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Abstract: In this paper, there are determined the com­
mutative, associative rings with unity, where every tensor-
orthogonal theory for R-mod is hereditary. The corollaries 
give an estimate of the rings where every torsion theory is 
hereditary and it also shows the relation of these rings to 
the problem of vanishing tensor powers of modules. 
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Throughout the paper, R is a commutative, associative 

ring with unity. If 071 £ R-mod is a class of R-modules 

we define 7fH = 4 L | L « R-mod and M ® R L = 0 , for every 

M € m j . Let us recall £51 that the couple (Itl, St) of 

classes of R-modules is said to be a tensor-orthogonal the­

ory ( © -orthogonal theory) if Wl =. # and & m W, • 

Obviously, both /Bl and «t are torsion classes of some 

torsion theories [41 and if they are both hereditary, i.e., 

closed under submodules, then C7R, &C) is called heredita­

ry © -orthogonal theory. Similarly as in C43, we can intro­

duce the operators + and *. by 7H+ = «f X )X « R-mod 
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and Horn (X,M) = 0 , for every M e TJfl } and fli * = 

= { X | X e R-mod and Horn (M,X) = 0 , for every M c H j , 

respectively. A ® -orthogonal theory is said to be trivi­

al if one of its classes is R-mod. If max (R) is the set 

of maximal ideals of R , we put if = i R/P | P c max (R)J -

a complete representative set of pairwise non-isomorphic 

simple modules. 

A torsion theory <1T, ̂ ) is of simple or cosimple ty­

pe if there is a subset & S if such that OJ**-* T or 

Qj* » (f respectively. A sequence a-., a2>... of elements 

of R is said to be T-nilpotent if a-̂  ... an = 0 , for 

some finite n . An ideal I of R is said to be T-nilpo­

tent if every sequence of elements from I is so . Similar­

ly, I is weakly T-nilpotent if every sequence a-., a2,... 

from I of bounded order i.e., there is a natural number 
if 

k 2 1 such that a£ = 0 , i = 1, 2, •.. is T-nilpotent. 

Suppose that the Jacobson's radical J(R) of R is T-nil­

potent. Then R is said to be semiregular if R/J(R) is 

regular (Von Neumann). Moreover, if R/J(R) is a completely 

reducible ring (we stick to the notation of [7]) then R is 

called perfect. Similarly, if J(R) is weakly T-nilpotent 

and R/J(R) is regular then R is called weakly semiregu­

lar. Further, R is said to be semiartinian ring if every 

non-zero R-module possesses a non-zero socle. An R-module 

Vt is said to be vanishing if the tensor product of some fi­

nite number of copies of M is 0 . The smallest integer n 

with ^*^ M = 0 is denoted by dR(M) , and we set A (R) = 

= sup d«(M) , the supremum taken over all the vanishing modu­

les. 

- 140 -



The following three propositions are straightforward. 

Proposition 1. Let P be a prime ideal of R . Then P 

is a minimal prime iff for every p e P there exist a natur­

al number n S 1 and y e R S P such that pny = 0 . 

Proposition 2. Let & be a subset of Sf . Then &** = 

e ZL s iu [Me R-mod and PM = M , for each P e max (R) 

with R/P c 0/? . 

Proposition 3. Let ( Wl, et ) be a 0 -orthogonal theo­

ry for R-mod . Then there is the uniquely determined subset 

0/ of if such that &** S W S ^ \ a } f and 

*tf\ cu** s se s a4, . 

Theorem 4. Let R be a commutative ring. Then the fol­

lowing are equivalent: 

(i) Every ® -orthogonal theory for R-mod is hereditary. 

(ii) Every non-zero R-module has a proper maximal submodule. 

(iii) R is semiregular. 

(iv) Every torsion theory for R-mod of cosimple type is he­

reditary. 

Proof, (i) =s> (ii). Since W is hereditary, W = 40j 

by Proposition 2. 

(ii )<*•---> (iii). Use the resmlts of 133. 

(iii)aaŝ  (iv). Suppose that M c R-mod and PM = M , for 

some maximal ideal P of R . Put s(M) = { m I m 6 M and 

(0:m) ̂  P J . We are going to show that M = s(M) . Since s(M) 

is a submodule and s(M/s(M)) = 0 , we can assume that s(M) = 

= 0 , without loss of generality. Therefore, if 0 4. m e M 

- 141 -



then (0:m) S P and P/(0:m) is a nil-ideal of R/(0:m) 

by Proposition 1, using the fact that every prime ideal of 

R is maximal ([61, ex. 12,63). Hence P/(0:m) = J(R/(0:m)) 

and consequently if P'4* P is another maximal ideal then 

(0:m)$ P' , i.e., P'(R/(0:m)) = R/(0:m) . Thus M = QM , 

for every Q e max (R) and the hypothesis yields M = 0 . 

Now, we have proved that if M = PM then s(M) = M , i.e., 

if m e M then Rm = Pm and consequently the class 

•{M | M e R-mod and PM = M } = •JR/Pj'*" is closed submodules. 

(iv) 8-«=s> (i). Let (771, X) be a non-trivial © -ortho­

gonal theory for R-mod. According to Proposition 3, there 

is the uniquely determined subset & £ if such that 

1fl S d + and Sd S i \f \ &]* # The hypothesis implies 

that 0 .4= d 4- tf and both (2+ and {tf \ CU + are here­

ditary classes. Hence if M c TH. , L s \L and M ' S M , 

L's L are submodulee then M ' ® L' = P(M'© L') K for eve­

ry maximal ideal P of R (uae Proposition 2), and conse­

quently the hypothesis again yields M ' ® L' = 0 . 

Corollary 5. If R is a semiregular ring then ® -

orthogonal theories for R-mod are in one-one and onto cor­

respondence with the subsets of if . 

Proof. Let ft S tf . Put TO « k+ and tf» <tf\&3+. 

Since R is semiregular, Cftl9&) is a ® -orthogonal 

theory. The converse follows directly from the proof of Theo­

rem 4 (iv) --»> (i). 

Corollary 6. If R is a semiartinian ring then every 

torsion theory for R-mod is hereditary of simple and co-

simple type. Conversely, if every torsion theory for R-mod 
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is hereditary* then R is semiregular. 

Proof. Let (T^ T) be a non-trivial torsion theory. 

If R is semiartinian then & n Tm & 4*. 0 . By [83, eve­

ry commutative semiartinian ring is semiregular and conse­

quently Theorem 4 implies & + tf . Obviously, !Tfi 4*. Sup­

pose that M c Q/"** and M 4 T • Without loss of genera­

lity we can assume that M * 9 . By Theorem 4, &* is he­

reditary and since R is semiartinian, there is a simple 

submodule S S M such that S € &* A T y i.e., S is 

isomorphic to a module from CL , a contradiction. Hence 

T « a4" . The fact that JT « •C^Ndi** follows from £2], 

Theorem 1, 331. Conversely, if every torsion theory is he­

reditary then tf+ -=-£0! , i.e., R is semiregular. 

Corollary 7* The following are equivalent for any ring 

R : 

(i) Every torsion theory for R-mod is trivial, 

(ii) Every ® -orthogonal theory for R-mod is trivial, 

(iii) R is a perfect, local ring. 

Proof, (i) s3=as> (ii). It is obvious. 

(ii)-«ea> (iii). The hypothesis implies that all the sim­

ple R-modules must be isomorphic and consequently, R is a 

perfect, local ring by Theorem 4. 

(iii)s=:>(i). By 111, 287. 

Corollary 8» If A (R) = 0 then R is weakly semire­

gular. Conversely, if R is semiregular then A (R) s 0 . 

Proof. The converse immediately follows from Theorem 

4, since any vanishing module has no proper maximal submo-

- 143 -



dule. Now, suppose that A (R) = 0 and R is not weakly 

semiregular. By £91, 356 every prime ideal of R is maxi­

mal, i.e., R/J(R) is a regular ring. Since J(R) is not 

weakly T-nilpotent there is a natural number k 25 2 and 

a sequence a-,, a^,*** of elements from J(R) such that 

a£ = 0 , i = l, 2, ... and a-̂  ... an4- 0 , for each n s 

£ 1 . Consider the free R-module P with countable set 

of free generators x-p x2, ••• and let N S F be the sub-

module generated by the elements (x. - Q-JX.^) > i = 1, 2, 

... • Since the sequence a-,, a2,... is not T-nilpotent, 

N sjs F . As it is easy to see, the order bound k yields 

££ F/N s o , a contradiction. 
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