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Commentationes Mathematicae Universitatis Carolinae

12,2 (1971)

ON LOCAL MEROTOPIC CHARACTER

Petr SIMON, Praha

Merotopic spaces represent one type of non-classical
continuity structures. They were introduced by M. Kat&tov
in [4). It is known that there are certain relations be-
tween merotopic spaces and other structures. In the pre-
sent paper, we shall study the merotopic spaces and the
topology induced by the given merotopy on the same set.

In the first part, we recall preliminary definitions
and propositions; see [3],[4]. In the second part, we gi-
ve a construction of an important class of merotopies spa-
ces over the given closure space , and we define the no-
tion of the local merotopic character. We shall study tho-
se subsets of a given merotopy which determine in a spe-
cified sense (see 2.4) a neighbourhood system of a given
point. We call the least cardinality of such a subset a
local merotopic character of a point. We are interested
in the problem, what are the values of the local meroto-
pic character of a fixed point for merotopies inducing the
given closure. Such a set of cardinal numbers may be re-

garded as "the merotopic spectrum” of the given closure
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(in a fixed point). We shall prove that this "spectrum”
contains always a certain interval of cardinal numbers.
(Theorem 2.11.)

In the third part, we shall solve the same problem
in special cases. We shall find the "merotopic spectrum”
of merotopies inducing the finest non-discrete topology.
4Fdrthor, we shall restrict ourselves only to the "natural”
merotopies; i.e., merotopies which may be considered as
images of closures under an embedding of the category of
closure spaces into the category of merotopic spaces.

We shall study the set of possible local characters of a
fixed point with respect to an embedding functor and a
given closure. We shall show that under these conditions
there are large "gaps" in the “spectrum".

The notation and symbols from [1l] are used.

We assume the generalized continuum hypothesis

e .
(GCH) in the form Keos = 2 for each cardinal £ -
1.
Let E be a set. Let T c e 2¢nn E be such
that
)1 m eI’, M c ep E and to each M e 7

there is an M, e T, with M, c M (we say that
M, minorizes M ), then also M, e I ;

(i) ir m o m, e T then M, eI or M, €T ;
(iii) ((x)) e I' for all x € E ;

(iv) (P)eTl, # &T.

Then T is called a merotopic structure, or a merotopy

on E ; <E,T?> is termed a merotopic space. Mem-
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bers of [ are said to be micromeric.

I" -continuous (or continuous) mapping
f: <E,,,I"1)—-> <‘Ez’ 1"2 > is such a mapping that
£ L m4] € 1“2 whenever m1 € I'; . Merotopic spa-
ces with I’ -continuous mappings form a category. We

shall say that T

, is finer than I"2 (and note I, <

< 1“2 ), iff the identity mapping < : < E, I' > —
— <E, Pz> is I -continuous, or, equivalently, iff
Lcl, .

A merotopic cover ( I' -cover) & of the space
C(E, I'> is such a cover of the set E that for any
me Tl there exist a Z € & and an M € T with
M c Z . All merotopic covers form a filter under the
refinement order. On the other hand, for a given non-void
system [l of covers of a set E there exists only one
merotopy ' on E such that Q is the collection of
all I’ -covers, assuming just that () is a filter under
the refinement order.

Let I’ be a merotopy on a set E . A system 9, 0 c

c T will be called fundamental, if " c F,, when-
ever I, is a merotopy on E with € c I, .

A merotopic space < E, I'> will be called a fil-
ter-merotopic space (and I’ a filter-merotopy) if there
exists a fundamental system for [ consisting of filters.

Let {E, T'? be a filter-merotopic space. Then there
exists a [’ -fundamental system O -consisting ef filters
such that I is exactly the collectien of all M cewxp E,
minorizing some M € 6 .

The micromeric collection 7M is localized at &

point x ¢ B if {(MJu(x)e I, The merotopy I
’ - 2% -



(and also the space < E, I' > ) will be called loca-
lizged iff either E = J or every micromeric 7 is
localized ( at some point of E ).

Let I' be a merotopy on a set E ; for every

X ¢ E let “wp X consist of all x € E such
that for some micromeric M , M € 7 implies x €
eM and M X & g . Then «. is a closure
structure on E , induced by the merotopy I .

There exist many merotopies on a set E , inducing a
given closure & for a set E . We shall notice two of
them: the coarsest localized filter-merotopy 1"“ which
has a fundamental system consisting of all neighbourhood.
systems ("(x) of all points x € E , and the finest
merotopy I’ with a fundamental system © defined in
the following way: M € @ iff there exist x € E
and A c E such that x € A’ and‘ﬂl-f(x,ty,)lq.eAi.

A merotopic space < E , I > will be called a semi-

’

. separated merotopic space iff the induced closure w, is
semi-separated. This condition is fulfilled if and only if
((x,y)) ¢T for any two distinct points x,4 € E .

2.
2.1. Definjtion. Let < E, ' ? be a merotopic space,
We shall call a merotopy ess» ' ¢ '  an essential part
of the merotopy I , iff ens I' is the coarsest locali-
sed meretopy finer than I' .
The merotopy ess I exists forany < E , T > .
Thie follows from the definition of induced topology-
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2.2. Proposition. Uy p = Ay for every meroto-
pic space ¢ E , I" > . (The proof is obvious.)

2.3. Theorem. Let < E, « 7> be a semi-separated clo-
sure space. Let x € E, let ("(x) be a neighbourhood
system of X and let W e ¢ (x) . Let ﬂ‘u, c en E
be a system satisfying

(1) Ne?N, implies x e N ;

(ii) UV nu = U .

Put aeu = 'nuu {(q,)l:y.ga.x} and let I, be a me-
rotopy on E  such that { Zul U e OF(x)t forms a
subbase of all I, -covers. Let I' = U{I, Ixe E} .

Then 4, = 4 . Moreover, whenever I is a mero-

topy such that «. = « , then putting 'nu = star ((x), &)

1

for x € E and every IZ‘ -cover £ , we obtain the me-

’

rotopy €54 1"1 . (The symbol smfar ((x), ) denotes
theset {Z1Z € X xe2}.)

Proof of the first part is obvious and the second fol-
lows immediately from this easy proposition: Let < E, « >
be a closure space, < E, I'> a merotopic space and “w, =
= 4 , Then {/atz(x)lx is a I -cover 3 is a neigh-
bourhood system of x . (The symbol Atz (x) denotes
the set U(Z|Zed,x6Zt.)

2.4. Definition. Let < E, "> be a merotopic space,
let x € E . Local merotopic character of a point x is
the least cardinality 6'x such that there exists a sys-
tem A c I with carnd O = 6x for which these
two conditions are satisfied:

1) M e A implies x € NM

i
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(ii) for every choice Mm e M there exists a neigh-
bourhocod ( of the point x in the closure space
{E, wn) such that 0c UiM, IMeAt.

It follows from Theorem 2.3 that the system
A={MiMeenn T, xe NM} satisfies (i) and (ii).

2.5. Theorem. Let < E, I" > be a semi-separated me-
rotopic space. Then 6x = 4 for all x € E if and
only if ess [ = I‘“_r .

Proof. Let x € E  and let O (x) be ites neigh-
bourhood system. Let enxn I' = I‘“r . Then obviously 6 x =
= 1 since the system A equals to (0 (x)) .

Let 6 x = 1. The system A contains exactly one micro-
meric collection, say M . Each M € 7 is a neighbour-
hood of x in <E, «, > by 2.4 (ii). If there exists

a neighbourhood 0 of a point X such that for all M e
e M is M - 0 non-void, then x € .u.r(E-O),
which is a contradiction. Thus M = 0 (x) and ess I = 1"“” .

2.6. Theorem. Let <E, I > and <E T, > be mero-
topic spaces,. for which M"; = u,,;. holds, and let T, be
finer than T, . Then ex = 6, x for every x € E
( 6; x is the local merotopic character of x in the
space < E, T, > 4=1,2 ).

Proof.Clearly I, < I, implies <ss I, =T, .
For i =4,2 let 4 ={MiMme e [;,6 xenNm1.
Clearly 4, c 4, . 1If D c evn T, is the system sa-
tisfying 2.4 (i),(ii) and if caxd A" = 6, x , then (sin-
ce A ¢ 4,c 4, ) A!  has the same properties in
CE, T,Y>. Mus 6,x < card &' = ¢ x .

- 254 -



2.7. Definitjen. Let ( E, «« 7 be a closure space,
let x ¢ E . 9 -character of x (notation 2 x ) is
the least cardimality of a neighbourhood of x ; i.e.

W x = caxd 0, , where 00 is a neighbourhood of x such
that card 0, £ card U for every neighbourhood U of
X .

2.8. Definition. Let <E , « > be a closure space,
let x € E . Consider the index set A with the following
property:

(1) There exists a neighbourhood 0 of x and a disjoint
system {R_Jx € A} where R_cE,6 xe R’y  for e~
very «c e A, and U{R,  laxe At 20 .
o~ -character of x (notation o°x ) is the least up-
per bound of the set {carcl Al A satisfies (1)1} .
2.9. Let < E, 4 7> Dbe a semi-separated closure spa-

ce, x € E and g X the local character of X . Then

4é6'.xéfr.xv ,

1 £ 6x € e«an ¥x
for every merotopy I’ on E inducing .« .

Proof. As a consequence of 2.6 it suffices to verify
the proposition for the finest merotopy I' inducing « .
Let 0, be a neighbourhood of x with card 0 = 7 wx .
Let (O'(x) be a neighbourhood base of x with cardinality

X such that 0 e (0 (x) implies O c o, -

Let us choose an X, € W for each U € O (x)
and form M = {(x,x, )1 U € "(x1} . Let A be the
system of all such M ., Clearly, the first inequality
holde for A . The second inequality holds fer A c I
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consisting of all M, = {(x,4 )1l 4 € X § for all
Xeco, with x e X* .

Both systems satisfy 2.4 (i),(ii).

2.10. Remark. The bounds given in 2.9 are the best

possible in the sense that there are examples of spaces
with 6'x = —fx%x or €x = exf X . On the other
hand, there is a topology such that the upper bounds from
2.9 can be reached by no merotopy inducing it. To see a
part of it let us consider the following two spaces:

a) (P, «> 1is a set (O)u{%lmaw"} endo-
wed with the relativization of usual topology for real num-
bers.

b) < G, 2> is the set of real numbers with this
topology: A c¢ @  is closed iff it is finite or A = @ .

In the case a) both upper bounds for 6x are equal to
e K, as 30 = 4, end card P = 4, in <P, «>
and 6 0 = e«n *, for the finest merotopy I"on P inducing «.

In the case b) 7 0 = ecn &, and the cardinali-
ty of each neighbourhood of 0 is een ¥, , 80 both
upper bounds for 6 0 are the same and equal to
eLn exfr K, - Chooaiﬁg A consiging of all M =
= {(0,x)Ix eS8, S is countable infinite } in the fi-
nest merotopy I' , we obtain 6x < carol A = exp X, .

An interesting question remains: Let (E, « > be a
semi-ageparated closure space and let $,, equal to 6 x
for the finest mer&topy inducing 4« . Given a cardinal num-
ber x_  with 14 g < &

o n 2

I'  for <E, « > such that 4, = 4« and 6x = &_?

In other words, we are interested in the question what are

does there exist a merotopy
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the possible characters. The following theorem gives a par-

tial answer to this question.

2.11. Theorem. Let (E, « > be a semi-separated clo-
sure space, Xx € E . Then for every cardinal number &,

,‘ 2
1 < Ky £ o’x , there exists a filter-merotopy I' in-

ducing w«w with 6x = K, °
2.12. Lemma. Let < E, « > Dbe a semi-separated clo-

sure space, x € E and let there exist a system

N c en E with the following properties:

(i) 73 is a filter base of some proper filter 5 on

E;
(ii1) B e B implies x € B> , x € (E - B )’ ;
(iii) for each B, e B there exists a B, € 3 with

X € (:b;‘ -B,)
(iv) if B, c B, card B < caral B then N B e 7.
Then there exists a filter-merotopy I’ inducing w
with 6x = cara BB .
Proof of 2.11: Let 8, be a cardinal number. Let s
be the least cardinal number such that there exists a
transfinite sequence of ordinal numbera {§ | L < w, ¥
converging to &, , We shall write b = cf 8, .

»

Since dx = s, we can find a system {S,. 1y e C}

H
which is disjoint, x € §° for every o € C |
U4S, Iy e Ct is a neighbourhood of x and card C =
= 4,

First, suppose that cfu, = &, . Denote B, =
= ULS, lyeC-Xi for every non-void K ¢ C  with
card K < cardl C . Then the family B={B, |Kc C,

cand K < carcdl C 3 satiasfies 2.12 (i),(ii),(iii),(iv)
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((iv) follows from the condition cf &, = #, ). The
statement of Theorem 2.11 follows from 2.12.

Secondly, let x#. = cf p < ¥, - Then there ex-
ists a sequence { u L < @, # such that {fo Il < . §
converges to «, and cf ¥ = ¥ < X, holds for all & ,

L < g -
~ Consider a disjoint union C = U f{H | < o  ,
carcl }-{L = K ? . Define on each subspace D =
= U{ 57 lyeH ¥ v (x) the merotopy I,  with
GLx = % in the same way as in the first part. Let
$_ ~ bea T  -fundsmental system and let A c e T,
with card A = 6 x satisfy 2.4 (i),(ii). Let 7,
be a filter with the base: {U{D lL<c @, , L&Fin0l0 a
neighbourhood of X, F a finite set of ordinal numbers }
and let UL $ lr<aw 3uvim) be a T -fundamen-
tal systenm.

Put A= UfA lL< @ ,i0(M). It is easy to pro-
ve that A eatisfies 2.4 (i),(ii), and that caxd 4 = #,
In the way qf contradiction let us suppose Hog = 6 < sp .
Let us choose & > &, . Then the restriction of . to
:Dn. has its local merotopic character at X not greater
than &, . Since this restriction coincides with I , this
is a contradiction with 6 x =

It remains to prove 2.12.

Proof  of 2.12. Let U°(4) be the neighbourhoed system
of 4 for each 4 € E , Let Qa define the T -funda-
mental system ©  in the following way:

O=iMm ly+x,yeEtuim,iBe BIuv (M)
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S
n

O (y) ,

{iBAU uUx)IUET(x), Be B},

3
n

M = {(E-B)AnUu(x)IU€Tx)}

and let A = (mo)u{mBlBS B3 .

It is simple to verify that I' is a filter-merotopy
inducing « and card A = card B .

We verify 2.4 (i),(ii) for A . 2.4(i) is obvious.
Let M, € T  be chosen for each M € 4 . Then Mm,
is of the form M.mo = B Al u(x) and there exists a

YV e *(x) contained in U{Mm I M e At because

U{Mm!meAZD.MMOUMmB‘, =

=B nalU v (XVU(E-B)nU,v(x)> U AU, -
Thus we have 2.4 (ii).

It remains to prove that card 4 is really the
minimal cardinality of the system fulfilling 2.4 (i),(ii).
Suppose that there exists 4, ¢ ' with caxd 4, <
< card A having all the needed properties. We may
assume A, c A, because I' is a filter-merotopy and

A c 8. Let B, c B bedefined by B € B, iff
m‘BeAq.SinccaM.731<cax¢J3; the set L =
= N 551 is by (iv) non-void, by (ii) X is a cluster
point of L , and by (iii) there exists a B* € B  with
x € (L - B*Y

Suppose that M, ¢ 4‘ . Let Y be the neighborheod
ofx,VcU'(Mm,‘Be.731}. Since x € L’ ,
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O0nlL - (x) is non-veid for every 0 & O'(x) . Thas
¢¢VnL~Cx)cU{Mm’IB€.B13nL c

CU{E-blbefB,,}nI.

=(E-N{BlIlBe B )AL (E-L)YATL =4
which is a contradiction. We see that ™, must belong to

i}

[]

’ Since x € (L - B*)’ it is 0 A (L -B*)-(x) # £
for every O &€ O'(x) .Let us choose M € m, such
that M, = (B* A W) u (x) . Let V be a neigbourhood
of x with V¢ U{Mm’lbe B,tu M, . Ve have

f % (L-B*)AV-(x)c (L-B*)n
n(U(Mm’Ibe CB,ISUM‘,)C(L—B*)A(U{E-Bl)e:ﬁ,}u
UB) =(L-B*)A(CE-N4BIBe .’843)1.:3*) -

= (L-B*)A((E-L)uP*)= (L-B*) A (E-(L-3*N = ¢

which is a centradiction.

Thus we have that the cardinality of A cannot decrea-
se. The lemma is proved.

2.13. Lemma (Kuratowski,[6]). Let F be a mapping
defined for all ordinal numbers § < <y, such that
F(§) 4is a set of cardinality %, whenever f < o .
Then these exists a mapping G ( §) defined for all § <
< Qp with the following properties:

G(§) n G(§’) = g for § =+ £

G(§) c F(§) for all § < @, ;

card G(§)= £, forall § < o, .
Using Kuratowski’s Lemma one can preve that in every
space with Ax & TR there exists a collection
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{ Ra |l e A} having the property 2.8 (1) and with
condl. A = X . In this case we have the following
Corollary. Let < E, .« > be a semi-separated space
and let x ¢ E, %X < ox . Then for every cardinal
number 5 _ with 1 = %, < X there exists a meroto-

py T inducing « such that 6x = &, .

3.

3.1. Now we shall study the spaces with fine nen-dis-
crete topology, i.e. the spaces with exactly one non-isola-
ted point x , for whose neighbourhcod system ('(x) the
family U = [0°(x))]1 A (E~-(x)) is an ultrafilter on
E -~ (x). Since ox = 1 for fine non-discrete spa-
ces, Theorem 2.11 says nothing new about its merotopies.

3.2. Proposition. Let < E , 4 > be a fine non-diacre-
te closure space and let T be the finest merotopy on E
inducing « . Then &X = g« for the non-isolated point

x € E .
Proof. Let A ¢ I” satisfy 2.4 (i),(1i). Then
carnd A = caxd (Bp (B = (x) = {gl(x,y)eMi,med}

and the collection on the right hand side must be a base of
a neighbourhood system.

3.3. Definition. Let 9 be an ultrafilter on a aset

E . We shall call U to be an K -ultrafilter, if

n{u,l_[u,be%"_,e I3 belongs to 9  for every I ,
candl [ € K -

3.4. Theorem (GCH). Let <E, I' > be a semi-separa-

ted merotopic space, A the fine non-discrete closure, X
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the non-isolated point of < E, “p > ¢ (x) its neigh-

bourhood system and [ 0"(x)] A (E -~ (x)) an K, -

?

ultrafilter. Then &x + 1 implies 6x = & .

a+ 2

Proof. We shall show that A cannot fulfil 2.4 (ii)
for every A c T with 4+m¢Ag;¢¢H.Let
Ac T be fixed with card 4 < Kecsnq which has
the property 2.4 (i). Let us write A= (M _IL < @, ,F -
Put U =[0(x)] A (E -(x)) and M = (M 1~-(x).

Put U =E . Wecanfind A e m; , A, ¢ U
(since 6x = 1 ), thus V, = U, ~ A -~ (x) belongs to U,
consequently there existe a B ¢ 7, B cV , B ¢ %
(since M,

Put U =E-UfA, uB,lee <L for o< a,,-
Since % is an 4, -ultrafilter and all the sets E -

minorizes O (Cx) ).

~ (Anu B,) - (x) belong to % , it is u e % . Since
m: minorizes % and 6x 4 1 , there exists an A €
em! with A c U A ¢ U . PtV =U-A-(&
and let us cheose a B e 7 with B ¢ U, B c \A
We canput A= UfA I L <, }LB=UIB lL<a,d.

If the colleétion A fulfils the cendition 2.4 (ii), then
both A and B belong tor % , Clearly A N B = £ and so
at least one of the sets A , B is net a member of % .

This is a contradiction, thus 6x & #., , -

3.5. It was shown in 2.11 that there are many different
values of @'x for & given clesure space. The only restric-
tion on the merotopy was given, namely that it induces the
given closure. The situation changes if vfe add another natu-

ral condition.
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Let <P(‘, 1: >, <Ez: I'z > Dbe meretepic spaces. Let a
mapping f: ¢(E , T >— < E,L>» be continuous if and en-
ly if the mapping ¥ : <E,, u,,r; > —> <Ez: 447,2 Y is continu-
eus. In other words, we shall study a lecal merotopic cha-
racter with respect to embeddings F of the categery of se-
mi-separated closure spaces into the category of merotopic
spaces which preserve the underlying set functor. A trivial
example of such embedding is the functer <E,«>— (E, T’ ),
In this case 6x = 1 fer all x € E and every <E , ) .

Other examples: <E, T, > is an image of < E, « >,
iff I, is the finest merotopy inducing « ; <E, I,> is
an image of < E, « > iff the collections

My =M, vix)laeA M=1x,la’>al} forma I, -funda
mental system for each x ¢ E and fer each net X =
=ix, lace A, A is directed} converging to x € E ;
{E, 1"3 > is an image of <E, « > iff the I;-fundlmen-
tal systen ¢, consists of all mw= fUuv(x)lU € U?,
where U is an ultrafilter converging te x € E

3.6. Propesitien.Let [ be an embedding ef the cate-
gery of semi-separated clesure spaces inteo the categery of
merotopic spaces. Let 6x # 1 in F<CE,« > for a apa-
ce {E, «> and an x € E , Then for every cardinal &,
there exists a space ¢ E,, I, > with a peint x, such that
O Xo = Hg

This follows from the fact that the continuity ef pro-
jections implies the existence of such X, in F <E,u>"‘ .

3.7. Theorem. Given a cardinal number . , there ex-
ists an embedding F ef the category of semi-separated

clesure spaces inte the category of merotopic spaces such
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that 6x = 41 implies 6x > 4_ .

Proof. We shall construct a merotopy I' for every
clesure space <E, « > such that F<E «> = <E, T'>
will be the desired embedding.

Let < E, «> be a uemi-npurated closure space and
xe E. Let A beaset A = {U | U is an ul-
trafilter on E - (x), x is a cluster peint of % ? . The
fundamentll system fer I' consists of all ((x)) and of
all collectiens mA,“ c en B of the form M, =
=N{fUT v (x)IWU €At where ACA.X-‘ card A £ &, .
It is clear that T defined by F<E «wb>= ¢(E, > |is
an embedding, fer a centinuous image of an ultrafilter con-
verging to x ia an ultrafilter cenverging to the image of

X , Evidently, hy, =

Suppeae that there exists a peint x € E  with 6x <
£ & . Then there exists A= <M |M € ess ' § with card 4 =
= 6x & #, . Further, let M, € M . Then there exists
a neighbourhoed 0 of a point x  such that
0c UMy IM e A?. since we may assume that all M € A
are filters of the ferm mentiened abeve, we have
NAMIMe At=0(x) where ((x) is a neighbourheed sys-
tem of x . But M= N{LUIJU(X)I U e A, § and
caxd A, £ ¥, , thus the inequality card A g s, 8=
= #_ . holds for A= U{Am IMm € A7 and consequent-
Iy NM{LUIuv(x)I2U e A} belongs to T . As
NE{LUT v (XNl U eAdF =nNniMIMe At = F(x)
itis O(x)e I and &x = 1.

3.8. Theorem. Let F  be an embedding of the categery
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of semi-separated clesure spaces into the categery of mero-
tepic spaces. Censider [0,4] with its usual topelegy.
Then 6x # 1 implies 6x > 4, for every x e F[0,11]. Assu-
ming (CH), then 6x in ¥ [0, 411 can reach enly twe va-
lues, 1 and ecp &, .

Proof. Let I be an embedding and let ([0,1J, T} =
=F[0,11, Let I denote the interval [ /.4, ¥/mn 1.
W.l.e.8. we may assume that x = 0 .

We say that a set L < [0, 1] haa a property (V),
if there exists a centinuous mapping f:I — [0, 11 which
maps L onte [0,411 .

We. say that a set L c [ 0,11 has a property (F),
if there exists an infinite sequence { 4, ? of natural
numbers such that the set I"m nL has a property (V)
for all m < @, .

Denote by P the following propesition:

"Por each nen-veid subset I < [ 0,1 ] with the
preperty (F ), for each M € e»s I" and for each V
neighbourhood of X there exist a U neighbeurhead eof x ,
UcV andaset Me” with Mc U  auch that
0AC(CL~-M) has a property (F) for every neighbeur-
heod 0 of x, T c U .

Either P or =P must held.

I. We shall preve that P => 6x > K&, . Suppose
that 6'x < &, . Then there exists a system A c ess T,
card A £ K, , satisfying the conditions of 2.4. We
shall write A = cm,; $ . Let W, dencte the neigh-
beurhood [ 0, 7/m 1
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For L =I0,13,M e A and V, = W, there
exist W cV, , M €M , M c U, such that the set
0 A L, - M1 ) has a property (F ) fer each neighbour-
heod ( c u
that W, < U, . Since We, » (L, - M, ) has the proper-

so there exists a natural number f, such

ty CF), Wy A (L, - M )  is uncountable. Cheese an x e
1

€ W,‘q n (L -M/) andlet 5 > %k, be a natural number

with X, ¢ Wt’., .

Let Kys Xgyeeeg Xg g be defined. As Wé’z-q A
N (L‘”‘- M‘_q) has a preperty (F) , we can set L, = W?'z.q”

n(L, - M, ). Put ¥, = VQ:-« and let 7, ¢ 4 . Then there
exist a neighbourheod U, ef x, U, c Y, and a set M, €
e M, with M, ¢ U, such that the set A (L, ~ M)
has the preperty (F) for each neighbeourhoed ¢, 0 c u, -
Let f, be such a natural number that f, > 7,,, and

W%c U, . Since the set W“‘ n(L, - Mt ) is uncountable,
L‘Wn.,”‘fu‘”z’- Let us
cheose 977, > &, with X, & W& .

there exists a point «x

If Fx is finite, say m = &x , then
(M,1 v M2 u M) n er\ (L, - M, ) is void, and the
point x is a cluster peint ef the set Whm nCL -M)
(because this set has the property (F) ). If ex = &,
then the sets UM |1i < o, } and {xéli.<a)°} are
disjoint, and the sequence { X, } converges to x .

In both cases we have found Mm € M , which cannet

cover any neighbourhood of X , From this contradiction it

follows that 6'x > “ . Assuming (CH) we have gx =
= M $° .
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II. Now we show that - P = 6x = 1. Let =P held.
Then there exist a set I, c [ 0, 1] with the property (F),
a micromeric collectien 7 € ess I’ and a neighbourheed V
of x such that we can find an (,, neighbeurheod of x ,
Uy © U , for which the set o, A (L - M) has the
property - ( F) for each neighbourheed U ef x,U c V
and for each M & M , Mc U . Let {4, t be a sequence of
natural numbers and let {f, } be a sequence of coentinueus
mappings defined on L N I, such that f [L A I,%J = [0,1].
Let us denete [, =~ [a, , 2 J.We may assume that &m £4,
Iy~ o, t %6 L nIh”E-O, ﬂm{fnzy.lr,—r%-,:yfeLnIp.”}= 1.
Put J = [a*’,“, In=1Tl0y, ,a, 1 form=234%,.. and
let 4, be a linear increasing function of [ 0,411 onto
Jp - Let P be a Peano s mapping, i.e. the continuous map-
ping defined on [ 0,413 which maps [ 0, 13 oente
[10,13 x [ 0,13 . Let o (<= 4,2) be the
projections defined by 7, <.x1, x, > = X, (i =1,2) .
Finally, let §, Dbe the compositien f, = h, o e Pef
and let §: (0)u (LA UA{L, 1)+001] be defined by
SIL"‘IM- §m for m < @,, §0=0. Clearly § is
a continuous mapping of the set (0)u (L n U { Ihw |
Im < @ %) onto [0, 1] which maps the neighbour-
hood base {(0)uv U{fl, NALlim>iili<aw,?} of
X onto the neighbeurhood base {(0)u U4J, In>4itli<a)f
of x.(The first base is the base in the subspace (0)u (L n

NULIg Im < 1)
Since the set O, ~ (L — M) has net the preperty (F),
there exists a natural number m,, such that I, < Oy for

all m > My and further ne centinuous mapping defined
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on (L ~M)n In,, is onte £ 0,11 . As a censequence, cheo-
sing g, =m o P o f, there exists a peint 4;, € [ 0,11
such that the set 97”: (o 1A (L ~M)n Iy, is void. Sin-
ce g, (LI, 1 contains 44, , it follews 9:: [y, 1c
cMAlnAn I, - But then m o Pof, tMn ey " L1 >
SmoPed, [gnly,ll=1L00,1]T.

Thus we have preved that § [M I%n Ll=J, for
each M e m .

The space (0)u (L A U{I,‘”lm, < @, 1) is a subspa-
ceof [ 0,13 , therefore F((0)U(L A U {I,.,m Im < a),3))
is a subspace of 'L 0,11 .

Let us denete by I;_ the merotopy ef F ((0) v
v(LAULI, Im < @, 3)) . As M belongs to r,
the collection {MIn (C0) U (L A ULl Imn <, 3))
belongs to Ii . The mapping § is continuous, hence T -
centinueus and thus we have FLLIMIA ((0)u (L A Uily |
Im < w,3))1 € ' . But this system is a neighbourhood
base of x ; it follows that O (x) € I' . This completes
the proof.

3.9. Theorem. Let < E, « > be a space which can be
embedded into [ 0, 1 12 and suppese that the Cantor discon-
tinuum can be embedded into every open subset of < E, « > .
(For example, all uncountable separable complete metrizable
spaces with no isolaeted point have this property.) Let F
be an embedding of the category of semi-separated clesure
spaces into the ‘category of merotopic spaces. Then 6x + 1
implies &x > &, in FCE, « > . Assuming (cH),
then 6x in FC(E, « > can reach only two values, 1
and exh ¥, .
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Proof. Let us denete by ¢  the Cantor discentinuum.
It suffices te prove that local merotepic characters in €
and in [ 0,1 ]x° are equal. ¥ and ‘e“’ being homeo-
merphic, their local merotepic characters are qqual. ‘Bx"
can be mapped onto [0, 1 1% in such a way that the
image of every neighbeurhoed in 15“3 is a neighbeurhood
in £0,1 ]”’ . Moreover, €#° is a subspace of
[0,12% , T™us F€ and F[O,'i]x" have the same
local merotopic characters. The rest of the statement of the
theorem follows by 3.8.

3.10. Remark. The space E = [ 0,11 has two proper-
ties which are crucial for the proof of 3.8:

a) Every peint has a countable neighbeurhoed base ;

b) Let AABcE, x e A’ and let the set A be
continuously mapped by a functieon f onte a neighbourhoed

0 eof apoint fx , Let Y-g[B] &= & for every conti-
nueus functien g and fer each neighbeurhood V o gx.
Then the set A ~ B can be continuously mapped by a func-
tien 4 onto a neighbourhced U of 4 x . Moreever, we
can find the function M independently on the choice of

B . (The mapping g defined in the proof of 3.8 has this
preperty.)

It is obvieus that assuming a) and b) we can preve the
theomem analogeus to 3.8 by a mere medification ef the'givon
proof. I do net know what class ef clesure spaces has these
properties and I have no example of a space pessessing a)

but net b).
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