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TOLERANCE GRAPHS

Bohdan ZELINKA, Liberec

E.C. Zeeman [3] has introduced a concept of a toleran-

ce on a set. MeA, Arbib [1,2]) has used it for the investi-
gation of finite automata. Obviously the tolerance can be
used also in other branches of mathematics. In this paper

it will be introduced into the graph theory.
The tolerance § on a set X is a relation on X that

is reflexive and symmetric. A tolerance space (X, £) is a
set X together with a tolerance f on it. In [3] the fol-
lowing assertion is proved.

A tolerance on X induces a tolerance on the lattice
L, of subsets of X as follows: Given A,A'c X , write
(A,A) e § if Ac §A and A’ﬁfA.'l‘henthe
relation f is a tolerance on L, .

The symbol fA denotes the set consisting of all
elements X € X such that there exists an element @ € A
for which (x,a) € f holds. Analogously fx  is de=
fined for X € X .

Two tolerance spaces (X, §), (X’ §°) are called
isomorphic if there is a one-to-one mapping ¢ of X onto
X" such that (x, g )€ § imlies (p(x), P (YN eg’
for all xand y from X .
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The graphs considered here will be non-directed graphs
without loops, multiple edges and isolated vertices (except
of the graphs of tolerance defined below in which the loopa
exist).

The § =tolerance graph is a graph G on whose vertex
set U a tolerance f is given such that « € U, v e U,
(w,v)de § implies (lu, rr)e §

By the symbol [ we denote the set of all vertices
of G Jjoined with x by an edge. By <€ we shall denote the
tolerance on U such that (x,Yy4 ) e € for all x, y from
U ; so € 1is the so=-called universal relation on U . By o
we shall denote the tolerance on U such that (x, ) € O
if and only if x =y ; thus o 1is the relation of identity
on U.

Theorem l. Let U be a set. The tolerances € and o
are the unique tolerances f on U such that every graph
with the vertex set U 1is a E ~tolerance graph.

Proof. If § = €, then evidently (A, A Ye § for
arbitrary two non-empty subsets of U , so (as we do not con-
sider graphs with isolated vertices) (luw, M )€ § far
each two vertices u 'and v from U , and, according to the
definition, (w4, ~» )€ ¢ . If § =0, then (X,44)€ § im-
plies x = y ,and we have [x = a4  which implies (<, [y)e
€ g . Nowlet § # -, g #+ o0, This means that there ex-
ist two vertices u, v from U such that « + 2 and
(s, )e § and two vertices x,y from U such that
(x,7) ¢ § . If the vertices u, v, X, y are pairwise dif-

ferent, then we construct a graph G in which



Mt = {x3, Fr={y}, Mxs Usfv; x 3, My= U={u,y3, M= Usfu,y 2}
for all x e U different from u,v,x,y . Such a graph is
not a f -tolerance graph, becaguse (w, 2 )e § and (Ta,
)¢ §.If x =u, then we put Mw={vyf Mr=fu}, Mz =
=Usfm, v, 4, 21, ={uf,for all ze U aifferent
from u,v,y . Analogously for u=y, v=x,V =y.

Denote M(§)=maclfm|,m(§f)= min | §« | . By the
symbol @ () we denote the degree of u in the graph G .
Theorem 2. Let u be a vertex of the § =-tolerance
graph G with the vertex set U . Let v be a vertex of G

such that («,v ) € § . Then
p(“‘)/M(f) £ p(v) £ ;o(u,)M(f) .

Progf. The set [ must be contained in § M which
is the set of all 2z such that a 4 € [« exists for which
(z%,y) & § . For each ¢4 € [« , the number of such ele=-
ments z is at most M(§) . As the number of elements of
Mw 1s ©(w), the set § [w contains at most
E(«IM(§) elements, and p(2) & P(w) M (§) . The
tolerance being symmetric, there is alsoe (v, «)€ § , from
which @ (&) & @ ()M (§) . Dividing this inequality by
M(§), we obtain @ (wW)/M(f) & @ (v) .

In [3] the following oprations on graphs are defined:
sum, product, Cartesian sum and Cartesian product.

Theoren 3. Let G, G, be § -tolerance graphs with
the same vertex set U . Then the graph G, = G + G, is a
f ~toleranee graph, too.

Broof. Let [x, Mx, [Jx, ['x denote the sets of
vertices joined by an edge with x in G, ,G, ,G, ,G,, .
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Let weld, vel, (w,v»)€ §f . As G ,0, are § -to-
lerance graphs, there is (L, [v)e§, (F«,Lv)e § -

In the graph G, ,we have Gus=[uulbu, Gr=Lvu v .

So fLu=fluvilhiu, §Jwvs v o flfv , and the inclusi-
ons [uec§lv, freflu, fucfhv, [ve §Lw  imply
[ucfhv, Gve fhw, ana (Gu,Golef -

Let (X,,§,), (X“ §, ) De tolerance spaces. A tole-
rance §, 1s defined on the Cartesian product Xy = X, as
follows: (Lx,,X,1, Ly ,4y,1)e §, if and only if
(X, %40 € §1y (Xg,4,) € §, ; it will be denoted by [§,,§,]-

Theorem 4. Let G be a §, -tolerance graph with the
vertex set U, and G, a §, -tolerance graph with the vertex
set U, . Then the graph G = G, + G, is a f, -tolerance
graph, where §, = L[, §,1 -

Prgg:. Let [.x.,, XzJ € u1 > uz ? let E'y"”y'zj €
€[ [X,,% 1. This mems that y, € [7X,, Y, € [ x, . Let

(Ex,,%,1,0x,,x, 1) €[§,, §, I ; this means that (X,,X,)€f,,
’

(X,,%,)€§, .As G, 1s a §, -tdlerance graph and G, a §,-
tolerm ce graph, we must have ([x,,[x)ef,, ([x,,[x;)e & ,
i.e., [x,cf, Xy, [x,c f1 7%, BXac § %y, Gxge £, 3 X,
and thus [1x,% X, € § Fxy = §, Fxg=[§, 61 (Fxg=fx3)=
=§als X0y %d, (X g e €, [ = Xy = L6, 6 I(0 < 1 )=f [Ix %, ],
It is well-known that every binary symmetric relation. on
the set U can be represented by a non-directed graph with
the vertex set U . Thus if we have a tolerance f on the
set U , there exists a non-directed graph = whose vertex
set 18 U and two vertices u,v of & are joined by an ed-
ge if and only if (4,7 )€é § . The graph & will be called

the graph of the tolerance f « This graph has obviously
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8 Ioop at each vertex and some vertices may be incidemt only
with this loop.

Now, following [3], we define the product G,. G, of two
graphs (non-directed) G,, G, with the same vertex set U as
a directed graph G3 in which a directed edge goes from u in~-
te v if and only if a vertex wr € U  exists such that the~
re is an edge joining u and w in G, and an edge joining
w and v in G . In these product graphs we consider also
(directed) loops.

Theorem §. Let (U, §) be a tolerance space, let =
be the graph of the tolerance § . Let G be a graph (without
isolated vertices) with the vertex set U . Then G isa § -

tolerance graph if and only if G- 2 = & « G .

Proof. Let G be a = =tolerance graph and let the ver—
tices u,v be joined by an edge in = + G . This means that
there exists a vertex w~ € U such that u and w are joi=-
ned by an edge in = , iwes,(u,w)€ §, and w and v
are joined by an edge in G . As G is a § -tolerance graph
and (u, w)e §, v € w , there must exist a vertex
Z € M such that (v, x )€ § . But then u and z are
Joined by anedge in @ and v and 2z in , 80 there is
an edge from u into v in G- = . & .G is a subgraph
of G . & . Analogously we can prove that G - & is a

subgraph of & - G , and therefore G- 5 = = - G .
Now assume that G+ & = & « G . Let xe U,x'e U, (X,
.x')e'g'.Let 44 € X . Then there is an edge from x" into y
in 5.6, A8 = -G = G- = ,there must be an edge
from x” intoy in G- % . Thus a vertex y exists such

that y’ is Jjoined by an edge with x"in G and(y,y’)e §.
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This implies Fx ¢ § (X’ and, analogously, Mx'c § Mx .

Corollary. The graph =  of the tolerance § is a § -

tolkerance graph at an arbitrary tolerance space (WU, § ) (if
we consider also graphs with loops as tolerance graphs).

Evidently = commutes with itself cénsidering the graph
multiplication.

Now the tolerance f whose graph = is regular of or-
der r will be called the regular tolerance of order r =~ 1
(as in this case there is no need to count a loop twice). The
regular tolerance of order 1 is the tolerance ¢ defined abo-
ve. So we shall not invesﬁigate it. Take a regular tolerance of
order 2. As mentioned above, the graph = has a loop at
each vertex, so if f is regular of order 2 , the graph =
is a regular graph of order 1l with loops added at all verti-
ces, Thus each of its components consists of two vertices joi=-
ned by an edge and with loops at each of them (Fig.l).

Iheorem 6. Let G be a § -tolerance graph with the ver-
tex set U . Let § be regular of order 2 , G be regular of
order 1 . Then the sum G + = is a graph, each of whose
components: is a quadrangle with loops added at all vertices
(Fig.2) or an edge with its end vertices, a loop being added
at each of them.

Proof. Let (x, %X )€ §, X + x’ and let x be joined
with a vertex ¥ by an edge in G . Then x  must be joined
in G with a vertex y such that (4, y')€ § . Ir y =y,
the vertex y ‘18 joined in G with two different vertices
x,x' which is a contradiction with the assumption that G is
regular of order 1l . So 4 + 4’ and we have a quadrangle
in G + = consisting of the edges joining the pairs x,x’
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and y,y  in =  and the pairs x,y and x ,y in G .
At each of the vertices x,x ,y,y there is a loop in =
and therefore also in G + = . This quadrangle with loops
added is a component of G + = , because each vertex in it
is incident exactly with two edges of = and one edge of"
G , so it cannot be joined with any other vertex of G + = -
Now it ¥y =x’ s the vertices x and x’ are Jjoined by an
edge of = and by an edge of G , so they can be joined
with any other vertex of U neither by an edge of = nor
by an edge of G

Theorem T« Let (U, §) Dbe a tolerance space, let f
be regular of degree 2 . The necessary and sufficient condi-
tion for a regular graph G of degree 2 to be isomorphic
with @ § ~tolermce graph with the vertex set U is that
G have the number of vertices equal to the number of ele=-
ments of U , and to each component of it which is a circuit
with an odd number of vertices there exists an even number of
components isomorphic with it (including this component it=-
self).

Proof. Necessity of the condition concerning the number
of vertices is clear. Now assume that there exists a f§ -to=
lerance graph G regular of degree 2 , and let C Dbe its
component being a circuit with an odd number of vertices. Let
Ady, o0y Ay be its vertices, k odd, and let the pairs 4¢;.

“u for i =1l,ce0pk =1 and the pair «,, 44, Dbe joi-

i+q
ned by an edge in C (i.e., in G ). Assume that («,,«,)E
€ §, where £,m are two of the numbers 1,..., k and

L #m  First of all,let m=4L+1 .We have M, ={ity ;44 ,1,

Mty =44y, aty,, } and My e §ag Ty c §Mu, . So
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either (4y , 4, )€ £, or (4 ,«,, )€ § . The first case
is impossible, because § 1is regular of degree 2 and the-
re are yet two vertices in the relation § with 4 ,, the-
se are 44, , and «, itself ( kx being odd, it mus be «,  +
#4 ). So (4 , 4 )€ § . Analogously we shall prove
that (44,4, V€ §, (4, 4 Ve § etc., generally
(uy;)44,;,,06 § for all’ 1’s . But a8 k 1s 0dd, for 1=
= 4 (& -1),vehave 4, = 44, ,  .Denote by v the
vertex such that (44 {4, , v') € § . All vertices of
C except Ay g in-1) T et divided into pairs such that

_ the vertices of one pair are in the relation f ; and § 1is
regular of degree 2 « Thus v cannot belong to C . Let v
belong to a component ¢’ of G o An “‘-i""’ is joined
with i BTN there must be a vertex w Jjoined with v
such that (uvt_i“_‘,ﬂ,w)e § . This means that either

10':4424“_" or W = U {(n-4eq » therefore w belongs
to C.But w 1s joined with v , so v belongs alsc to
C , which is a contradiction.

Now let 4L o a4, , Ay + A4, .VWe have [, ~ {4, .
“,, 3, T'u.”- {u,”_‘ , u.”"} . Analogoualy to the above consi-
derations we prove that either (44 ,4« )< § and («, ,
)€ €, or (ul.‘,a,_")c ?,(a‘",uﬂ_’) € § . Consider the
second case. We can prove that then (¢4  , 4, ;) € f for
all i . Agsume without the loss of generality that m > L.
If m- £ 1is odd, then for 4+ = %(m-l-&l) we have
A’u_ = u,._‘_ and we can come to the contradiction as in the
preceding case, If m - £ is even, then My jo Loy
where 3 = % (R-m + L) ,and we come again to a contra—

diction.
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Now assume that (Mz_,,“‘;...,)‘ £, («,,, 4,.,0€Ff -
Then we can prove that (¥, ) #, ., le § for all 1.
Take 4 = am ~£ (we assume m > £ ). So L+i =/ M
md we have («,, , &, ,)¢€ § - The vertex 4« is1in the
relation § with «, and with itself. Thus either &, .. =
By, O M = A, - The first case implies 2m -4 =
=Lmod &), 80 2m= 24 (mod k) |, and, as k is odd,
m = L(mod &), which neans m = £ , because 0< £ <
<m & k .But we have excluded this case. The equality 44, ,™
= &, implies 2m-L = m (mod AR ) , therefore also
m = L(mod &) . W2 have obtained a result that no two
different vertices of C can be joined by an edge.

So (w,,v; ) € £ , where %, is a vertex of a com
ponent C' % C  of the graph G . 48 4, is joined by an
edge with 4, , the vertex %, must be joined with a vertex

%, such that (w,, v;) e § . The vertex 7, belongs

2

evidently to ¢’ . We proceed further and assign to each ug.
o

a vertex ¥; of C such that («,, ;)€ § mdzy | v

are joined by an edge in C° , For i+ 3, 16 i £€ & ,
1% 4 & R, we have v; Y becaise in the opposite
case we should have (v, «;)e §, (v;,«;)e §, (v, ;)€ §,
so the vertex 7 would be in the relation § with three
different vertices, this being a contradiction with the as=
sumption that G 1is regular of degree 2 . We can also ecagi-
ly prove that 1, Vj are Joined in G . So the vertices
Yy, Yy, Vg Torm a circuit with k vertices which is e~
vidently a component of G ,i.e., it is equal to C° . The
components with k vertices can be divided into such pairs

{C, €7 , these pairs are pairwise disjoint, and their
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pumber is even. And as these components are circuits with
the same number of vertices, they must be isomorphic with
each other.

Now we shall prove the sufficiency of the condition. Let
us have a regular graph G¢° of degree 2 with the vertex set
U’ satisfying the conditions. Now define a relation §f’ as
follows, If C 1is a component of ¢’ being a circuit with
an even number p of vertices, and its vertices are 4, ,---
ooy Apy where‘ g is joined by an edge with LT fao 1=
=1ly.eeyp =1 ead 4, is joined with «¢ , we put (4,
Abyonrs ) € §’ . Now let q be an odd number. Divide all
components of G’ with q vertices (if any) into disjoint
pairs (it ic possible, because their number is even). If we

have a pair {C’, C”} , the vertices of C’ are ’V,’,---: 1Q"

the vertices of C°° are v, ..., -v-z” (going along the
circuit), we put (v, v )€ § for 1 =1,..4,q « And

obviously we put aglso (X, X )€ § for each vertex x of
G’ . The sets U and U’ have the same number of vertices,
the tolerances § and §’ are both regular of degree 2 ,
80 the tolerance spaces (U,§ ), (U’ §’) are isomorphic. If
we map (W, §7) disomorphically onto (U, §) , the graph
G’ is evidently isomorphically mapped onto a f§ =-tolerance
craph (because G’ is s g'-tolersnce graph, which can be ea=
s8ily proved).

Note. In this proof the subscripts at u are taken mo-
dulo k .
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