Commentationes Mathematicae Universitatis Carolinae

Josef Kral
A note on the Robin problem in potential theory (Preliminary communication)

Commentationes Mathematicae Universitatis Carolinae, Vol. 14 (1973), No. 4, 767--771

Persistent URL: http://dml.cz/dmlcz/105525

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1973

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105525
http://project.dml.cz

Commentationes Mathematicae Universitatis Carolinae

14,4 (1973)

A NOTE ON THE ROBIN PROBLEM IN POTENTIAL THEORY
Josef KRLL, Praha

(Preliminary communication)

Abstrgct: The third boundary value problem in poten-
tial theory with a weak characterization of the boundary
condition 1s investigated for a ggneral open set 6 c R™
with a compact boundary B . No a priori restrictions on
6 (like finite connectivity) and B (like smoothness)
are imposed.
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Let 6 be an arbitrary open set in R™, m > 2 , and
suppose that its boundary B =G \ G is compact. Let us
denote by &fr the Banach space of all signed Borel measu-
res with support in B (the norm ll... | in & being given
by the total variation). Given @ e s then Uw will de-
note the Newtonian potential of w corresponding to the
kernel f (2) = |z|a-m/m— 2 . Let A e & be a fixed
measure ¢ = 0) with a finite continuous UA and associ-
ate with any @ € &  the distribution T defined over
the class D of all infinitely differentiable fun:tions @

with compact support in X™ by
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<o, Tu>= J;g;mdg:(x).qmd.'lly(x)dx+j;q?£@oda. .

If B is a smooth hypersurface with the exterior normal m
and @ denotes the area measure then, under appropriate as-
sumptions on @w and A ’ T(u- represents a weak characte-

Tri2a tion Of ¥ u . Thls fact 1ves a

motive for .the following formulation of the Robin problem
( = third boundary value problem) for the Laplace equation
(e£.[51,081 ):

Given » € & , determine a w € & such that

(1) Te = »

in the sense of distribution theory. (For A =0 this redu-
ces to the Neumann problem as treated in [11,[2] .)Proper-
ties of the operator T: w +— Taw were investigated
by I. Netuka (cf. [5),[6] ) who obtained (without the simp-
lifying assumption on continuity of UA ) necessary and
sufficient cbnditiona for applicability of the Riesz-Schsau-
der theory to the equation (1).

In order to describe the relevant results we first recall
the following notation introduced in [2] - [4] . Given
Bel=40eR™; 101=43, xeR™ and £>0 1let

.mg_(a,x) denote the number (Oémi(e,u)‘ + 00) of
all points *esa{;+y6;0<9<m§ such that
every neighborhood of 4 meets both SnG and $\G in

a set of positive linear measure. Then the integral
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wo(x) = J;m,:CO,x)dG(G)

is meaningful (more precisely: 6 i "‘: (9, x) is a Bai-
re function whenever G is a Borel set) and we put for

McB

VMY = fim supy 28 (x)
0 T 0s wam TRt -

It appears that

(2) VI(BY< +

is a necessary and sufficient condition for validity of the
inclusion T < & . In what follows we always assume
(2) which guarantees the existence of the density
volume {yeG;lyp-xl<nr}
AUx)= Lm py
%0+ ootume fypeR ; lg-Xxl<n}
at any x « B . Put A = Ld.s', By = {xeb;d(x)-f&},kco,d .

It follows from the results of I. Netuka (cf. £6])) that

6 %
(3) V,(BY<2 A, % =01

is a necessary and sufficient condition for the existence of
continuous functions £; on B and signed measures »; e &

({=4,...,m) such that, for suitable o« & RN {03 5
an
I\T-wl-a§1<££,,>9&ﬂ< lecl

where I stands for the identity operator on & . Accord-
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ingly, under the assumption (3) the Riesz-Schauder theory
applies to the equation (1) rewritten in the form
[I+(T-xI)Iw = s .

Our main objective in this note is to describe the
range of T under the conditions (2),(3) solely (which was
done in [7] for a connected 6 ) without & priori assumpt-
ions concerning connectivity or finite connectivity of G .
(It should be noted here that ¢ may have infinitely many

components even if (2),(3) hold.)

Theorem. If (¢ fulfils (2),(3), then Ts consists
precisely of those » e & such that »(XnB)= 0 for
every bounded component X of G satisfying

The proof of this theorem rests on the following

Proposition. Let C be a Borel set with a compact
boundary @ and suppose that every open U ¢ R™ with
UADG 2 meets both C and R™ \ C in a set of
positive volume. If ‘V,,c (8) < -42-- A, then C has only
a finite number of components and their closures are mutu-
ally disjoint.

A detailed proof of this result will be presented in
a paper to be published in Czech.Math.Journal where fur-

ther comments and references will be given.
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