = 0 for each prime p with r(H[p®]) =0
and for every generalized regu;ar subgroup K of H the tor-
sion part of the factor-group H/K has onlzj a finite number
of non-zero primar& components.

(iv) If G is a mixed group with the torsion part T
such that G/T&H then every pure subgroup of G splits if
and only if G satisfies Conditions (oc), (4).

Proof: Conditions (i) and (ii) are equivalent by
[4; Theorem 5].

(ii) implies (iii). The set = {pewlrp(m *
+r(H[p®] )} is finite by the hypothesis and c.onsequently‘
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[3; Proposition 1] shows that the group H® Zm.\ gre is pure-'
ly finitely generated. If S = (K):",H is the pure closure of

K in H then S® 2, is pure in H® Z, .« by [9; Theorem

o/
60.4) and so it is purely finitely generated by Theorem 3.
By [9; Theorem 60.6] we have S/K® 2, 4 %(S® Zyowe )/

/(K® Z:r\,,.) and hence the group S/K&®

Zar\ar' has only a fi
nite number of non-zero primary components by [3; Proposi-
tion 1], K® Zﬂ\“, being generalized regular in S@® ZJ,\ v
Now it is obvious that the torsion part S/K of H/K has only
a finite numbgr of non-zero primary components,

(iii) implies (iv). Let G be a mixed group with the'\
torsion part T such that G/TZH. If G satisfies Conditions
(<), (4) then every pure subgroup of G splits by Lemma 6
and [4; Lemma 21. Convers_ely, if every pure subgroup of G
splits then, especially, every pure subgroup of G of rank n
splits and G satisfies Conditions (), () by Lemma 6 and
[4; Theorem 51].

(iv) implies (ii), The proof is the same as that of

the implication (i) implies (ii) in [4; Theorem 5].
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