Commentationes Mathematicae Universitatis Carolinae

Marie Huskova

Asymptotic distribution of rank statistics used for multivariate testing symmetry
(Preliminary communication)

Commentationes Mathematicae Universitatis Carolinae, Vol. 12 (1971), No. 1, 197--203

Persistent URL: http://dml.cz/dmlcz/105337

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1971

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105337
http://project.dml.cz

Commentationes Mathematicae Universitatis Carolinae

12,1 (1971)

ASYMPTOTIC DISTRIBUTION OF RANK STATISTICS USED FOR
MULTIVARIATE TESTING SYMMETRY

(Preliminary communication)

Marie HUSKOVA, Praha

This preliminary communication contains assertions
on asymptotic distributions of statistics used for the
nonparametric multivariate testing symmetry. The results
are proved under the hypothesis of symmetry, a near alter-
native and a general alternative. The proofs are based on
the corresponding theorems for univariate case and the
theorem on convergence in distribution for vectors (see .
Theorem V.2.1 in [5]).

Let Ia-’ = (X’-ﬂ,.._., X,.,) , 1€ 4 € N , be inde-

'
pendent . -dimensional random variables and let R;i

be the rank of IX?-':I in the sequence of absolute va-
lues 1X . 1,..., 1 Xy | . Put
_ 4
sc = (Sm geess 54,0 )y,

S

g2

N

with c¢;. Dbeing regression constants, a,m(a'-) scores

4
and 1i x&0 ,
bg/n;.xa
{ 14 x<0 .
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By ch we denote the conditional matrix of %

c

X .
. "’9’"’ F- 2l L A ’ <
given ‘Xge‘ X 41 , 146 4 &N , 1£ 4 1@ ,
under (1) given below and by Z;‘_c the generalized in-
verse of Z,ﬂ_‘,_ (see [41).

We are interested in an investigation of the asympto-

tic distribution of the statistics

&, = 8, ;.8

(3
under various systems of conditions.

The problem was solved for example in the papers of Puri

and Sen [31, Patel [2] and Adichie [1]. The attention has
been devoted to the case e = 4 or Xé4= X3.2= ver = Xéﬂ.
At first let us consider the following system of con-

ditions for the distribution of X, , ..., X,

a) X,..., X, are independent;

- : £ i £ q .
b)) Fe=e=F ., ik, 1£4, k£ png

c) E(x)=A4-F (-x), 1£ 4 £n;

(1) d) F; are continuous;
e) P(bgntxa.;léaq,...,bgnvxa.ﬂ=ar) -
= Plwgn X;y = -, ..., »gn Xin= "%,
1€ 4 £ N,
where F ;. and F;, 1% j &N, 1 &4 £ p,

’

are the distribution functioms of (X ., X o )
and x;’&

, respectively.

These conditions are fulfilled when 14 yeees XN satis-

fy the multivariate hypothesis of symmetry (definition see

3.
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Let us denote by Dc = (d'ih )‘.‘ PR the diagonal
, S

matrix with
(2 2 [otcardur?
G = GZ G H K (wldu :
Further we shall suppose the covariance matrix Zc of

Sc_ under (1) satiafies:

0 . .
It {-Dc, =c,, Dcv 1, has a limit £  for (4)
(2) ‘ . .
given below with "'51; = ca-‘.,, then & is regu-
lar.

 On the asymptotic distribution of @, under (1) we
can state:
Theorem 1. Let (1),(2) and
1
(3) f(ay, U+LuND-g (u)idue — 0, 1£4i & 12,

where @ is squared integrable and [« NJ] is the lar-

gest integer not exceeding « N . Then the statistics Qc

are for
2
(4) e — — 0, 14 i 2 p ,
égq %3+

asymptotically xz -distributed with .2 -degrees of free-

dom.
Now we turn to another case. Under (6) given below the

following conditions ensure that.,,,,.I,' gecey XN "nearly"

satisfy the hypothesis of symmetry:

a) 11’”,’ XN are independent;

b) X;; has a density £, (x, 6;;) where
(5) 9?-; is an unknown parameter;

e) f;, (x, 6) is absolutely continuous at
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© for almost all x, 1 £ 4 € pn ,

£ (x,00% (£, (x,00*
d) tvm [ ———— dx = [
Sy f. 0,00 % e

. o1, (x, 8) .
where f (x,8) = —gu=——, 1 £ 4 £ p ;

dx= I(),

e) lm4f¢ (x,0)-%,(x,00 = £ (x,0) for
é—o0 v

almost all x ’

£) f; (x,0) are symmetric about 0, 1& i £ p;

g) E, (% 0y, 93.“.‘ 9,-,.‘) is continuous at. g =
-93.,&:0 forall X,y , 1 & 4, &k £ pn,

with fi

bution function of (X.

& (x, o, 65‘ h) being the distri-

éi ,‘.h) respectively.

' Under (5) it can be stated about 0.‘,‘ ( F, (x, 644 )
denotes the distribution function of xa'-«l )

Theorem 2. Let (5), (3) with g., 41 & ¢ £ .  being
squared integrable, (2) with X, Dbeing the covariance
matrix of S, - under (1) with 8;; = 0, 1€ ¢ 6 p ,

144 € N, and

2 2 .
(5)42,,:» &, — 0, z G I1(F) € &%, O0<t’<+0,16i % 1,

hold. Then for (4) it holda.
Ag{ul?(&°< x) = G (X3 g g wy, ) —> 0,
where the components of w, = (@”4,..., “acn y are

given by

i ™ ’?7, 8, hquon.x @; (F, (Ixl,0)-F, -Ix], 09 £; (x, 0)d.x
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and where G»fu (x,d) is the distribution function of
noncentral q:’- -distribution with sy degrees of freedom
and noncentrality parameter d~ .

At the end the case of a general alternative will be
considered. We shall suppose that X,,,,,, X satisfy

N
only the following:

- a) X.,..., 'XN are independent;
7 .
b) the distribution function of xi-i is conti-~

nuous.
o o
Let us denote by &, or E = (G o ) pud,.., n
the covariance matrix under (7) or the expectation of gﬁ_c
under (7) respectively. Here we shall need also the follo-

wing notation
° 0
Do = (i )iymm Ay 2

d. . if g, satisfies (12), 4 = & ,

di, = 4 var’ S, ) if @ satisfies (13) but not (12),

0 % i+ hk,

where warx’ denotes wax  under (7).
Further we shall suppose that Zg satisfies:

If there exista a matrix & = <G¢b7¢.~.4,,,,,4..

with the property, for every € > O and 7 >

>0 there exist an Ng, and J > 0 such

that the conditions

656N b

satisfies (13) but not (12)

N > Ny , wan 5,0 >Nm max ci; if g
(8) (9

]
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[ -1 2 3
L sic > dé 164 6 N 01'-1: if ?1«

satisfies (12)
entail
o [ ° - <
ld?, des Cne — Cn! < ® -
then & is regular.
‘The condition (7) is weaker than (1) and (5). On the other

side we restrict ourselves to scores of the form either
. ) . o

(10) o«,“i(a-) = E,gz;(u,u‘ ), 164 £N, 1£4 £ .n ,

or

. < . .
(11)  ay. (3)= %(m), 144 &N, 1&4i 6 p,

with u;" denoting the <4 -th order statistics in a
sample of size N from the uniform distribution on

and with ?; defined on (0,4) that either

(12) has a bounded second derivative on (0,1)
or
(13) has a form ¢, = g,, = @,, , where @, . is

nondecreasing square ir}tegrable and absolutely continuous
insigde (0, 1) .

Theorem 3. Let (7) and (8) be satisfied, let the sco-
res be given by (10) or (11) and ¢, , 1 & i £ p , defi-
ned on (0, 1) , satisfy the condition (12) or (13). Then
for every ¢ > 0 and ¢ > 0 there exist an Ng, and

& d > 0 such that (9) entails
e IP(B, = x) - P(U; :,:l!q‘ x)l < € ,
where . Ue-"‘ (u“, ceey u"w )’ has the normal distribu-
tion (ES,_,::). ‘
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