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ON WEINGARTEN SURFACES
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Abstract: A global characterization of spheres.
Key words: Surface, sphere.
AMS: 53C45 Ref. Z.: 3.934.1

Following the ideasof [1l), I am going to prove the
following

Theorem. Let © Le a bounded domain in R* , 48
its boundary spd M: Gu 8 G —= E3 g gurface such that:
(1) M(B8G) consists of umbilical points; (ii) there are
functions g(x,y), F(x,y) and,on M , orthonormal tengemt
yéctor fields vy, Vv, gatiefying

(1) vlg(h,l() =0, v,f(h,K) =0,

H and K peing the mean apd Gauas curvatures of M resp.
Further, let

(2) K>0 ,  gg€>0,  ffy>0

Thep M(GudG) 1is a part of s sphere.

Proof. On M , consider a field of orthonormal moving
frames {m; vy, vy, V31 . Then
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(3) dm = “’4"1 + w? Y5

= 2 3
dvl— a"v2+ 04 Y3
2 3
dvza—w,'vl +w2v3,
= o .3 - 3
dv3 = —wpvy wj3 v,

with the usual integrabilitiy conditions. We have

(4) w? =aw! +v0?, w3_=bw"+cw2,
(5} da - 2 brof = cawl + (3w’

ol + yo?

db + (a - c)wf,z

de + 2 ba),z' = 3’604 + Tl
1 1 1 2
(6) aH = & (c+ )t + 7 (B+d) w= ,
dK = (ag+ cec= 2bB)w’ + (ad™+ ¢~ 2bglaw?,

On M, choose a curvilinear coordinate system (u,v) such

that
(70 1I=r°au® + sav® , &' =r du, wi=s dv, 2840
Then
(8) a:,"; = - Ty du + 2u dv .
s r

From (5) and (7),

(9) dla=-c) =4 bw} +@-p)f + (B-8) w2 5
db =-(a-c)cof+(3a)4+'rwq,-
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T
(10) (a-c)u+4b-—1='(ac—3’)r,
8

T
b, -(a-c)—;l-=,62’,
s
(a-c)v—4b—1:n-=(/5-3)u ,
8y
by + (a -c¢c) = s
r
and
(11) wrs =ala=-cl, +rb, + () la=2¢)+ (b,
Bra=sb,+ () (a=-¢c)+ (b,
yrs=rb, + () (a=-c)+ (v,
Frs=-r(a=-c),+sb,+ () (a=-c)+ (b,
From (1),
(12) gy dH(vl) + g dK(vl) =0,
fy AH(v,) + £, dKk(v,) =¢C ,
i.eo,
(13) gH(u+g’)+2gK(a7*cw-2b(S)=0 ’
tip+d) +2 rplad’+ e ~-2b9) =0 .

Because of (11), (13) turns out to be
(14) {agH-chgK}(a-c)u-4bngbuf

+42 rgy + 2 rgK(a +cdib, = ()a=-c)+ (v,
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{-rfy-2ar fKS (a - )y +42 sty + 2 sfpla +

+ediby,-~4brfpb, =() (a=-¢c)+ (b

This system can be written in the form

(15) 8, (a - c)u + '12(' = ¢)y * byyb, + byby =

=cpyla-e) +oppb,

%18 - )y + aypla - c)y + by by + byyby =

with
(16) &y,
b1
821
b
The system
an ¢

= °21(° -c) + cyob

=s(gH+2 agK), 8, =0,
=-40boeg, by, =2 rigy +2 Hegl ,
=0, 8y, == r(fy +2 81y,

=28(ey+2Heg) , by =-4brty

(15) is called elliptic if the form

- - 2 - -

= (81,055~ ay,b1 ) @ (aj1byp = @yyby5 +

2
* 8ayoby) = aybyy) @Y+ (agyby)y - myybyy)Y

is definite. From (16),

82022

= @y,b), =2 rz(gH +2 Hgelleg + 2 t )

11%22 = #21%12 * 212%21°7 222%11 = - 4 b er fr gy
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+2cgg) *aplry +2a )i,
o0 .2
8110y = My =2 8%(gy + 2 ¢ g)lry + 2 HER) o

The discriminant of $ being denoted by & . we get

(18} L =16 r°s[2H foKgg +2H sﬂsmfﬁ +

+

2(%fﬂgﬂ* engK)2 + 2( %ngH#

a ngH)z + (2K + bz)CfZHgi + fzxgg) +

+

(12 B2 + 4K+ 26%) £ tp gy 8 +

+

8 H(L? + ¢® + 2K) £ £ 6% +

+

+‘

8 H(a® + b + 2 K) gy g 15 +

+16-H2xf§g§.3 .

From (2), A >0 , and the system (14) is elliptiec. On
9G, a~-c=b=0; the ellipticity of (14) implies
a-c=b =0 on G . Because of 4(H> -K) = (a - ¢)? +
+4b2 =0, M 1s a part of a sphere. QED.

The H- and K-theorems are ndw. trivial consequen-

ces of our Theorem.
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