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Comment at iones Mathematicae U n i v e r s i t a t i s Carol inae 

4 , 2 (1963) 

A NOTE ON EPIMORPHISMS 3.K ALGEBRAIC CATEGORIES 

Karel DRBQHI-AV, Praha 

In t h i s note the no t ion of a ca tegory wi l l be used i n the 

sense of [ l ] • Thus, the product of oc : a -» b and ft : b - » c 

w i l l be denoted by oC/3 : a —»c • I f <-*/3 a <*3T always im­

p l i e s fl .**f as f a r as oc/? and o t y are def ined , the 

morphism a i s ca l led an epimorphism. 

Most ca tegor ies we meet i n p r a c t i c e s a t i s f y the following 

cond i t ions : 

1) t h e i r objects are some ordered couples of s e t s , 

2) every-morphism oc : (A, A ' ) — ^ (B, B ' ) i s a mapping 

from A in t o B , 

3) i f <* : (A, A')—•> (B, B ' ) and fit (B, B ' ) —>(C, C') 

t h e n we get ot/tf by composing the mappings di and ft 

For example every group G can be taken fo r a couple 

(A, A') where A i s the under ly ing se t of G and A' a s u i ­

t a b l e subset of A* Ax A determining the s t r u c t u r e of G • I n 

t h i s way the category of groups i s a category of the type men­

t ioned above. But i t i s qui te c l e a r t h a t the same i s t r u e e .g . 

f o r any a lgebra ica l ca tegory, fo r any category of t opo log ica l 

spaces e t c . 

Now l e t *£ be a category s a t i s f y i n g our t h r e e condi t ions 

1 ) , ?) and 3 ) , and l e t at : (A, A') —?- (B, B ' ) . Then, i f OL 

maps A onto B , i t i s an epimorphism, as i t can be proved i n 
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an easy way. 

For our category £ we can try to formulate a "converse 

theorem": 

4) If cc i (A, A') —> (B, B') is an epimorphism, then 

it maps A onto B . 

This converse theorem, however, is not true in general. 

But it is true e.g. in the category of all groups, as it is 

mentioned in flj , § 6, No 5 . But there is a brief note in this 

paper, too, that it holds in a corresponding way in other alge­

braic categories, what may make the reader believe, that it is 

true e.g. in the category of all semi-groups or in the catego­

ry of all rings, etc. This is of course not the case as we 

shall show by the fallowing simple examples* 

Let if be the category of all semigroups. Consider two 

real intervals A = (0, 1> and B - (0, o-> ) and let (A, A') 

and (B, B') denote the corresponding multiplicative semigroups. 

Let oc be the identity mapping of A into B . Then 

at : (A, A') —> (B, B') is an epimorphism in & though it 

does not map A onto B . 

Really, let us have any semigroup (C, C'), let ft : (B,B')~» 

-> (C, C') and y : (B, B') — ¥ (C, C') be any two morphisms 

in ^ and let <X,fi = ccy .If /3 *h T , then x^-f xT for 

some x e B , x >» 1 m Because fi and y are homomorphisms, 

v/e have 

lx t x ; j x -i # x = 1 . x = 1 . x =-l . x =» x 

and 

x I K ^ J X J - X L(JT) xj " x Kjf) x J = x l ( j f ) x j -

= x . i s x . r = x * . 
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But (C, c ' ) i s a semigroup, hence x ^ - x*~ • This c o n t r a ­

d i c t i o n gives /$ = y and so <*, i s an epimorphism. Hence the 

"converse theorem" 4 ) does not hold i n if * 

Now l e t $\, be the category of a l l r i n g s , Z the s e t of 

a l l r a t i o n a l i n t e g e r s , F the set of a l l r a t i o n a l numbers, <*, 

t he i den t i t y mapping of Z i n t o F and (Z, z ' ) and (F, F ' ) 

t h e r ings corresponding t o Z and t o F . 

We sha l l show again t h a t oc i s an epimorphism in St 

though i t does not map Z onto F . 

Let us have any r i ng (C, c ' ) l e t fi : (F, F ' ) —> (C, c ' ) 

and T : (F, F ' ) —> (C, C') be any two morphisms in (R, and 

l e t difi =<*T . Then, again, If /I * T t i t i s (-j-)^+ ( T * ) r 

f o r some r a t i o n a l in tege r s r and , s where s 4* 0 and where 

r may be supposed to be pos i t ive* Because fl and Y* a re h o -
A fi A V 

momorphisms, we have ( T ) + ("s") • N°w again 
r / 4 v* î / 4 \*" ,/* , 4 \T ,r , 4 \ r ^ t 4 yT 
L(x) s J (-g") = 1 • ^ T ) * 1 • ("I") a ("r) anc-

w ^ r * n \fi _ tJL\*-t r f±.\ri- r±\a - r - (^ \A 

("s") Is (-g-)J s (s ) is (x)-»= ("2f") • 1 " (5") • 

It follows again (I = T ai-d so <PC is an epimorphism. Hence 

the "converse theorem" 4 ) does not hold in $1 . 

On the other hand the "converse theorem" 4) is true in the 

category of all universal algebras of any fixed type. For to pro­

ve it, it is not necessary to use the notion of a free product of 

two isotypic universal algebras with isomorphic subalgebras, as 

it is done e.g. in the case of groups, but we may proceed in a 

very much simpler way. 

First of all, we can express the notion of an universal al­

gebra in a form more convenient for our purpose: Let -A be a 

set and V a mapping of A into the set of all positive in­

tegers. Let (A, A') be an ordered couple of sets such that 
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5) every element of A' i s a f i n i t e sequence of the form 

( * ) ' (y; xv x2, . , . , x ^ ^ j ; A ) 

where A e A and y, x^, x->, • * . , x ^ ) belong t o A , 

6) fo r every X e A and fo r any x^, Xg, . . . , X ^ M ) be­

longing t o A the re e x i s t s exac t ly one y e A sufch t h a t the 

sequence ( # ) belongs t o A' . Then the ordered couple (A, A') 

i s c a l l e d a un ive r sa l a lgebra of type [ A , V ] • I f , i n the 

previous d e f i n i t i o n , i n the condi t ion 6) , we use the phrase 

"a t most one" ins tead of "exac t ly" , we get the d e f i n i t i o n of 

a p a r t i a l un iversa l algebra of type [A , V J . Every p a r t i a l 

un ive r sa l algebra (A, Aw) can be embedded i n t o a u n i v e r s a l 

a lgebra (A, A') with the same underlying se t A and with 

A" c A ' . 

A homomorphism $r of a u n i v e r s a l a lgebra (A, A' ) i n ­

t o a un ive r sa l algebra (B, B ' ) with the same type [/i , v J 

i s any mapping from A i n t o B such t h a t i f (.-jc ) belongs t o 

A# t hen (y** ; x-^ , xj? , • . . , *%rx)> A ) e B ' . I f 9 i s , at 

the same t ime, a one-to-one mapping from A onto B , then i t 

i s c a l l e d an isomorphism. A universa l a lgebra (A .̂* ^{ ) i s 

ca l l ed a subalgebra of (A, A') , i f A ^ A and A1^ a A* . 

Al l universa l algebras of a given type [ A , v] form a 

category TLA ^ with respect t o homomorphisms. ^ ^ s a ­

t i s f i e s the condit ions 1 ) , 2) and 3) • As a i r e adyjcnent ioned, i n 

^ ^ t he converse theorem 4) i s t r u e . We s h a l l prove i t now. 

Let at be a homomorphism from (A, A') i n t o (B, B ' ) , 

both a lgebras belonging t o %A ^ . Let A 4* B and we 

s h a l l show tha t <*t i s not an epimorphism. Real ly , ot maps 

(A, A' ) onto a subalgebra (B-^, B£ ) of (B, B ' ) , where 

B-̂  = A + B . Now, i t i s always po s s ib le t o f ind in Uy^ ^ 
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an algebra (B2 , B^ ) and an isomorphism t, from (B» B ' ) on­

t o (Bg, Bg ) such tha t B n B 2
 a B 1 , B ' n B^ * B £ and 

xL =* x for every x c B^ « The couple (C, On) 9 where C s 

s B u B« and C" a B ' u Bl , i s a p a r t i a l u n i v e r s a l a lgebra 

of type [A , V.3 * This can be of course embedded i n t o a u n i ­

v e r s a l algebra (C, C') € ^Ai^ * Now, (B, B*) and (B 2 , B | ) 

a re subalgebras of (C, C ' ) , and we s h a l l denote by (U and (U^ 

the i d e n t i t y mappings of them in to (C, C') • Now, we have 

dC^a = <*, t(U^ but at the same time ft 4* I ^ # Thus oc i s 

no epimorphism. 

R e f e r e n c e s 

[ l ] A.G.KURQ§, A..H. LIVSlC, E.G. S U L ' C E I F E R : Osnovy t e o r i i 

k a t e g o r i j , Uspehi Mat.Nauk, XV, 6(96) ,1960, 
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