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ON SURFACES WITH CONSTANT MEAN CURVATURE

H. FATH EL BAB, Cairo

Abstract: A global characterization of surfaces with
constant mean curvature. '
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ANS: 53C45 Ref. Z2.: 3.934.1

A. 8vec [2] used higher derivatives of the mean and
Gauss curvature in order to characterize the® sphere; he
proved his results by means of the maximum principle. In what
follows, I use an integral formula to prove a theorem of a

similar type.

Theorem. Let Mc E3 “be & surface of class C® with

positive Gauss curvature, let ©M be_its boundary. Suppose

that there is, on M , a couple of orthogonal unit tangent

vector-fields vy s V2 such thgt

(1) v qi=0, V,H=0 on ¥,

H being the mean curvaturg of M . Further, suppose

(2) VZWH=0, V,H=0 on 9M.

Then M has constant mean curvature.

¥
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Proof. 1. On M , consider fields of orthonormal frames

im, vy,v5,v3} with v,,v, € T,(M) , meM. Then

_ .1 2
(3) dm = W vy * WV, ,

- o2 3 - o 2 3 _
(4} dvy = vy + Wvy, dv, == @ V) * @vy, dvg =

3 3 _ 1 2 3 _ 1 2,
= - co?vl— @aVs Wy = aw *+bw’, @y=bw + ca”;
(5) da - 2 bwﬁ = ww! » gl

db+(a—c)03 = Bt » 9""2 ’

2 _

1= yol+ Fa? ;

de +2 bw H

(6) de -3feF =te! s (B-W? ,
ap + (o - 29l = (B + ! + (C+ aKl?
dy + 2 =} = (c+ K@ + (D + W ,
ad + 37w =0 -wWae! +ru? ,

see [2]. Let { m, wl,wz,w33 be another field of moving fra-

mes; let
(7} vy = ggcos g w -~ g 8ing.w, , v, =58in g.wm +
+* cos @ )
= . 2 2
V3T Cyv3 i €y

Write
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(8) dm = "1"1 +> 'unwz ,
dwy = cﬁwz * 15,31'!3 y dwy = = 't:?'wl + '62113 y dwy =
3 3
= - '51w1 - 'tzwz ’

and denote by ¥ the expressions associated to

{m,wl,wz,w3§ . We get

(93 ' = &, cos q’.co‘ + sin q.02 ,

]

2 1

= - 2
¢ = 9181n?qw

+co8 QoW

and

(103 «* + = ¢ g,008 gulxrp) + g0in g (fed)
B* + 0% =-g gsing.law+y) + o8 @.(B+d) ;

see [1]. The mean and Gauss curvatures are defined by

(11) 2H=a+c, K=ac-b

resp.; we have

(121} B* = e,H, K¥=x. .

2. Let us deduce an integral formula. Let

(13) @ = le' + R, e?

be a l-form on M . From
Rw! + Ryo? = Rfv! + RYe?
and (9), we deduce

(14) R} = g, co8 @.R) + 8in @.R, , Ky = ='g, sing.R, +
+ cos @ .R, -
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The covariant derivatives Ri,j of Ry with respect to !
w2 be defined by

1

. - 2 1 2
(15) dR) = Rywy =R @° +R,°

2 _ 1 2
dRy + Rj@y =Ry @’ + Ry, @

Similarly, define the covariant derivatives R‘IJ of RY

1

with respect to <!, 22 . Using (14),(9) and

(16) 'vf-dq =g @ 3
see [1], we get
€, cos RY, - ¢, sin RY, = € 8 R,, + s8in R
1 ©08 @ -8y q SR @ o = By 008 F.Hyy * iR G LRy
* *
sin @ Ry, * cos @ Ry, = ¢,cos @ Ry, + sin @ .R;,, ,
RS Ry, = R
€,c08 @ Ry, = §,9ing Ry, = - ¢, sing .R); +
*cosq.RZI,
in X+ cos R, =- sin R,, + cos
sing .Ry) * 008 @ Kyy == 8y8ing Ry + cos PeRyp s
i.e.,

an g’

cosq'cy «Ry; *+ g4 8in @ cos @ Ry, +

+ e, sin g cos @ .R21+ s:lnaq .R22 ’

»*
Ry

2
- sin @ cos @ Ry, + & cos @ Ry, ~

€, sin"q Ry; + sin ¢ cos @ ‘R22 ’

- 8in@ cos @ Ry, - €&, sin" PRy, +

2

+

2
€, co8 @ .Ry) + sin @ cos @ .Ry; ,
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2
R’;z =s8in @ .Ry; - €4 8ing cos @ .R]_2 -

- 6,8inqg cos ¢ Ry, + cos’q Ry o

Introduce the form
= - 1 - 2
18y & = (RyRy; = RyRy )@’ + (RyRy, = RyRy )l o

From (14) and (17),

W

*ok Ko _ ,
RR)) - B5RY) = cos @ «(RyRy) = RyRy)) + .

g, sin ¢ .(R)R;y, - RyRy5) ,

+

AR}, - BR],

- sin@ .(RjR;; = RyRy,) +

e, cos @ .(RjRy, = RyR; ),

+

i.e.,
(19) ¢%*=1¢,3 .

and $ is an invariant l-form (associated to 97) on oriented
surfaces.

From (15),

2 1
(20) -{an - (R, + 321)913/\ @ +{dR,, +

. 2 1
#(\Rn-Rzz)wfiAo = RK @ Al
2 1
-hmn + (Rn - R22)w13/\ ) +{dR22 +

2 2

2 - 1
* (R, + Ry))aflaw® =-REKka'aw
and we get the existence of functions Sl,..., S6 such that

. 2 _ 4 1 2
(21} daRy; - (Ry, + Ry))af =S,0" + (S, - 3 R)w”
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2 1 1 2
dR), + (Ry; = Ryyley (s, + 7 KRy’ + S0

1 4 2
Sy’ + (35*‘1' KRl)w s

[}

. 2
dRy, * (R); = Ry,lay

2
dR,, + (Ryp + Ry Jey

1 1 2
(SS -E KRI)G) + 36@ R
Fron this

_ 2 2y 0 a2
(22) 4@ = (2 B)yRy, - 2 Ry,Ry; - RIK - oKl A @7

and we get the desired integral formula

(23) f {1(RRy; = RyR J@! » (RR,, - RyR It}
oM

= j’nizcnnaaz - RppRy) - (RS + BKiw'a 0? .

3. Let us return to our surface M . Because of K>0

let us choose an orientation of the normal and of M itself,
i.e.,

Consider the 1l-form
(25) ¥ =(x+qle? » (f+dla? =2 an

which is, according to (10) and (12) resp., invariant on M .
From (6),

(26) alw+7) - (f+d)a} = (A +C+ K’ + (B +Da?,

alp+d) + (ecvf)w% = (B + D! + (C+E+ aKl? .

Applying the integral formula (23), we get

-950 -



(27 fmuwﬂ (B+D) - (B+d)A+C+ cKlia? +
+ [gi(esq) (C+Erak) - (g+d) B+ DIl =
:fM-{Z(A+C+cK) (C+E+aK) - 2(B + D) =

- (+?)K - (+d)%K }0'A 02

The frames be chosen in such a way that V, = Vyy Uy = V5
From (25),

(28) W= (xrq), VH=Lpes

i.e.,

(29) B+ =0 on M

and

(30) % +¢=0B+d=0 on IM .

From (26) and (29),

(31) V,V;H =-;-Vl(ac+7) = %(A +C+ckK) =0 on M .

Thus the integral formula (27) reduces to

(28} o=[42+0P s (x+p)Kia'aa? ,
and we get
(29) V1H=i2(ec+'r)=0 on M ,

i.e., H= const. on M ., QED,
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Remark. Notice that our Theorem is non-trivial. Indeed,

let us show that there are, locally, surfaces of clags C%
possesging two orthogonal unit tangent vector fields Vl, Va

such that (1) is valid gnd H is not s constant on M .

The prolongation of (7) yields

(30) AAAw! + ABA?

(4 pK + bk ' A @?

"

ABAw! +4CAw? =3 pK-2«k-aK +
+ 0Ky wla w?

ACAc! + AD/\G)"

[

(2‘d"K-—3(3K-

1 2
bKl+cK2)a> A @ ’

2 2

ADAw! *+AEA@ —(47K+bK2)w4Ac->

with dK = Kla)" + K w? and

(31) AA:=dr-2@2B+Ke) =Fa! +Fa?,
AB:=aB+ (A-3C-268K- Ka: =
= (Fy +4p K + K)o + Pi0?
AC: =dC+2(B-De) =(F;+3¢K-20K-
- k) + )l + T2,
A\D::dD+(3 C-E+ak+2 cK),ca?; =
=(F +2dK-3pK-1bK + d)e! +r0?,
AE: =dBE +2(2 D+ bK)e} = (Fs - 4 K -

b))+ Fea?
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Fiseeey F6 being new functions. Our surfaces are then given
by the system (6),(9),(31). The system (6) reduces to

(32) do(.-3{3co} =aw! + (B-btKw? |
ap + (x-2¢)e? = (B+ KT + (aK - &k - Mw? ,
dg +3f0? =- 4! » (D +K? ,

(ec+fx)w3 = (B +Dlw! +(sK -k -4A+Eae? ,

& + ¥ % O because of Hs const.

From (31),

(33} AC=-4Aa-2(B+De? - (K + K +
+ (K - cKa)aq' =
== AA-2B+D) (a+e)”14(B + D’ +
* (K -k -a+Ee?i - (K+ &)l +
+ (3K - k) w?

and the differential consequences of (32) are

(38)  ldara! + ABrw? = 4BK+ Ko A w? =
2 fiwlAw?,

ABAw! - bAanw?2 =4{2027-a)K + (c - a)Kl * bk, +

+ 20+ 1B + D)%Y A c".-fz,o"z\ w?

- ddne?! + ADAQQ =-{4{3K+ bKl#

+ 20+ ) IB + D)k - K - 4+ B} oA e?s fyalawl

0DAw! + ABA?Y = - (49K + bK2)a)4szs f4¢.>1/\ w?
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with

(35)  AA

1 2 = 1 o
G +Gew* , AB=(G, +fle

Gy fz)eo" R

AD = (£3 = Ga! +630?, AE=(03+ 1)l +

*

2
G‘Q .

The system 18 in involution and the considered surfaces de-
pend (in the usual sense of E. Cartan) on 4 functions o 1 va-

riable,
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