Commentationes Mathematicae Universitatis Carolinae

Zdenék Frolik
Topologically complete spaces (Summary of author’s results)

Commentationes Mathematicae Universitatis Carolinae, Vol. 1 (1960), No. 3, 3-15

Persistent URL: http://dml.cz/dmlcz/104872

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1960

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/104872
http://dml.cz

Commentationes Mathematicae Universitatis Carolinae
1, 3 (1960)

TOPOLOGICALLY COMPLETE SPACES
(Summary of author’s results)
Zden¥k FROLfK, Praha .

If a complete metric space ( P, Cy) is homeomorphic
with & subspace R of a metrizable space () y then R
is & (3~ -subset of () . Conversely, if P 1is a

G-d‘ -subset of a complete metric space, then there exists
a metric ¢ for the space P  such that (P,q) is a com -~
plete metric space. In view of these facts we define:

DEFINITION. A Hausdorff topological space is said to
be a G“/' -space if P is a G‘(/" -subset of every one
of its Hausdorff extensions, i.e. if P is a dense subspa=-
ce of a Hausdorff space R: y then P is a G’cj‘ =subset

of R

.This definition is too genéral. Indeed, an open subspa-
-ce of a _G'J' =space may 'fai]/to be & G’d' =gpace., This fol=-
lows at once from the following (for proof see [F’ 2] y 3e2)

LEMMA, Let M1 and Mz be two disjoint dense subsets
of & I ~closed space (K,(/Z> such that M,u ML =K .
There exists a topology ,‘5« for the set K such that

1) (K,&) is @& H-closea space.

(2) (L ana <&¥ are coincident. on both M1 and ML .

(3) M, is open in (K, %) , 1.e. M e B .

y Let us recall that a Hausdorff space P is said to be
'H -closed if whenever R 1is a Hausdorff space contai =
- ning P y then P is a closed subset of R « Thus every

H—elosed space is a Gd‘-space. A completely regular
space is _,‘H-closed if end only if it is compact (for fur -
ther properties see [K] , for generalisations see [F 1]) .
I£ M, is the set of all rational numbers of the unit in =
terval K of real numbers ( with the usual topology), then
by the preceding lemma there exiets a H -clbs_ed

-3



~space containing R &s en open subspace. It ig well-known,
that R is not a (s -subset of K . Thus R is met a
G'd' -gpace. '

The following speciel sort of ( -spaces was intro-
duced by E, Gech in [&] . By E. Bech, & space P is said
to be topologically complete if P is completely regular
anda Gy -subspace of the Gech-Stone compactifieation
A(P) of P .E. Bech proved that whenever a topologically
complete space P is a dense subspace of a completely regu~
tor space R , then P is & Gy -subset of R and every

G -subspace of & topologically complete spaces is & te-
pologically complete space. The fech’s method of proofs ie
based (essentially) on the Tech=Stone mapping theorem, amd
consequently, this method is not applicable to spaces which
are not completely regular.

A class of Crd‘-spaces (containing topologically com-
plete spaces) can be characterized internally, i.e, with =
out reference to larger spaces. The purpose of this paper
is to summerize author’s results concerning this class of

G'd' -3paces. .
: Table of contens
l. Notation and terminology
2. Internal characterizations
3+ Subspaces and products .
4. Invariance under mappings and paracompactness
5. Localizations and local properties '
6. Generalizations ( G(n) «spaces)
7. Specializations ( N(m) -spaces and () ~gpaces)

1
Notation and terminology
The terminology and notation of J. Kelley, General
Topology, will be used throughout. For convenience we shell
use & few not quite usual symbols and terms which are lise
ted below. : :

l.1. A system is a synonym for andindexed faui:tly. For:i'
® e .



systems_we shall use a notation such '-as{ﬂ; @eA} or mere-
B,, o« The cartesian produect of a system will be deno-

ted by x{Pa,} « If m isg a cardinal, then ™ -gystem is

a system whose index set is of potency " ., A centred fami~

ly of sets is a family a having the finite intersection

property, i.e.,the intersection of every finite subfamily

of UL is non=void.

l.2. All topological spaces will be supposed to be
Hausdorff. The closure of a subset M of a space P wili
be denoted by M or merely M LIf L is a family of
subsets of a space P y then the feamily of closures of
21l sets from Ol will be denoted by I .

1.3, Extensions of spaces. A space P is en extension
of a space R y if R is a dense subspace of P .a pro=
per extension of R is an extension P of R with R+ P .
The Stone-lech compactification of a completely regular
space P will always be denoted by /5({:’)

l.4. Mappings. A mapping of a space P to a2 space Q
is said to be closed (open), if the image of every closed
(open) subset of P is a closed (open, respectively) subset
of (O} « A continuous mapping of a space P to & space (O

is said to be non-extensible, if there exists no proper
extension R of P such that for some continuous mapping
-F from R to (& the mapping f is & restriction of [ .

2
Internal characterizations

Complete metriecszspaces can be defined as follows: &
metric space (P,gp) is said to be complete, if the inter -
section of every Cauchy centred family m of closed sub -
sets of P (i.e., 7/ contains arbitrarily smsll sets, that
is, for every £>0 there exists a ™M in )7 with diame-
ter less than € ) is non-void. Using uniformities instead
of metries to define smell sets we obtain complete uniform
spaces. A space P is said to be topologieally complete if
the topology of P is the uniform topology of a complete u-
n:lrorm space., Complete uniform spaces do not possess the
: e



(fd' -property of complete metric spaces. We shall define ar-
bitrarily smell sets (i.e.Cauchy families) in such a way
that, for the]ubtained "completeness”, the GJ‘-—property is
preserved. We shall use complete diameters, complete sequen=
cegs and relations of completeness.

DEFINITION. 2.1. A diameter on a space [ is a non -
negative function d (the values of d are real numbers and

00 ) defined on the family of all subsets of P such that
(@1) 12 McNcP , then od(M)Z ol(N)

(@ 2) (M) =inf-{d (U) | U gpen, Uo M}

(a¢ 3) d(M)=-0 for every one-point set M .

Let d be a diemeter on a space P . A d-Cauchy femily is
a centred family Ul of subsets of P such thet
g {d(A); AeUl}=0
A diameter on a space P will be called complete if the in=-
tersection of every ol -Cauchy family consisting of closed
sets is non-void. ‘ : :
Note. Let g be a pseudometric on a space P . the

funetion d(M)"Mﬁ{Sf’(x y); xeM, fyeM} d(g)=0

‘is a diameter on P o This diemeter is said to be generated
by ¢ -

) Let d be a dicmeter on a space P » An extension D
of d is a diameter on an extension R of P such that
d is the restriction of D « A diameter d on P is said
to be non-extensible, if there exists no extension of d
onto any proper extension of P .

THEOREM 2.1. Every complete diameter is non-extensible.
Ir d is = non=extensible diameter on a completely regular
space, then ¥l is complete.
- For proof see [F 6]

: THECREM 2.2. If there exists a complete diameter on a |
space P s then’P is a G‘d" =gpace., If P is "Gd" -subsetv
of & regular space Gl  and if there exists a tomplete
. e ,



diameter on (3, , then tnere exists a complete diameter on
P . Evidently, d = O is a complete diameter on every,
compact space. Thus a completely regular space is a
Gd’-space if and only if there exists a complete diameter
on P .

'DEFINITION. 2.2. A space P will be called topologice-
1ly complete in the sense of E. Cech (or merely complete) |
if there exists a complete diameter on P ana P is a regu-
lar space. : '

Let ol be a diameter on a space P and Tet 9 ve a
raximal centred family of subsets of P . If for every

©5@ the union of a finite number of sets M with
' d(M) <€ velongs to I, then I is ad-Cauchy
family. Thus we have the following

THEOREM 2,3. Let d ve a complete diameter on a space
"P. For every M cP 1et D (M) be the greateat lo -
wer bound of the set of all £ D0 for which there exists
a finite number of sets M, ...Mp sueh that UM;0M
and d(M;)=¢ ($-4,....&), Then [ is s complete disme-
ter on the space P

If d is a complete diameter on a regula:c space P
end if & (M)=0 , then the closure of M 1s a compaect
subspace of P . If D is the dismeter from the theorem
2, 3, then for every compact subspace K of P we have
oL (KY=0 .

THEOREM. 2.4, A diemeter ol on a space P is complets
if and only if the following two conditions are fulfilled
(1) 1£ M 1s closed in P ana  d(M)=0 , then

M is a eompact space. -

(2) 1f {F is a centred sequence of closed sets
and %O%L(F )=0 , then ﬁF’ + &

1t (Py) ie a metrie space and o {8 'the diameter
generated by & , then the condition (1) is satisfied.
1 P is & countably compaet space, then the condition(2)
is fulfilled for every diameter ol on P . Thus no cne of
the conditioms (1) and (2) is a‘ufficient for d to be a
complete diemeter (see. [F 2] , 3.10).
e



DEFINITION 2.3. Let ok ={ A be a sequence of open
coverings of a space P . an" = auchy family is a cent-
red family (/ o €ubsets of P that for every m =4,2,...
some A,ne. mm, contains a Ae&l « A sequence ok
is said to be complete if the intersection of every

ok -Cauchy family consisting from closed sets is non-void.

Let d be a complete diameter on a space P o« Let
Ny (m=1,2,. )be the family of all open subsets J of P
with oL(U)( v o« It is easy to see that R = {Ol,n} is
a complete sequence of open coverings. Moreover

(¢ 1) If an open set A is contained in some set from

OZn y then A belongs to Oln, |

(e 2) Uln+4 C C[ﬁln (n:4,2,...)

Conversely, if of is a complete sequence of open co=-
verings satisfying (c¢ 1) and (e 2), let d(M) be the greas
teat lower bound of the set of all @~  for which there e«
xists a A&(/Z% containi;ng M « If there exists no such
M , put d(M)=4. 1t is essy to see that d is a comple~
te diemeter on P . Finally, if oK is a complete se -
quence of open coverings, it is easy to construct a complé—
te sequence satisfying both conditions (e¢ 1) and (c 2).
Thus we have proved the following

"THEOREM 2,5. The following conditions on a spacePare -
equivalent

(1) There exists a complete diameter on P .

(2) There exists a complete sequence of open coverings

ofP

The theory of complete spaces using complete sequen"-!
ces of coverings had been built in [F 2] . ‘

DEFINITION 2.4. A relation of completeness of a spa-
ce P is a binary relation A defined for open subsets of
P such that |

(r 1) M(A B) implies AOB

(r 2) If X (A B), and [ are open, C:)A

and BgD , then # (C, D)

-8e



wr 3) I A is an open set, then the famlly
B-x (A, B)}
is a base for open subsets of-A o
(r 4) If MU is a centred Pemily of sets such that for
every positive integer 7 there exists
A,“... Apsqs with x (A,,, A,,M) for all
+=1,...,m and A.n,.,q contains a Mem
then the intersection of J7L 18 non-void.

Let X be a relation of completeness of a space P °
For every MCP let cL(M ) be the greatest lower bound
of the set of all wn for which there exists A,,...,Am._,
such that "(.(AL,A”,) = Adeee, y &and Am43 M . If
there exists no suech M put oL(M)-’/ « It is easy to
see that o is » complete diameter on the space P o

Conversely, let od bea complete diameter on a space
P « For arbitrary open sets U and . V let us define
n(Zj V) if end emly iz UV
2d (V)£ min {1, oz,(U))

It is easy to see that 4 1is a relation of.completeness
of the_ space P « Thus we have proved the f‘ollowihg |

TKEOREM 7 6. The following condltlons on a space are
equivalent:

(1) There exists a complete diameter on P .

(2) There exists a relation of completeness on P o
In the connection with relations of completeness see [Ch]

The preceding theorem is the solution of a problem of Ge
Choquet.,

The most useful special sorts of complete spaces are
complete completely regﬁlar spaces which have been introdu-
ced by E. Gech. For these spaces from the’pre‘ceding results
it follows at once »

- THEOREM 2.7. The following properties of a completely
regular space P are equivalent:
1) P isa G4 -suvset or #(P) )
(2) P is a Gd‘ ~subset of a compactification of
(3) - P is a | G‘d’-subset of every completely regu-»

lar extension of
0w
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(4) P is a Gg“—space
(5) There exists a complete diemeter on P
(6) There exists a complete sequence of open coverings

of P ,
(7) There exists a relation of completeness on the
space P .

Note. The equivalence of conditions (1) = (3) had been
proved by E. Céch in [b] . ' :

. 3
Subspaces and products
The theorems of this section are immediate consequen =
ces of internal characterizations stated in the section 2..

THEOREM 3.l. The following conditions on a subspace
M of a complete space P are equivalent:

1) M is a Gd"-space

2) M is a complete space

(3) M is & Gd“’-subset of the closure ofMin P .

From the preceding theorem it follows at once

THEOREM 3.2. A subspace P of a completely normal
complete space R is complete if and only if P is a

ﬁ'd' -subset of R N
Using complete diameter it is easy to prove the follo=-

%

THEOREM 3.3. The topological product of every count -
ably family of complete spaces is aéompl’éte space, If an
uncountable system % of spaces contains no H -closed
space, then the topological product of {Pa,} is not a com =
plete space. ~ '

wing

4
Invariance under mappings and paracompact spaces

THEOREM 4.1. Let f be a continuous and closed mapp =
ing of a regular space P onto a regular space a such
that the inverses of points are compact. Then P is a com~
plete space if snd only if Q,. is complete.
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For proof see [F 3]‘ and l_F 7] .

THEOREM 4.2. Let f be an open and continuous mapping

of a completely regular space P onto a completely regular
‘space () . Ir P is complete, then a is a complete
space. ‘

For proof see [F 3) « This proof is not based on inter-
mnal characterizations

THEOREM 4.3. The following conditions on a space P
are equivalent:

(1) P is complete and paracompact

(2) There exists a closed and continuous mapping of P
onto a complete metric space such that the inver -
ses of points are compact.

(3) There exists a complete diameter on P generated
by a pseudometric

For proof see [F 7]

THEOREM 4.4, A completely regular space P is paracom-
pact if and ox_lly if the following condition is fulfilled:

Ir Q is ‘A loecally compact completely regular exten -
sion of P » then there exists a paracompact complete spa- -

ce R with PcRc@® .

2
Localization and further properties

DEFINITION 5.1l. A space P is saia to be locally com-
plete if every point of P is contained in some open com -
plete subspace of P , ioee, if every point of P has a
neighborhood which is a complete space.

In [F 7_] it is shown that locally complete completely
regular space may fail to be complete. However, every local-
ly complete space contains an open dense complete subspace.

THEOREM 5.1. Every paraco:npact locally complete space
is complete.

Now we proceed to state further properties of complete:_
spaces (for proof see [F 7] )o |
..11..



THEOREM 5.2. Let [? be & iocally complete space. Let
us suppose that a countable subset N of P has an acecu =
mulation point. Then there exists a compact’ subspace K of
P such that the set KAN is infinite. Moreover, if an
open subset lf of F)-contains an accumulation point of
the set N , then F: may be chosen with F(CTII .

As a consequence of the preceding theorem we have at
once the following

THEOREM 5.3. Let |2 be a countably compact locally
complete space. Then for every countably compact space CL
the topological product. P&:Gk is a countably compact
Space.

For families of open sets there is result analoguous
to theorem 5.2. Thus we obtain the following

THEOREM 5.4, Let | be a pseudocompact completely re-
gular locelly complete space. Then for every completely re-
gular pseudocompact space ?y the topological product

F%(ﬁi is a pseudocompact space,

v By a theorem of P. Urysohn and P.S. Alexandrov, in
compact spaces the characters and pseudocharacters of
points coincide (for definition see EK %]

THEOREM 5.5. If [P is a locally complete space, then
the characters and pseudocharacters of points coincide. '

From the preceding theorem using well-=known theorems
about images of metrizable spaces under continuous closed
mappings it follows at once:

THEOREM 5.6, The image fj of a metrizable complete
space under a continuous closed mapping is a metrizable
space if and only if Fj is a complete space.

It is. well<known that every locally compact space is a:
‘%L-space. A completely regular complete space may fail to
be a 4%.-space. Indeed, it is easy to prove the following

THEOREM 5.7. Let B{N) be the Tech-Stone compactifi -
catlon of the countably infinite discrete space Pd A spa-
N(; PC/S(P) , is a 4R -space if and only if



P is a locelly compact space. b
The property of being locally complete is invariant
under continuous closed mappings of regular spaces, i.e.,
a theorem analoguous to the theorem 4.2. holds.

. 6
Generalization ( (Gfm)-spaces)

DEFINITION 6.1. A space P 1is said to be a (r(m)-spa-
ce, T being a cardinal number, if for every extension R
of I there exists a MM ~gystem {UQ of open subsets

of R with ﬂ{U@,}z P .

Thus Gg’-space and 6(~0) -gpace are synonymous.
{y(m)-spaces were introduced and studied in [F 2_] . Using
complete m -systems of open coverings (defined below) to
characterize completely regular G{%n)-sﬁaces we obtain
theorems analoguous to those concerning complete spaces. He-
re we shall state the deflnitlons and a theorem, only.

Let oA = {éz ; A€ A be a M -system of open co=
verings of a space 53 A ac‘-Cauchy family is a centred
family I of subsets of P such that for every @€
some e ({, contains a Me J . A m-system is said
to be complete if the intersection of every o ~Cauchy fa -
mily consisting from closed sets is non-void,

THEOREM 6.1, The following conditions on a completely
regular space P  are equivalent:
(1) P is a GGm)-space. ‘
(2) There exists a complete M -gystem of open cove~
rings of P . - o
(3) P is the intersection of a m -system of open
subsets in some compactification of P o

‘ From the definition of (F(m)-spaces it follows at on=-
ce that u 6’(0) -gpace" is a synonym for " H-closed space”
and from the preceding theorem it follows that in the case
of completely regular spaces "locally compact space" and
" ((4) -space" are synonymous. Thus someé theorems about
compact or loecally compact spaces can be deduced from smalo-
guous theorems concerning (7 (m)-spaces.

«] 3=
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7
Speecializations
(N(m.) ~spaces and o, ~-spaces)

In this section all spaces are supposed to be cpmplete=
ly regular.

For everg real-valued continuous funetion on a space
P let be the covering of P consisting from the

sets of the form{x If()ﬂ ’< rn}

where N is runnlng over all positive integers. A family
‘:ﬂ of continuous functions is said to be complete, if the

system {W(f} f € ‘f} , is complete in the sense of
ithe section 6. ‘

Complete families of functions are studied in [F 4] o

THEOREM. A space P is a Q -gpace (in the terminold;,—-
gy of E. Hewitt) if, and only if, there exists a complete fa~
mily of continuous functions on P, i.e., if, and only if,
the family of all continuous functions is complete,

A space P is said to be a N(m)—space, if there e =
xists a complete m -gystem of continuous function on P.
A space P is a Nﬁn)—apace if, and only if, there exists

-system {N“’I of N -sets in B(P) witn
n{N "

If we consider countable open coverings instead'pf co =
verings‘ of the form /}]7( f) , we obtain an interesting class
of spaces which will be investigated in a prepared paper.
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