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MINIMAL REALIZATIONS FOR FINITE SETS IN CATEGORIAL
AUTOMATA THEORY

V&ra TRNKOVA, Prahs

Abstract: The minimal realization problem in the cate-
gory Set 1is solved for finite or bounded sets.

Key words: Set functor, free algebra, minimal reali-
zation.

AMS: 00AO5, 18B20, 18C15 Ref. 2.: 2.726, 8,713

Let a cardinal 4 => 1 be given. In the present no-
te, we characterize all functors X: Set —» Set such
that for each set I with card I <« .# there exists a
free X-algebra over I and each mapping f: X ® 1—2
has a minimal realization (see 4 and 6). Some simple crite-
ria and examples are given (see 7, 8 and 9).

The present note is related to the paper [ 7], where
all input processes in Set are characterized and to [9],
where the minimal realization problem is solved in Set
without respect to cardinalities. The minimal realization
problem in more general categories is investigated in [1],

[2),[5]‘

1. Preliminaries: a) We use the term set fupcior

for a covariant functor X: Set —» Set, Set being the
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catagoxly of all sets, such that XQ# @ whenever Q& @ .
If Qc Q° are sets, denote by i: Q—> Q° the inclusion
map i(x) = x for x € Q . X is said to pregerve inclus-
ions if @##+ Qc Q° implies XQc XQ° and Xi is inclus-
ion again. By [3], each set functor is naturally equivalent
to an inclusion preserving functor. Since we always work
with functors "up to natural equivalence" we shall assume,
in what follows, that all functors considered preserve in-

clusions.

b) Let X be a set Punctor, . be a positive car-

dinal. Define functors x[<4—wJ ' Xt g e by

X Q= U XP whenever X. . §=2X0
[<ml P*Pch O+ 2, [<wm] ’
ol P <

X[‘“JQ = ‘:..;ce XP whenever Q4 # , x[‘“Jﬂ = Xg ,
coxd P £ 4

xt-»w) f and x““, f are the domain-range-restrict-

ions of Xf for any mapping f . If card Q = 4% , denote

QX = XQ N\ Xr<“]Q.

If QX* @ , then 44 is called an ungttaingble_cardinal of
X (see [6]). We recall that a set functor X is finitary
| Pf - e, i . et i nab-
iff X X:‘ #®,1 2 1.0 iff it has no infinite unattaina
le cardinals. It is well known that finitary functors may

be characterized as factor-functors of +L'l 3 Hom (QJ-, -,

where } is a non-empty set and all Qj are finite sets.

The characterization of finitary functors by means of the
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preservation of colimits or limits of certain diagrams is
given in [2],05],109].

c) Let X be a set functor. The category Dyn X
(see [4]) is defined as follows. Objects (called X-dyna=
mics) are all pairs (Q, d°) , such that Q is a set, °:
:‘ XQ — Q is a mapping; morphisms (called X-dynamorphismg)
f: (Q, o) —> (Q°, ') are mappings from Q in Q° such
that fod = d’e¢ (Xf) . A free X-glgebrg over Q is a
triple X,Q= (X® Q , @g , mg ) , where (x@ q, @j )
is an X-dynamics and ne ¢ Q— x® Q is a mapping with
the universal property, i.e. for each X-dynamics (Q°, &)
and each mapping g: Q —» Q° there exists exactly one X~
dynemorphism F : (X® Q , @g)—> (Q°, &) such that

8=F o M@ + A construction of X,Q is given in [7]) as

follows.
XQ=Qx40%,
Q= XQu (XX,Qx41}) .

whenever Q4 @ , X;0 = ((X %) X8) x {1} , where 2 : g—

—> 1 is the empty mapping,

X“Q = /}'ﬁx xn Q whenever o.:is a limit ordinal,

X¢+4Q=XQQu(XX“Q\p\‘JsXX,,Q)x{«A 1% .

By (7], X,Q exists iff this process stops, i.e. X, Q=
xe and 7 Q —>

= XGCQ for some o . Then x@q
~ x€q is defined by ng (@ = (@,0) , wg: x®Pq—

— x@q by @g (q) = (g, B+ 1) , where 3 is the
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smallest ordinal such that q e xx,, Q.

d) Let X be a set functor, I be a set such that
X,I does exist. Let f: x@ I—>» Y be a mapping. The
following notions and their interpretation in the automata
theory are given in [4]. An X-dynamorphiem
r: x® I,wI) —> (Q, d') 1is called g reachable realiza-
gion of £ in dyn X if it is a mapping onto Q and f
factoriz‘ea through r . It is called a minimal reglizgtion
of f in Dyn X if it is a reachable realization of f

which factorizes through any reachable realization of f .

2. Proposition: Let X be a set functor, I be a
set such that XAI does exist. Let there be no infinite un-
attainable cardinal of X smaller than or equal to
card x@ I . Then each mapping f: X@ I— Y, Y is a
set, has a minimal realization.

Proof. Put 7 = card X@ I and replace X by
X["J . Since x“,a is finitary, each mapping f:

: X® I—» Y has a minimal realization in Dyn Xf",J ’
by (91, so in Dyn X .

3. Proposition: Let X be a set functor, s be its
infinite unattainable cardinal. Let I be a set such that
X,I does exist and card X® I 2 % . Then there exists a
mapping f: X® 1 —» 2 which has no minimal realization in
Dyn X .

Proof. a) By (7], x@®1 = Uy X1, where A is
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an ordinal. There exists ot < A such that card X, I >
Zz K (otherwise the process could not stop at A becau-
se card X« > & , see [6]). Let 7 be the smallest or-
dinal such that card Xy I 2 &, Then

W(XTMI\X'?I)’ cara (XX, I~ pgrxxn1>>s,

see [6]. Choose a set P with card P = w  and a point
@ notin P and such that the sets X, I, P u fal,
(Puial) x 10,1% are disjoint. Put

Q=X ,I v (Pufal)x{i0,13 .

b) Denote by T the set of all non-empty finite
subsets of P . If F ¢ F put Qp = X, iu Fu ((P\F)v
viat)x4{i0,1% , gp: Q—> Qp is the mapping given by
gp ((p,i)) = p whenever p€¢ F, i =0,1, gplq) = q ot-
herwise. If Fec F'¢ F denote by gg' : Qp — Qp- the
mapping such that g’ = gg' ° g We recall that PX is

defined as. P, = XP \ ) XR . Since card P = & and

X f#RecP

caxe R< card P

this is an unattainable cardinal of X , we have Pys @ .
Let Vor V1 P—> Q be the mappings given by vi(p) =
= (p,i) . Put A = (X v;)Py , Ap = (X(gpe v;)) Py . Thus,
if Fc F e F, then A;:' = (X gg') Al,]-'. . Since gp(v (P))n
n gp(v,(P)) is finite, we have Ag N A%: =® . Put

~ -1 % < F 1,4
B = FEJIF(X%') AF , BF = F,.Lé <X@F,) AF' .
F'oF
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Then B°A B! = g, Bgn B%. =@ . Since X rpreserves in-
clusions, we have xx.,I c XQ and XX,.I c XQF . Since

Xy I'n 8p(vy(P)) is finite (it is empty!),.we have XX, In
A Ap=@ forall FeF , so XXpIn B =g for is=

= 0,1 . We define
g :Q—Q

as follows:

d(z) = cw; (z) whenever z€ U XX, I,

A<y B

dmaps XX, I N U XX, I onto Q (arbitrarily’,

L4 pzy B

J'(z) = (a,1) whenever z e Bl ,

(a,0) whenever z & XQ ™~ (XX, Ivu Bl .

d(z) -

Thus, (Q,d") is an X-dynamics.

c) We have X I =Ix403}c XyIc Q . Define a map-
ping g,: I—> Q by go(x) = (x,0) . Let
g (x@ 1, Wy )—> (Q,d’) be the X-dynamorphism such
that g °Ny =& We show that g is a mapping onto Q .
Since g(y) =y for all ye X,I and d'(z2) = wp (2)
whenever 2z ¢ pL{T xxn I, we have g(y) = y for all ye

€ X, I . Since o maps XXy I onto Q, g maps

xX I onto Q, so it maps x@ I onto Q.
T

d) Let h: Q— 2 be the mapping such that
h((a,1)) =1, h(q) =0 otherwise. Define f: x@ 1 —

—» 2 by f =ho g . We show that f has no minimal
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realization in @W X . By c), g is a reachable realiza-
tion of f . First, we show that, for each Fe€TF , gpe g
is a reachable realization of f . Clearly, h factorizes
through gp , 8o f factorizes throught 8p © & and this is
a mapping onto Qp . Hence, it is sufficient to find of ¢
: XQp —> Qu such that g » o = ok e (X gg) . Put o (z) =
7 gp © 0 2) whenever z € XX, 1, of(z) = (a,1) whenever

ze B%. y  Te(2) = {a,0) otherwice.

e) Let us suppose that f has a minimal realization
in Dyn X, sy t: (x® I, w;) —> (R,@) . Since t

factorizes through each gpe g , Fe¢ F it factorizes

9

‘hrough the mapping k e g , where k: Q—» x,’I v P u
v{(a,0), (,1)} is defined by k((p,i)) = p whenever
peP,i=0,1, k(z) =2z otherwise. Choose q e Py and

put g; = (X v;)(Q) ® Al | Fina p; € xx® 1 so that q; =

(Xg)(pi) . We have (x(kog))(po) = (Xk)(qo) =

"

(X(ko vy)) (q) = (X(ke vy))(q) = (Xx)(qy) =
(X(kog))(pl) » 80 (@e Xt)(p)) = (po Xt)(p;) . On the

other hand;, o"(q)) = (&,0) , d"q; = (a,1) and
h((a,0))# hi(a,1)) , so (t e e)lp,) and (t e cp)ip))

must be distinct, which is a contradiction.

4. Denote by N the set of all positive integers.

Theorem. Let X be a set functor, 4 , # be cardi-

nals such that 0 ¢ .m < # 2 *, . The following statements

are equivalent.
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(1, ) For each set I with card I < # there ex-
ists. X,I and each mapping f: XG I—» Y, Y arbitrari-

ly, has a minimal realization in Dym X .

(2,,) For each set I with 4 £ card I< # there
exists XAI and each mapping f: x@ I—> 2 has a mini-

mal realization in Dyn X .

(349) xc<?3 is finitary, where 4 = max (w,4),

»g.' is the smallest cardinal greater than suchard Xn .
m &

Proof. Clearly, (1, ) ==> (2, ). The implication
(3, ) ==>(1,, ) follows from 2 and Lemma A below, the imp-
lication non (3,,) ==» non(2, ) follows from 2 and Lemma

B below.

5. Lemmg A: Let x[“ﬂ be finitary. If I is a
set with 0 < card I< 4 , then X,I exists and card X® I<
< -
r = (card I 8 card Xn) + & .
Proof. Put = (car x m'l:pN a °

Since XC<9J is finitary, XI = p‘EJFcI XF , so
F fimite

card XI & r €4 -+ Suppose g >, . (The case g = #,

is easy, see [6] .) Since X(cyy is finitary, card XQ «

& T wnenever O< card Q& r . We may prove by induction
that card X, I£ r for all ne N , so card x“-’a I€r <

< ,3' . Since XE‘@J is finitary, the process stops at

Xepg T -
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Lemmg B: Let r be an unattainable cardinal of X
such that #, € r < - . Then there exists a set I with
m & card I< 4 and card xa,o Izr.

Proof. a) Let 4 =m 2 4 .Then ¥, €.r <4 ,Choo-
se I with card I = max (r, ## ) and use nglO;:onc

X I.
c wo

’
b) Let = >4 ,Put 8 = sup card Xn . Then
4 =% n2up,

xaé ré s .

®) If #,& r<s, then there exists ne N such
that card XnZ r . Put I

max (n, #+ ) . Then
card Xwo IZzr.

) If #,< r =8, then there exists neN such
that card Xn = %, -

Then card X,n 2 card XXn 2 r . Put I = max (n, ) .

¥) Let ¥, =r =8 .If n>card Xn for some
n € N, then, by {61, X is constant on £1,2,¢.4, n ='1%} &
Since w29y card Xn = ¥, , there exists k € N such that

card Xn2 n for all n =%k, 'k + 1, ... . Choose I =

= max (k,# ) . Then card X,I = I and, by induction,

card XnI 2 card xxn-ll ZI+n, so card x"‘o 1 Z Ky =T

6. Denote by C, a constant set functor, i. e.

Cy\R = M for each set Q , C,f is the identity for any
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mapping f . If X is a set functor, put

1

t=x, x™ - x@ .

Ir X, X’ are set functors, then their coproduct is deno-
ted by Xv X° .

Theorem. Let X be a set functor. Let an n in N

be given. The following assertions are equivalent.

(4n) For each set I with card I&€ n there existe
X,I and each mapping f: x® 11—y , Y arbitrarily, has

a minimal realization in Dyn X .
(5n) There exists X,n and each mapping f: x@ n—

—» 2 has a minimal realization in Dyn X .

(6,) Xtegql is finitary, where

= sgup  card (C vx)kn..
97 RN n

Proof. (6 ) m=m (4,): Clearly, card X,I =

= card (Cnv X)X I for all k& N whenever card I = n .

Hence, card X“’o I1&€ q whenever card 1€ n . Since
Xie Q1 is finitary, X,I there exists and X@ 1=
= Xwo I . Then use 2.

(4n) "">(5n) is evident.

non(6,) == non(Sn): Since Xte g1 is not finitary,

there exists an unattainable cardinal r of X such that

¥o€ T &€ q . We have card Xn = card (C v 0¥ n , 80

card x% n2Zr , hence card x@ 5 » whenever X, n exists,
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is greater than or equal to- r . Now, use 3.

7. Theorem. Let X be a set functor such thét

card X1 < card X 2 .

Then all the statements (1,,.,,° ) - (3#,° ), (41) - (61) are

equivalent.
Proof. If K, >card X 2 >card X 1, then, by [61],

card X(n +1) > card x n for all neN . Hence,
s=”su‘charanza°,so Xc‘@a =xE6hJ'
(34, ) = (41): Let us suppose that Xeg nl is fi-
nitary. Then use 5A and 2 for I =1 .
(6,) == (3‘,4.° ): We recall that .
= a (C,v xX)% 1.
q = sup car v X1
It is sufficient to prove that q 28 .
a) First, we show that card X 1 Z card XX, , 1 for all

ne N . Clearly, card X; 1 Z card XX, 1 . Now, by the in-
duction hypothesis, card X, 1'Z card XX 11, hence

card xn+1 1 Z card xxn 1.

b) Now,we show that X, 1§ X1 1 and’ XX, 1§ XX 4 1 -
It is easy to prove it by induction because the following

statement is fulfilled (see 161): if card X 2> card X1 ,
then XQ § XQ° whenever @ QE Q" .

¢) Now, we prove by induction that card X, 1Z n . Clear-
ly, card X;1 z1; by. b) end the inclusion hypothesis

XX, 1\ XX, _; 1% @ and card X, 1Z n, so card Xpe1 12
Zn+1l.
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d) Finally, we show card X ,,12 card Xn . Since
card X, 1 2 card XX _, 1 , we have card X ., 1 2 card XX 1 .
Since card X, 12 n, card X ., 12 card Xn .

8. No_u, we give an easy, but very simple condition
for the validity of (1, ) - (6;) for some special set
functors.

Proposition. Let X be a set functor such that
card X 2 > card X 1 and, for any neN , Xn is finite.

Then all the statements (l1x_) - (3, ), (4,) - (6,) are
*o ° 1 1

equivalent to

(7) card XX, & K,

Proof. If card X 2 > card X1 and all Xn are fi-

nite, then s = ':u.pN card Xn = Ky o X‘_.é »1 is finita-

ry iff s is not an unattainable cardinal of X . If s
is an unattainable cardinal of X , then card X s > &, ,

by [6). If it is not, then X 8 = A\ X n=, . Ths,

(330 ) is equivalent to (7).

9 . Remark. In a draft of his book Algeoraic Theories,
E.G. Manes put the question whether there exists an input
prccess. X (= XAI does exist for any I ) in Set such
that for some finite sets I, ¥ there exists f: ® 1
—> Y which has no minimal realization in Dyn X . By

8, the functors X = flrg, 3 or X = N[‘%J (the
functors @ s N are described, for example, in [8]) are
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such input processes (small functors are input processes,
see [7]). Another example is the functor X = Hom(w,, =) .

*®
Here, card X1 =1, card X2 =2 ° and

» .
lm'pN card Xn =2 ° , while %, is an unattainable car-
n

dinal of X . By 7, there exists a mapping f: x® 1 _,
—> 2 which has no minimal realization in Jyn X .

By 4 and 6, one can prove easily the following asser-
tion: for any cardinal 4+ > 1 there exists an input
process X such that, for each set I , card I 4.44- iff
each mapping f: X ® I —+ 2 has a minimal realization

in Qyn X .

10, In the present note, we restrict ourselves to thq
category Set only. But analogous results are true, for
example, in the category Vect of all vector spaces (oyer
a field R ) and all linear mappings. Here, we consider
additive endo-functors X: Vect — Vect only. The pre-
sented theorems remain true for vector spaces if we write

dim instead of card (also in the definition of x[““])
and R instead of 2 . The proofs may be modified such
that we take, roughly speaking, suitable bases of vector
spaces considered or, conversely, required vector spaces
are defined as linear envelopes of suitable sets and, ana-
logously, for mappings. (Certainly, other easy modifica-
tions are also necessary, for example the set 2 ={0,1%
is considered as a subset of the field R , constant funec-

tors are not additive, but they may be used for the defi-
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nition of q and so on.)
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£2]
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