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Comnentationes Mathematicae Universitatis Carolinae
7,4 (1966)

ONE GENERALIZATION OF PLANAR PARTITIONS OF ABELIAN
GROUPS
Véclav HAVEL, Brno

In the present paper, partitions of Abelian groups
are investigated which correspond naturally to certain
André parallel systems closely related to translation pla-
nes. We shall endow these partitions with coordinatizing
systems having two compositions whichare shown to be qua=-
sifields (the case of translation planes is characterized
by the well-known "planarity" condition).

Defipition l. A partition P of a nonzero
lian group (S,+) 4s a set of nonzero subgroups (S, +),

(1) ape-

¢t eJ in (S, +) (called components) where

1) cadl ¥ > 1,

1) S, N 5,"-{04 for Ly # L, ,

i11) Leuy S =9S-

The pair {§_,S;7 1s said to be generating if 5‘4-5/,’
= S.If there exist pairwise distinct indices ou, /3,y e J
such that a1l 1S, Sy §, A € I\{x} and also {S;, Sy }
are generating pairs, then [P will be called a 7 -parti-
tion. If each pair {3_1 , 5‘,2} with L, + L, 1s generating,

(1) & group (S, +) 1s said to be nonzero if caxol S> 1.
The neutral element of an additive group will be denoted by (.
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then P is called a planar partition (@),
W (André). Let P={(S ,+)lLeJ} be a par-
tition of a nonzero Abelian group (S, + ). Then
1) {{(S,+x | xeS3%|LeT} 1is a decomposition (3)
of the set {S +X [LeJ,xe5]7 4,
11) card (S, +x) > 1 foralll € J, xe S,
111) there are three elements of S which do not belong
to the same S + X,
iv) 1 2,: X — X +a 1is a (left) translation of
(S, +), then 7, (S +x)= S +(x+a)holds for
all teJ, a€e€ S, xeS and {7, lae S} acts
eimply transitively on S,
v) i£{S, , S/; § 1is a generating pair, then
caxd (S, +x)A(Sy+y)=1 for a1 x, Y €S-
Progf: [1), pp.163=165 and [ 2], pp.156~158.
Definition 2. A guasifield is a triplet (F,+,-) where

1) (F7 +) is a nonzero Abelian group (5)'

(2) c£.[3),p.75. In[1),p.163, a planar partition is called
a congruence.

(3) A decomposition of a set A + 7 is a set of pairwise
disjoint nonempty subsets of A which cover A.

(4) The sets S, + X (L € J, x € S) are called lines.
Two lines of the same {S, +X | x e S}, L € J are ter-
med mutually parallel.

(5) The neutral element of (F,+) is denoted by (O, whe-
reas the neutral element of (F \{07-)1is denoted by
1.
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11) (FN\{0}-) 18 a loop ‘¥,

141) 0-x=x:0=0 sforar1 x€F,

1v) X (y +2)=X-Y+X-2 for all X, Y,z € F

(right distrivutiity).
We say that (F,+,-) is planar if
v) the map x —» - (@ x)+4£.x 1s & bijection S—*
-S for each pair of distinct a, &€ S.

Definition 3. Let @ =(F,+, -) be a quasifield. Then
we construct ( Fx F, +)=(F +)@(F+)ana P(@)={({(x,y)|y=
saxd,H)aeFiu{({x,yilx=0},+ R

Propogition 2. Let & =(F,+, -) be a quasifield.
Then P(0) is a 7 -partition of F=(FxF,+), Q ie pla-
nar iff each pair {{(X,y)ly=cx}, {(X,y)Yy=Rx3}
with & # 3 1is generating.

Brogf. Y = (Y, +)= ({(x,)1x=03,+)1s a group
isomorphic to F=(F, +). Next, each F=(F ,+)=({(x,y) |y =ax}
+),a € F,is an Abelian semigroup with neutral element (0, 0).
By right distributivity, if follows that (a,aw)+(-a,-(aw))=
=(0,0), so that J;, mist be a subgroup of F. Each element
(m,v)e (F\N{0})~ F belongs to exactly onef ,ac€ F:
indeed, (u,v)=(s,aw) holds for a uniquely determined a &
€ F such that a-« = 7. Thus P(G) 1s a partition
of % . Now, we shall show that each pair{Y, F, §, a € F
is generating:

The equation Y+~F‘; = F  is valid iff each pair (u,v)e
€ Fx F can be expressed in the form (0,7;)+ («,,aw, ) for
some A,,V; € F. But 4 =0+4,,v=1;+at, hold for
Myg= e, U= V-aw.
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Furthermore, {F,, F; { 1s generatink: f, + F, = F holds
1Pf each (w,v )€ Fx F can be expressed as («,,0)+
+(Uy,4, ) for certain “1;'“;2. € F. Bat w=u,+u,, v=
=0+4, 18 obviously satisfied far ALy~ « -7 and «,= V"
Finally, { R, Fs. }, @ *= £, 1s generating iff each

(4, )€ Fx F can be expressed as (u,,ait )+ (u,,ou,)
for certain AlL,, 4, € F . But the equations « = «, +4; ,
Vv=au,+ »9'44-2 have a (unique) solution (u,,uz)e Fx F
iff there existe an «, € F  such that-au, +buw, =bu-v
(or, in other words, iff ./« -7 has a {unique) inverse
image relative to the map X — - @ -X+ -0~ X @ +£~)This
concludes the proof.

Definition 4. Let P={(S ,+)/ . € J} be a
v -partition of a nonzero Abelian group (S, + ) . Let o,
(3, ¥ be indices with the same meaning as in Definition
l. Then every element Q € S adnits a unique expression in
the form §a +7 &, where fa e Sy, 74 € G . Let o7 be a
bijection G — S, such that X +Tx € Sy for all x €S-
Let 2¢ be a bijection S, — I \{B3 7 such that(eonle=8
where {ci=(Y +Me)An 59 for a fixed elemnt ¢ in
S.N10}. Let there be given a multiplication- on S_such
that a-& =7e, where {c}=5,, (S +4). Finally,
let Q(P) denote the triplet (§ ,+,- ).
_ Propogition 3. If P={(S,,+)/ce Y} 1sa T~
partition of a nonsero Abelian group (S, +), then @ (P)
is & quasifield, P is planar et J (P) is planar.
Progf. The definition of the multiplication ¢ implies

Ocaza-0=0,e-a=a-e=a forall a € S;.The qua-
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sigroup properties of ( 3 \ {0 },) follow from the follo-
wing facts: 1) ;uh element of Q¢ N {0f 1ies in exactly
one component of P and 2) card ((Sx + & ) Seca)=1 for
all x€ S and @ €S . Part 2) follows from § +S,,= S
by Proposition 1V. Now verify right distributivity. First,
e +a amd &+ & belong to Sy , so that (ma +al+
+ (0l + )= (ot m&lav e Sywith ra + 74 € Sz and a +
+ b € S.. Thus sra + & = Jr(a +4 ). Therefore 1 +
ca,mhriclr € Sy, , where @ +b) € S,z andca+che
€ & -
By the definition of J7, 9€,‘ , we conclude that ca +c¥=

= c (a+4),as required. Note that the map X — —@X + &X
(a + &) 1is a bijection iff card (Sp, N (S +yN=1

for all 4 € S . Q.E.D.

' Definition 5. Let P={(S, +)lL € J} be a partition
of a nonzero Abelian group ( S, + ). Let E be the set of
all P -endomorphisms of ( S,+) (that 1s, of all endo-
morphiems ¢ of (S,+) for which ¢S, =S ,ce J ),
Suppose that two compositions + , o are defined on E
by (oe,+2€¢,)a = %,Q + 3¢, A, (9036, )a=x,(¢a),where
o¢,,0%, € E end @ ¢ S.

Then we shall call the triplet X =(E +,0) the kernel
or P .(6)

(6) It 1s well-known that X is a unitary ring without ze-
ro divisers. The neutral element of (E ,+) is the zero
endomorphism 0 (Ja =0 for all a € S ), and the
neutral element of (E \{ 03}, o) is the identity auto~-
morphism 1 (1la=a for all a € S ), cfr.(2],p.162.1f P

is planar, then X is a skew-field ([1],p.167).
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Defipition 6. The kernel of a quasifield (J «(F+,-)
is the subsystem (K,+, ) with K={4 | (x+9y)-»=
=X htyern, Xelyp-p)=(X y)-5§.

Proposition 4. Let there be given a quasifield @ =
=(F,+,-).Then the P () -endomorphisms of (Fx F, +) are
precisely the maps (X, % ) — (x-a,y-a) with a€K,
and the kernel of (§ is isomorphic to the kernel of
P(Q@ ) which is a skew-field.

Proof (coincides with [1),pp.173-175): a) Every map
gt (Xop)>(x-fe,ny-h) with e KN{O} is a
P(@)=-automorphism of (Fx F, +). Imeed, by a simple cal-
culation one obtains e, ((x,y)+(x,y’ ))-(C%(X,’y)ﬂ“,f'x: .
Since (wy, (X, @ X)=(xk, (@ X M I=(xk,alkland ¢y, (0,.)=
=(0, yR )1t follows that each {(X,4) |y =ax§ or
{(x,4) | x = 0% , respectively, is mapped onto itself.

b) Each P(@ )-endomorphism of (Fx F, +) has the
form (X, ) —>(x-k,y-R ) for a suitable K € K .In-
deed, let 6 bea P(QR) -endomorphism distinct from (.
Then 6(X,%)=6(X,0)+6(0,1) =(6X, &4 ) , where&
and 0 are well-determined maps of F into F. As
{(x,4) 1Yy =x}% 1is sent into itself, it follows that
6= & ,s0that F(ax)=a-FX because{(x,y) 1y =
eqX 2 must be mapped into itself. Since 6 1is an endo-
morphism of (F>F, +) the additivity property & (x +4) =
* =2&X + 604 mst be fulfilled, For S = (1) we obtain
F(x+1) = X -6(1)=x-H ,80 that (@) = 6(ax)=abx=axh)
(first kernel property) amd (X+4)h =xXh +4 fv (second
kernel property). ~
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Thus fre K and 6 (x,y) =(xfv,yf) for our h e K-
¢) The rest of Proposition 4 is a corollary of parts a)-
b) and of the footnote ¢’ . _ .

Remark. The study of all partitions of Abelian groups
the kernel of which is a skew=field may lead to useful re-
sults.

Proposition 5. There exists a non-planar quasifield.
Thus, by Proposition 2, there is <7’ -partition which is
not planar. ‘

Proof. Let (F,+, ©) be a transcendental Dickson
nearfield cors tructed in [4],§ 4 in such & manner that
(F, +,+) 1s a f£ield of rational expressions of one inde-
terminate t over the field of complex numbers and the

new multiplication e 1is given by
a,(t) bi(t) at)  b;(tndega,-deg @)
2, BH) ™ a@) " TyE +deg a,deg @)

a,t)  4Q@) X (&) X, @
vwhere aj—c—t-) , 7;2—(?) e F . The map 3(-21(7)—&—(10-5(-;—(1,)-#

+te __ay_(__t) of F into F is not surjective because
XC¢)

IO TC2 Xy (E+1)
X CE) X, (t+1)

It may be noted that Proposition 5 solves the question

X, (P F.
* 1 far all -—L——xzct)e

posed in M, Hall, Projective planes and related topics, Ca-
lifornia Imtitute of Technology 1954, p.48: Indeed, the con-
dition (3*) "there is at most one permutation which displa-
cea all elements and sends an element 4 into an element
A+ a " is not a consequence of () " G is dou’bly
transitive” and ((3) "only the identity permutation fixes
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two distinct elements” in a suitable group & of permu.
tations on a set S

Proposition 6. Let P={(S,,+) /e J§ tbea =~
partition of a nonzero Abelian group (S, +) and @(P)7
=( S, ,+,°) the quasifield determined as in Proposition
3. Let G py:X—+Q2-X+4" beamspof S onto S
where @ 6 S\{0}, 4 € S. Ten in Q(P) the multiply~
cation is associative iff the following condition holds:
(R) For any two (a,,4;), (@,,4,)e (5 \10})x S, the com-
position $°(a.2,bi)° P@”A;) coincides with some P@;,h) ’
(a,,8) € (S\{0})=x S

Proof. Let the multiplication of ¢ (P) be asso-
ciative., Then Pz ) ° Payy ) = Qa‘,a,, e b ety £ (R)
is fulfilled then a,zo(a.1'x)+a3--¢/; +,€Q.q§.x +~.’75 holds
for all X € S, where a, ,&; (£=1,2,3) have the mea-
ning described in (R) . For X = O one obtains @,4; +
+4; = & and consequently a,-(a, - x)=a, X .For X =1,
one obtains a,'a, = @, and consequently @, (@, X)=
#(4,°@,)-X. Thus Q(/P) must have an associative multipli-
cation. This completes the proof,

It is well-known (M. Hall, The Theory of Groups, New
York 1959, p.382) that a) in any associative quasifield
(S, +,) the mentioned maps &, 4,, (@, 4)6 (S\N10§)x S,
form a group which acts doubly transitively on S and
which has the property that only the identity fixes two
distinct elements of S , b) if (&) o) is a group of per-
mutations on a set S, catd S > 1, satisfying the two
preceding conditions, then there is an assoclative quasi-



rield ( = (S, +, -) such that the cosets @ +ou, @€ S\{0},
eSS 1n (5xS,+) where G ~I(x,yp)ly=a-x3,
a€ S\{0} , are precisely the sets { (A, 6»)] A€ Si,
6ceG.
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