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Commentationes Mathematicae Universitatis Carolinae

11, 4 (197C)

COMPARABILITY OF BOREL PROBABILITY MEASURES ON EUCLIDEAN
LINE

Pavel UIHAK, Praha

In this paper, the necessary and sufficient copditions
for comparability of Borel probability measures on the eu-
clidean line by ordering introduced by G. Choquet will be
found. The proof does not use neither the theorem on desin-
tegration of measures [2],Chap.6) nor the theory of lifting
[71. The problem of finding the o, (w -conditionally ma-
ximal measure is solved by a special «,« -stochastic ope-
rator Ex"‘ . It is also proved that this operator is a

U -exposed element of the set of all .o, @ -stochastic
operators.

Contents:

1. Notations

2. Conditions for comparability of measures

3. Conditional maximality of measures

4. o, &-Qtocheatic operatore

1. Notations. The same notation as in [3] will be used.
Moreover, let R¥* = (00) URUV(-00) be the two point
compactification of the euclidean line R ,

Let C(X) be the space of all continuous functions on a
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compsct space X with the customary norm I [ , Put
C*(X) = §eC(X); £ 2 03 . Let Pcx) be the
set of al’ Borel regular probability measures on all Borel
subsets of the set X .

If @« e P(X), then we put w () = {F(.x)vd(u. (x)

for all 4 ¢ C (X). Let 1, be the set of all affine func-
tions on the apace R . The symbol c, ( 61. resp.) de-
notes the set of all continuous (convex reasp.) functions
defined on R of the linear envelope of C(R*) and

Lt = $2% , 4 € L}, The symbol &  denotes the set
of all measures (@ e P(R*) such that all functions

fe CL are @ -integrable.

If J\,, ® € ﬂi , then « & A denotes that w(f) 2
ZA(£) for all fe EL . L"(Lu,) denotes the Lebesgue
space of classes of & -equivalent _functions on R for
med end 4& p & co (seel2])

If § is a convex function on R , then 4’ denotes the
right derivative of 4 .

If @ € :‘& and E is a Borel subset of the space R ,
then the symbol @@ | E denotes such measure that
(w!EXF) = «(EAF) for each Borel set F .

The letter 4 denotes such function that £-(x) = x for

all x € R . The symbol @ denotes the tensor product
of two functions.

2. Conditions for comparability of measures

(2.1) Lemma. Suppose A, w € R , « F A, A

is supported by a compact subset of the euclidean space R .
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Then there exists a linear map B : C, —> L¥ (A) such
that

B =0,B(L)= A4 for all £ e L and

@ (#) = A (BN for all fe C,

Proof. Suppose that the measure A4 is supported by
a compact set X ., There are two elements & and @, of

1 2

the set R such that the interval ¢ a, , e » contains

the set X , Put

Bo= @ (€ay,a, ), B, =wla, o)) and B =« (0,2 .
Define t“’o'/ia: w1 <e,,?, @q,a-%; 1 (a, ,0)
and w, = wl(-,a) for 3, > 0 eand w,=m for
PB;=0 end i€ 4£0,1,23. Then 4 € R for each + .

L

Put &= (&) for <=4,2. If B = 0, then & > a,
and c.uq&d;:, end if (3, > 0, then < a, andw, *

2
> d;'a. (see [6]).
We have «w = /3’ (“e*‘ﬁ., oy + ﬂz &, - Define

n= B, 0+ 3 ‘55 + f3, dz_z . Then m € {-’ and the measure
n is supported by a compact set ¥ , Yc (&;)U(a.z,aa)u

U (&) . Clearly, w SA.If £ e é!. , then there is
a function £ e 6,' such that £ (x) = f(x) for each
xea,,a,>, § ()= fla) +4$(a,) (x~a) for
each x > @, and £ (x) = £(a,) +£’(a,) (x - a,) for
each x < @, . Hence £24¢, 'Q(-f-)?-n(f').@a(ﬁ)z.h({,) -
= A(£) and 7 &2 .

Define the map B : c&—-; ¢CY) such that

},(f)(x)affx) for all X e <a,,_,a,1 > and

B ()4 =@y (F) for 3, > 0, i =4, 2 for all

tec . '
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Clearly, 1% is a linear map,

B,20, B ()= forall L el and
7 (B, (£ = 3, ¢, ()43 e, C-F)-rpz@‘(#)-(c(f) for all f e CL .

Now, put @ = {(df,») ;2 e P(Y) , »(P)e X} .
Then the set & is a compact subset of the space C’¢(X)x
x C’CY) by C(X)-weak topology on the dual space
C’(X) and C(Y) -weak topology on the dual space ('(Y),
since @ is the graph of the continuous map » — d .,
and X is a compact subset of ¢'(X) .

If (A,n) & & (@) , then there exist functions g€
e C(Y) and 1 € C(X) such that A(k)-7(g) >0 =
2 (M)~ »(g) for all (o}, ,») € @ by Hahn-Banach
theorem. Put §(g)=inf{» (g); »e PLY) ,»(=g }
for each 7 € co (Y). Then ¢ 2 § 2 min g (Y) on the
set Y and we shall show that the function é. is convex
continuous on eo (Y). Clearly, if A4, , 4, € co(Y) and
te (0,1), then t. » (g)+ (1-t) - »,(g) = g(ys) for
each » ., € PCY) such that 12,(5—)=%',a}.(2r)-%,
where t.n + M—t).ayz- 4y, . Hence t.§ (4 )+ (1-¢).
- (ng,) 2 é, (y,) , the function 5, is convex and accor-
ding to L5]1 ¢ is continuous. Clearly, X < cor (Y) and
§.(o{) 2 M (x) for each x € X . We obtain the follo-
wing inequalities:
m(g)2m(§) 2A(g) 2 A(R) and A(RI-7(g) £ 0,
which is a contradiction. Hence (a,%) & & (&) .

According to the Choquet’s theorem [1] there exists a
measure M € P(Q) such that

(A, m) = f(d,,»). dM (dy,») ,

i.e.
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Al - n(g) = [y (dy(h)->(g)).dM(dy, ») for all
M, e C(X) and g e€C(Y).

Put

mh®q) = 44’,(&).»(9).-dM(q;,v) for all f2 € CCX) .
Then

mhe) = /q'd;(h).dM(d;,»)a.ﬂ(h) for all fh € C(X)

and
m1®g) = .gv(q,). dM(d),»)=n(g) for all g € ccy).

Now, define a linear functional mg on C(X) such
that mgy (h)=m(h® g) for all b €CH(X) and g e CT(Y).
Then .

0 < m9(h) £lgh.mheoet=lgll.A0s).

According to the Lebesgue-Nikodym theorem ([2], Chap.
5) there exists one and only one element B, (g) € L¥ (A)
such that m, = B,(g)+ A . The map B,:C(Y) — L® )
is linear, nonnegative B, 2 0 and 7(g) = A (B, (g))
for all g € CCY) . ‘

Moreover, if £ € L , then -
m(h@L)= .{"d; (h).»L). d'M(Q;,v)-./‘fd‘;(h).t(x).dM(d;,v)zﬂ.(l.hk
hence B, (£) = £ for all L el .

Now, put B = B,e B, , i.e. B(f)=B, (B, (4)) for all
¢€C .Then B:C —> L®(A), B is a linear nonnega-
tive map,

BP(L) = £ € L*°(A) forall Lel and

@) = A(B($)) for all fe C -

(2.2) Note. If f ¢ 5& , then B(f) =2 ¢ onR A -

1lmost everywhere.
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Proof. If f€ R and f e C'L ’ then there is an af-
fine function Eft L, such that ¢ 2 ‘F on R and
4(;).1'(§‘) . Hence .

b(#)zn(z’)s l! A -a.e. on the set R .

Put F(x) = sup §L(x)3; §« R, § rational number}.
Then the function § is convex, continuous and £f=4 on

the set of all rational numbers of R . Hence ¥ = f onX.
Moreover, B(+) 2 § = ¢ A -a.e. on R .

(2.3) Lemma. Suppose A, &cﬁi",‘ai-a , A is
supported by-a compact subset of the euclidean space R . Let
E be a Borel subset of R ., Let »(E) be a real number
such that

. £
(2.4) x»{“)d.ca.(x) ACE) . Then

(2.5) [x.ddx) € Lo de GO+ AE)~ [ dex)). »(E).

Moreover,

(2.6) {x.dA(x) = Sx.dw (x) for E =R.

Proof. Suppose that ACE) > 0, A= »(E) ,where
A(E) is given in (2.4) and / da(x) > 0 .
xX>h
Put w = (ACEN-! and » = (S dm(x)) . Now we
- _n>p
shall define a measure pﬁﬁ(#)-ﬂﬂ.{L(#)(x)daC«)

for all # € C , where B is the map constructed in Lemma

1 1
(2.1). Then 4 (#) & FCEj* A (B(f) = ACE) * « (f#) for
all ¢ € C*(R*), According to the Lebesgue-Nikodym theorem
there existe an element £ ¢ L'(«) such that = o,
‘ 1 )
0&n £ TEY "4 and & (1) = 4, We obtain the follo-

wing inequalities:
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1
RCE) % 2400 = @, () = @ (. )= £ o). Kot ()4

+~{~41.(x). x.de (x) é“;/;‘p(ac)..w. du (%) +
‘ f(x) 11 (x)
+/a.“;/;41.(x). o w (x) =x[~v.[—;——.x +(1-=")5ld@lx) &

A
LT xvU=3) s del)m 575y L xode( +

x5
t - gy L@ (x))eh
since 0 € n£u £ and (% - L) (x-4)Z 0 for
x=n .
Clearly, if A(E) = 0 , then the inequality (2.5) is
trivial; if A(B) > 0 and x.’/'Ad-eo(.x) = 0 , then

.77«.—4(_2'3 Lx.dax) & s, {4:(«) d@a(a)-h-x&, Jo Xed@ ) +
*‘4‘a(m Ld@x))es sif E=R ,then A(l) = A (BN = w (),
i.e. (2. 6).

(2.7) Note. Define the set S(E)= ﬂbeR*;“{hdy.(x) £
< A(E) éu{bdfo (x)% . Put 6(E)=inf SCE) and *(E)=
=nsupp SCE). Then S(E) is a closed ncnvoid interval in
R* S(E) = C6(E), 2(E)> and @ ((6(E),2(E))=0.

This follows from regularity of the measure @& . For E =
= <{r,c0 n eR¥,we put S(x) = S(B), 6(x) = G(E),
and ® () = =(E) .

(2.8) Theorem. Suppose that A, « € 7:‘ , A is sup-
ported by a compact eubselt of R, Let » = »(a) be any func-
tion defined for A -almost every x € R such that sln)e
e S(x).Ten @ & A if and only if

. £ . ' - .
(2 9)“51;0(.:1&(«) ”,/;“’x d@(.x)fi-(‘{‘da(x)x’{md.@.(x ) bir)

- 775 -



for A -a.e. x e R and
«© o0
(2.10) _é’x.da(x)= Sx.dge Cx) .

Proof. 1° The conditions (2.9) and (2.10) are neces-
sary by (2.3).

2° Suppose that the conditions (2.9) and (2.10) hold
for £ € H, where ﬁ(}{)s 4 . Define a convex wedge
Ks'H’GEL',‘aG)ZA(#)}. Clearly, K o L. We
shall prove that each convex function ”i , where lri (x) =
= x-§ for u>§,b’,(x)-0 for x £ § and
§ € R, is an element of X .

Suppose fe R, £ > 0 . There is an element n € H
such that

.ﬂ.(b’;)- € =x{‘(.x—§).d-a.(.x)- Ei{ﬂ(x- §).da(x) .
Let 5 = »(x) be the element of R* given in (2.8). Put
A(m)aﬁ{;d.&(u). If #(n) # £ oo , then

L, (x=§)dAl0m L x.dd60-§ LA & [ x. dwx) +

+(.A(n.)-a£. de(x).hr-§.AlR)= [ (x-§).de(x) +

+ cA(m-”f‘aycu».o,-;) .‘a‘{‘(.x -fldalx) & wil)

for the case » & g and

{"(x-g).d.ux) £“{~(x-f)od@e(x)+(1\ (n) -
~af BN (a-§) & L (x=Fldplx) & ()

for the case § < » .

If »(a)=co,then A(R) =0 and /(x-§)dA(x)=0&
€ @) . '
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If A(n)= ~00o,then A(x) = 4 and

£, (=F)dA0 = A -Fu @ (B) - § m@ll-f) £el).

x2a
Hence .ﬂ,(bi) éé«.(.b-;) for all § ¢ R .

Finally, let < a,,@ > be such interval that
Al(<a,,a,>) =1, let f Dbe an arbitrary element of Ez.
and let fo be the right derivative of the function # .
Then the function fo is nondecreasing and #(x)s=s f(a,) +
+ f41-(§) df§ for all x ek by [5). Define a function#s
4 (.x)sf(a.,_)+(x az).ﬁCa.z)-o-f lz(.x) dp(f) for all xe R.
Put L(x)= f(a,) +(x-a,). 4»(4«,') . Then
£, () = fla ) +(x~a,)p(a,) € f(x) for all X > a, ,
£, (x) = £(x) for all x & <a,, e, > and
f, (x) = £(a,)+(x-a,) . n(a,) € f(x) for all x < a, .

Hence the function 4 is convex, moreover f‘ e 5:‘ and

1

£‘64‘ on R .

Using the Fubini theorem, we obtain the following in-
equalities:

ﬂ-1
GCF) 2w (£) = )+ S L g (x).dn(f)dulx) =
2
@y - .,
= (L) + .‘/’. @ (&) dn(f) 2 acL) + ‘.2 Ag).dn (f) =

= ACE) = ACH) ,

since bie K for all § € R. Hence f6 X andx‘-éb
i.e. @ & A . The proof is complete.

(2.11) Note. If w & A, where A, «« & 9:_ ,and A is
supported by a compact subset of R ’ and £ is a convex
function on the set R such that # e L'(w«) , then
@ (F) 2 A .

Proof. There.is a nondecreasing sequence f & é:.’
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m = 4, 2,... , converging puvintwise to F . We qy_
tain that @ (£,) — @ (£), A(£) — A(#)  eand
@ (£,) 2 A(f,) . Hemce m () = A(4) .

3. Conditional maximality of measurea

In the following section we shall suppose that

G .
(weﬂ;,oc-(eoé)é.‘,,cc5>0 for all Z ,
m
5§1°"5-4'

(3.1) Definition. A measure € will be called
o, « -conditionally maximal iff

v
o R > >
1 e'.éz;_q «; d;_‘ , Where ¢ =e¢ 2... =2 ¢

2° @“w & 6 and

o . <
3°if A-‘éx’-’dz_’.’ aq=za, 2.2, , &2,
then 6 &~ A .
(3.2) Theorem. There exists one and only one o, « -
conditionally maximal measure € .
[ 2
Proof. Put A(a) ”5%, «; for mw=4,2,..., m. Let
s (r) Dbe an element of R* such that /' dw«(x) &
X>nln)
£€AR) 8 /S delx) forx=4,2,..., m (see Note
; o 2 )
(2.7)).
According to Theorem (2.8) w & A, where
.
a"i-z»v“id;i » % Fa 2. 2a, ,
[ 2
- . £
&1‘:. a. €/ x.deel)+(Ax) ”J;“’d.@(x)) »Crx) for

if and only if

T 3 xxan) oy
Kwd,2,y...,m andig"u’.a’- = {x.d(a-(.x) .

These conditions of comparability can be written in & simp-
le form:

a,.vmé (»0‘,40"> for &£ =w4,2,...,m~141 and
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a. v =&, w) where
r rm 1
va (v )5.4 = m(«.‘,,xz,..., «,,0,0,..,0) ,

" 1 4 1
Wm 277 Lmr,eo ¥ @7 YN (- 250 ° e Ca(r),00). Leacen

(we put % = 0 )and < , > is the duality between the
1

spaces L'(w) and L% (@) .Clearly, 0 € w"* & 475 »

w e I®(w) and w(w®)= 4 for n=m4,2,...,m .The-

re is one and only one real vector ¢ = (c,- );‘;1 such that

(3.3) c.v = (W, w") for x = 4,2,.0., m

Define a matrix V = (v} ), . of the type (m,m) and
an operator Wa (w"), of the type (m,R) , i.e. each
row @ is a real function defined on the set R for
Lewi2,..., m .

Then the conditions (3.3) can be written in a simple
form
(3.4) Ve = W . »

Since there exists the inverse matrix V ~° , We obtain
e VWE = (VAW OnE, &, ie. cjm (06> = @ leb b)
for 4=4,2,..., m , where E"“- (c‘)'-- v-. W is an o-
perator of the type (m,R). Clearly, V.E o = W
E:,“. Vi = Wk and E:'“v"' -a® forrn=4,2,..,m,
where E:,“ and W* are the adjoint operators and Y*
is the adjoint matrix.

Now, we can establish the functions €® for £ =4,2,...
«.egm , i.e. the row of the operator E"‘w s
= ,1;: [—“—4(;57,-5 s CAM) = e (o (1,000 Xepean ¥

+* X cwctr ey 3 0
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(3 1
e = T Leacan for Aln)=Alx-4) ,

L |
€t~ r [T":Tc?iﬂ Arn) =@ ((6e)y @) Lincen+ Liroo,pte-1nt

4 .
My oY v I (e (<alr-M,00N-A~1De X cacn-1p ]

for s(n) < Al -1

for # = 2,3,...;m~1 and

em

. 4
- ?mtxb-,ocm-4)>* “«him=-1) (e CCntm=1),e0) -
- Alm-1)). Xemem -19 ]

(where we put -g- =0 ).

Clearly: 0 & e* & L , €€ L¥(w), (el =1,
~

™ -
Z ox,e*=141, @« -a.e. and the functions €* are sup-

=1
ported by the invervals
<A (), 5(rn-1)) for x =1,2,...,m ,where »(0) = o ,

If € {14,2,....m -1} , then ¢, = ﬂftr-e"‘)sx{m’x.a"rx) .

. 2 . " 4 .
dee (x) 2 »ln) nfm,e (x).d«u(«)sz&(ﬂ.)-/c(m)éaf‘“’c (x)

e d e (x) zxifm)x.a“'(x).d(a,(.x7 = . e®* V=, -

Hence o0 > ¢ 2ar)2¢,, , > - @ and
C,‘Zc.,_i... xc,

Put @ -5_;4 < d;‘ . According to Theorem (2.8) w & 6.
If A -;.i‘“'éd;,ﬂ a Za, =.. 2aq, , «&& 2 ,then
a.v*% <&, w™d=e, v for =4,2,...,m~-41 and
a. v = (&, w™)= c.v¥ by (2.8), hence according to Theo-

_rem (2.8) & & A . If 6"-;?4 o d;.’ , where
c; > c;_ >... = c’“ ,is also o« , ¢ -conditionally maximal

measure, then &’ & @ and & & &’ , According to Theorem
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(2.7) in [3] we have &’ = & . Hence €  is the unique
o« , b -conditionally maximal measure.

(3.5) Remark. The classes e® e L* (@) do not de-

pend on the choice of A(k)e S(n) = fr€ R*; /S du(x)£
’ *>0

x
55§, o éﬂ{ad,(u.(x) § for £ =4,2,.0., m .

4. o, -stochastic operators

(4.1) Definition. An operator Q = (g?');- of the type
(m,R) will be called o, @ -stochastic iff

e L¥ (), @(@*)1=1,0 £ g*> for all 7 and
1% ¢ = «  ma-e

. . L d

(4.2) Define the set Vy w{d = (2,00 1 d; = LR
forall 3, 222z, =2..2x,3%.
Then V, is a convex wedge generated by the vectors 1r’,

»% ..., v - +™ introduced in (3.2).

(4.3) Define the set V. m{y €R_;7.d = 0 for all
deVyt?.
Then 17‘,‘ is a convex cone generated by the following vec-
tors:
Al m(y, =, 0,000,0), Fl= (0,0,-,,0,..050), 0. 4

2""‘"1 = (o, vaey 0, [ P -“n-,') .

(4.4) Theorem. Let & be a nondecreasing function de-
fined on the set R such that & & L'(@) . Put 2 =
- {d;m cdw(x) (see [2],Chap.6). Let A  be a mea-
m

sure such that A -‘%‘ «; d;‘ , where a 2 a, =..,

o2 a. » Put a =(a:)™, . Then the following conditions
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are equivalent:

1° n ~ 2.

2° There exists an o, ¢ -stochastic operator
G = (q'i),._ such that Q& = a (i.e. ‘a(g". ) =a;
for 3 = 1,2,...,m) .

[o) o

3 B ubr-ael .

Proof. 1°==» 3°: Let A(x) be an element of R* such

L2
£ ,
that “’.'/"(Md.(u- (x) < A(,‘"ﬂ{btg)d‘a‘ (x) , where A(x) =5_Z1x’
for n=4,2,..., m.
Suppose m ~A and put «(x) = £ (A(x)) . Then

L yd (V€ [ dul)EARIE S dul) £, [ dn)

X >aln) o ZAln)
for £ =4,2,...,m .
According to Theorem (2.8), we obtain the following:

r 1 1
a-v ém",j‘;u’t.d"zft)-r(’l-m'./ anct)) .

>ulx)

cun) & (O > = KU BE vy = B v

for n=1,2,..., m-1 and
a.v™s [t.dn(t) e (L, w™) =L, BE Y= B T
Hence E‘,“lr-a—c \.f“ by (4.2) and (4.3).

2°==> 1°: Let G = (g;)]., beean o, -sto-
chastic operator such that Q& =a and let £ be an ele-
ment of é" . Then

s P

ac) =2« fa) =% o (w4

mm .
‘%, %0 & (@R.folr)m o (Fo ) = (f)

since £ (u (g% &)= 4 (U (P N (g £;0°) b e (@F. 4+ &)

for all 4, where £; is an affine function in 1  such
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that £; (x) = fla;) +¢’(¢5). (x -ayz) for all x € R
and where the symbol e  denotes the composition of two
maps.

3% =mp 1°: Clearly, the operator E, .,  defined
in (3.5) is &, -stochastic. Put & = ’-"_i,, xg d;’: ’

e = (e, Cp,eeeyCp)= 2. Then np & 6 by the

E"“
previous. The condition 3° implies that 6 &~ 4 by [3].
Hence m & A .

1° => 2°: Suppose M & A . According to Lemma (2.1)
there is a linear mp B 3 C, — L*¥(a) such that
D 20,P) = & for each L e L. and (#)= A(B(4))
for each + € (, . Put A={a,,a,,..., @,, 3 . Then the map
B can be considered as a map from €, to C(A) . Accor-
ding to the Lebesgue-Nikodym theorem there are elements
11?‘ e L®(n ) such that B(#)(e)) = ')l(fl?'. £), Oé,fz?‘é “L
for 3=1,2,...,m and for all £ e C_ . Putqf‘.,,?'- &,
Then B(#)(a;) = w(g?. fo4r) forall ¢eC,

. P o - .

(gh ) may,06gf el gfel® ), K afel ana
y.(g,") = 4. Hence the operator & = (g" )"_5";,, is o, ~
stochastic and A& = o .

(4.5) Theorem. Let D, , ~ be the set of all x, e -
stochastic operators. Define U, = {d; d = (a; );':, s
dym ;. %y for allg, z > z,>...> 2 _}and U™ =
-(lr,lr(x)-'{“h(f), de(f) forallxeR, he b (e,
A >0« - ..}, Then the operator 2"“ is the
unique U, ® U“  -exposed element of the set 'D‘,“ » Whe-
re W O@U” = {d@ &;del,, e U“t (i.e.

“
E"“‘(r.d>alr.d for alld.cll‘,all el ang
all G eD G+ E ).

o, 2
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Proof. Suppose R eD,, , de U, and b ¢ u*~,
£
Then according to Theorem (4.4) the following inequality
holds:

(4.6) E“,“ r.d 2 Qer.d .
There are positive numbers t,, t,, ..., t,, 4 and a num-
ld
ber t  such that d = = ¢t . +* and a function
kmq &
hell(w) such that h is g -a.e. positive and
p.{,,‘,',hcg),d(‘_(g), where y-g(u)s a for all
x e § and Yg (x) = 4 for all x = § . According to

Theorem (4.4), we obtain the inequalities

(4.7) Ex,p %5 - r*a a“f' v® for x=md,2,ic.,m-1
and E,,‘,‘nr, s Gg«' . ™ for all § € R .
If the equality holds in (4.6), then
[ 3
& Bty v -8y v (), A (§)=0 .
Since the matrix V°! exists, using (4.7) we obtain the
equality
{(E"“-&)(x).@'(.x).d(a.(x)s 0 for w -ae. §eR,
i.e.
nj;(!,““-ﬁ)(a).dy(x) = 0 for « ~ae §feR.
It fo}lows from the Lebesgue-Nikodym theorem that
E"‘“a Q ® -almost everywhere. The proof is complete.
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