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CONVERGENCE OF MULTISTEP METHODS
FOR SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS
WITH PARAMETERS

TADEUSZ JANKOWSKI

(Received August 7, 1984)

Summary. The author considers the convergence of quasilinear nonstationary multistep
methods for systems of ordinary differential equations with parameters. Sufficient conditions
for their convergence are given. The new numerical method is tested for two examples and it
turns out to be a littie better than the Hamming method.

Keywords: multistep method, Hamming method.

I. INTRODUCTION

Consider the ordinary differential vector-equation of the form

(1) y(0) = f(t, y(t),n), tel = [a f],

where i € R? is a parameter and f:I x R? x R? > R4, (x = (x, x5, ..., X,)" € R”).
Let C(I, RY) be the class of continuous functions from I to R% By a solution (¢, A)
of (1—2) we mean a function ¢ € C(I, R?) and a parameter 1€ R” satisfying the
equation (1) and the boundary conditions

(2 y@) = y,eR?, Dy(B) = y,eR”,

where a constant matrix D = [d,;] of type p x q and vectors y, and y, are given.
We can see that this is a problem of terminal control. Many special problems can be
reduced to (1-2).

Existence-uniqueness theorems for (1—2) were established in many papers (for
example, see [2, 3, 6, 8, 10, 13, 14, 17]). Due to this fact we assume that the problem
(1—2) has a solution (¢, A)e C(I, R%) x R”. Our task is to find the numerical solu-
tion (Vs Ay) for (1-2).

Let d and k be given natural numbers, d > 1 and d > k — 1. Put Iy, =
= {tiy = & + ihy: i€Ry}, Ry =1{0,1,...,M}, M <N where N is a natural
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number, N = d and hy = (B — a)/N. For given y,(t),t€l;,—, and A,_; we can
find yy(t), tel;y~Is4-1. To this end we can apply the quasilinear nonstationary
multistep (k-step) method of the form

k

Y at ha) yu(t + ihg) = hy F(t, has Vi a=1) > t€1aa-4,
i=0
where
F(t,h, y,0) = F(t, ..., t + kh, h, y(1), ..., y(t + kh), v).

Next, having y, (1), t € I;; we try to find 4, from the relation

IID[hdé:O?dif(tihd’ Yndting)s 2a)] — v + DJ’p“ < g(hy) -

Generally speaking, the elements (y,,, Ay) are found from the relations
k

(3) Y alt, hy) yu(t + ihy) = hy F(t, hy, Yus Ax—1)» t€ly =Iyn_y,

i=o0
NeA ={d,d+1,..}.

N
(4) ”D[h)v _ZOVNif(zihN’ Vi tin)s An)] = Vi + Dyz:” < g(hy),

where lim g{hy) = 0.

N-w
It is easy to see that linear methods (stationary and nonstationary) are a special
case of the methods of type (3—4).
The purpose of this paper is to establish sufficient conditions for the convergence
of the method (3—4) to the solution of (1—2).
Some numerical examples are also presented.

2. CONVERGENCE AND CONSISTENCY AND STABILITY
The following definitions are well known (see [1, 11, 16, 5, 7]).

Definition 1. We say the method (3—4) is convergent to the solution (¢, 2) of the
problem (1-2) if

lim max [o(ty,) = yi(tu)] =0, Iiim |4 = 2]l = 0.

N—-w ieRN

The order of convergence is v(v > 0) if

max [p{t,) — Iin(tuy)| = O(h3) s |4 — }w” = 0hy).

ieRN

Definition 2. We say the method (3—4) is consistent with the problem (1-2)
on the solution (@, A) if there exists a function &: J,,: H - R, = [0, ©), J,, =
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= [a, B — khy], H = [0, hy], ho €(0, o) such that

k
(i) | .Zoai(t’ hy) @(t + ihy) — hy (1, hy, @, A)|| < &(t, hy),
N-k
(ii) lim 3 ety hy) = 0.
N=o i=0

Remark 1. Since (¢, 4) is the solution of (1—2) the condition (i) assumes the form

k k t+ ihn
le()) Y alt, hy) + Y a/t, hN)J' f(s, @(s), 2) ds — hy F(t, hy, @, )| <
=0 i=1 ¢

S et hy), ted,,.

The following theorem deals with the consistency of (3—4).

Theorem 1 (see [7]). If
1° f:I x R"x RP > R, F:I*'' x H x R®+L « RP 5 R9,
aj:I x H—> R, jeR,_,

and f, F and all a; are bounded, a,(t, h) = 1,
2° there exists a solution (¢, 1) # (0, ) of (1—2) where 6 = (0, ..., 0)T € R,
3° ¢’ is Riemann integrable,

then the method (3—4) is consistent with the problem (1—2) on (¢, 1) provided

N-k k

(5) lim 3 |3 ajtu,, hy)] = 0,

N—-w i=0j=0
N~I

(6) 11m hN ” Z ]a Lings N)f( ihno (/’( :hN) )‘) - ( ihn> N’ , )“)“ =0.

Remark 2 (see [5,7]). If the functions f and F and a; are continuous and if for

t € I the conditions
k

Ya/t,0)=0, tel,

Jj=0

lim hy! Za ‘t,hy) =0, tel,

N- oo j=

k
Y jaft,0) f(t, 1), A) = Ft,...,1,0,91), ..., 01), 2), tel,
i=1
are satisfied, then the conditions (5—6) are satisfied as well.

Lemma 1 (see [1]). If the elements of the sequence {z,} = R, satisfy the re-
current inequality
n—1

Z,,§a,,+2b,-z,~, Ay, bnER+’ neRN—k+1’
i=0
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then

n—1 n—1
Zy = a, + Zaib.- H (1+ bj)a NERy_k41
i=0  j=i+1

where

I
-

n—1
=0, J[...=1.
Jj=n

Remark 3. If a, = a, b, = b then we have Squier’s result (see [15])

0

1§

i

z, £ all +b)", neRy_ji-

Now, let a family of recurrent equations of order k of the form

k

(7) Zoai(t,,,m, hy)zl%, =0, neRy_,, Ned,

i=

be given. Put Ul = (zh, ...,z . )". By {U¥(ng, ")}IN%", NetV where

no € Ry_y41 is fixed we denote the solution of the family (7) such that ULY(ng, u) =
= (MO, ceey “,(_I)T. W

Definition 3. The trivial solution of the family (7) is called uniformly stable
if for every ¢ > O there exists «5(3) > 0 such that for every Ne N, no € Ry_j+1

the inequality |[u"], < o(e) implies [[U¥(ng, u")|x <& for neRy=
= {ng,ng +1,...,N — k + 1}, where ”H* is some norm of the matrix A,
0 1 0 e 0
A(t, h) = 0 0 1 0 , (t,hyel x H.
—ao(t,h) —ay(t,h) —ay(t,h) ... —a,_(t, h)

It is known that the trivial solution of (7) is uniformly stable if
[4t, )|« £ 1+ Mh, M 20, (t,h)el x H,
or, more generally:

Lemma 2 (see [7]). If there exist a Lebesgue integrable function A: I — R and
a constant p € R,_ such that

"t+ph+h

[A(z, )|« < exp (J ) A(s) ds> , t+ph+hel, heH,
t+p

then the trivial solution of (7) is uniformly stable.
Further, we have

Lemma 3 (see [5, 7, 12]). If the trivial solution of the family of equations (7) is
uniformly stable then there exists a constant C = 1 such that
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n—1
max [[zY ]| £ C[ max [Jul¥| + ¥ [[?¥]], neRy_gs1, NeA,
S€ERk -1 SERK -1 s=0
where z,, satisfies the recurrent equation
k
Y aftuy hy) ziY; =cV, neRy_,, NeWN&
<0
We introduce
Definition 4. The method (3—4) is said to be stable if the trivial solution of the
Sfamily (7) associated with it is uniformly stable.

3. ASSUMPTIONS AND LEMMAS

We introduce the following

Assumption H,. Suppose that
1° f:1 x R? x R? > R, and f is continuous;
2° there exists a constant M € R such that for (t, p) eI x R?, x, X € R% we have
17t x, 1) = f(8, % )] < Mx = =] 5
3° there exists a constant L> 0 such that for a function z € C(I, RY), z(a) = y,,
Dz(B) = y, and tel, i, fi € R® we have

D Uff(t’ 2(1), ) dt — ﬁf(t, 2(1), i) dt:”l > Lg - 4| ;

4° there exist Aye R® and g: H —> Ry, limg (hy) = 0, such that the condition
(4) is fulfilled; N=eo

5° there exist constants Yy;, lyml =TI,ieRy,NeN,and a functionc: H - R,
lim ¢(hy) = 0, such that the function z € C(I, R%) from 3° satisfies the inequality

N-ow

<clhy), Nest .

B N
ff(t, z(t), Ay) dt — hN.;o'yNif(tihN’ 2(tin), An)

Remark 4. Let p = 1 and f(¢, y, v) = vf(t, y). Then the condition 3° is satisfied

with
8

0<LE inf{fo(t, z(t)) dt: z € C(1, RY), z(«) = y,, Dz(B) = yk} )

Moreover, if
dlifi(ta Z) =2m;>0, i=1,2,...,q,

then
q
O0<L=(f—a)) m,.
i=1
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Remark 5. The condition 3° guarantees that if the problem (1—2) has a solution
(¢, 2) then the A e R? satisfying (1—2) is unique. To prove it we suppose that there
exist A,, A, € R?, A; = A,. Then we have

o = |of [ otd. 1 as = [0 00,2 ae]| = s, - ],

ie. Ay = 4,.

Remark 6. Let w: H — R be a function such that |w(hy)| < g{hy). Now the
condition 4° leads to finding a solution Ay of the equation
(8) G(4) =0, G:R*>R”,

where N
G(/l) = D[hNZ,OVNif(tihw YhN(tihN)’ ))] - Vet Dyp - W(hN)‘

Let the solution of (8) belong to @ = R”. This solution can be found by iteration
methods. Suppose 4* is a point lying in Q such that the Jacobi matrix W(1) =
= [0G,/04,] has the inverse W™ 1(1). Then by the assumptions of the Kantorovich

theorem the Newton process
9) APED = 30 — w1t AO) GA™), n=0,1,...,
converges to a solution Ay of the system (8).
For p = 1 the system (8) is a scalar equation. If there exist constants m and M

such that
o

tiN, NtiNa}- éM’
Bl( h yh(h) )

q N
0<m=hy) dy) v
=1 i=o
then the method (9) assumes the form

(10) ABHD — 0 _ i GU™), i®e@, n=0,1,....

This method is convergent to the solution 4y of (8).

Assumption H,. Let

1° F:I**' x H x RI**1D x RP - R,

2° there exist constants p;e R,,i€ R, and functions r: I x H—> R,, ¢*:
I x H— R, such that for x;, X;€R%, ieR,u, feR? s;€l, i€Ry, Spn =
= min {s;: i € R} we have

(50 «ves Sk By Xy ooes Xy 1) — F(S0 -y 85 By Koy vy Ko )| S

R

.S_ pi”xi - xl” + r(smin’ h) ”.u - ii“ + 8*(Smin3 h) 3
i=0
N-k
lim hy Y ¥(ty, hiy) = 0.
N-w i=0
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Lemma 4. If Assumption H, is satisfied and the problem (1—2) has the solution
(¢, 2) then we have the estimate

12— 2] = —Il;{g(hn) + || [e(hw) + Q max vy, (t,)I}, NeA,

where
o(t) = [o(t) — yu(0)], @=TM(B—o)(1+d7").

Proof. It is easy to see that

o| [[rte o0 2y = (st 000, 2y 0] -
B N
=D [Lﬂt’ (p(t), AN) dr — hNiZ,OYNif(tihN’ (p(tihN): AN)] +

N N
+ D[hN.ZO'yNif(tihN’ (P(tihN)s A'N) - hN_ZOVNif(tihN: th(tihN)’ }w)] +

N
+ D[hN_ZO?’Nif(tihN, th(tihN)? /IN)] — ¥+ Dy,.

Now, using Assumption H, we have the desired estimate.

4. CONVERGENCE OF THE METHOD (3—4)

Let
k
P = Z p] s
=0
C,=C(1—-Cpff—a)d™*)™' where C=1,
o*(t, h) = &(t, h) + heX(t, h),
uy = max v, (t;,) >
JjeRN
N-k
Ty = Ci{eon, + L“hN_ZOr(tth, hy) [9(hy-1) + [ D] (c(hy-1) + Quy-1)] +
=

N—-k
+.=205*(‘th’ hy)} »
C, = C, exp (C,P(f — ),
Sy = Cyleon, + L'h, g:or(’jhw hy) [9(hy-1) + | D] e(hy-1)] +

N-k
+ Zj*(tm, hy)} s
i=
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N-k

Py = C, L QD hy ¥ty hy) .
j=0
Now we can formulate the theorem on the convergence of the method (3—4).

Theorem 2. If Assumptions H, and H, are satisfied and if

1° there exists a solution (¢, A) of (1-2),
2° the method (3—4) is stable and consistent with (1—2) on the solution (o, 1),
3° d> C(B — &) p, where C 2 1 is the constant from Lemma 3,

4 dim p(t) =y (0] =0, tely,,
N-ow

then
N N N

uy S g [[Pi+ 28 [] P; =iy,
i=d i

(11) =d j=it+1

[4 = Ay] = L' {g(hw) + ||D] [e(hy) + Quy]}, Neo .

Moreover, if iy — O then the method (3—4) is convergent to the solution (¢, 1)
of the problem (1-2).

Proof. Fortely, ne Ry_, we have

at, hy) [yan(t + ihy) — o(t + ihy)] =

-

]

i=0

= hN ,97(1‘, hN’ th5 j’N—l) il hN g/"—(t, hN’ Q, l) +
k

+ hy F(t, by, @5 2) = Y aft, hy) oft + ihy).
i=0

Using Lemma 3 we get

€y = Max p, (t.,,) <

SeRy _,

n—1

k
= Cleow + hN.ZO[_Zopi Onnlty 1 1,) + M(tins ) |-t = 2T +
j=0 i=

n—1
+j;)[hzv e (juys hy) + &g, hy)]}, neRy_4+1, Net,

and
n-1

€nhy =Ty + ClPth:Zoeth , h GRN‘_HLI , NeA .

From Remark 3 we obtain

ey = Ty(1 + CPh)" S Sy 4 pouv . neN—k+1,
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and hence
uy < Sy + Pyuy—y, NeA .
Now we have the estimate (11) and the proof of Theorem 2 is complete.

Remark 7. Theorem 2 and Lemma 4 remain true if the conditions 3° and 5°
of Assumption H, are satisfied only for z = ¢.

Remark 8. If

1° there exists a constant s € [0, 1] such that

N—k
ARy Y r(tins hy) < W(s) < 0, C, Q|D| W(0) < L,
Ne#  j=0

and C; = L™'C, Q||D| W(s) < 1if s [0, 1) while C; < Lif s = 1,

N
2° A YS; <,

Nes i=d
then the method (3—4) is convergent to the solution (¢, A) of (1—2) and
P, < By(s)h;™°, By(s) = C,L"' Q|D| W(s), ieA".
Now, if there exists a constant v > 0 such that forie A"
€on; = O(h}ﬂ) >
3 5%t 1) = O(HE™),
j=0
hi ~*[e(hs) + g(h)] = O(h; ™),

then the condition 2° is satisfied.
Indeed, it is easy to see that

N
lim [] P,=0.
N-ow i=d
Further, we have
N N
(12) uy < [T Pfug—;y + Y. S;}, Nes,
i=d i=d

and hence see that the method (3 —4) is convergent to (¢, 2).

Remark 9. If there exist a Lebesgue integrable function A: I — R, and constants
v>0,0=Zc¢<1,0, =20, peRy_; such that

t+ph+h

o*(t, h) = h“"J' A7) dt

t+ph
or

5*(t, h) — 5*h1+vc(t-a)/h
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then
i~k

3 5t h;) = O(hi*Y).
Jj=0

Moreover, if the function 4 is bounded then 6*(¢, h) = O(h**").
Now we can give sufficient conditions for the method (3—4) of the order v.

Theorem 3. If the assumptions of Theorem 2 are satisfied and if

N
° AYS <o,
Nes i=d
2° there exists a constant v > 0 such that
P, shi(i—1)(B—a), iel,
3° o(h;) = g(h) = O(h}),ieN,
then the order of convergence of the method (3—4) is v.

Proof. Using 2° we get
d—1

il:!ipi§<ﬂ—oc

Now the assertion of the theorem follows from (11) and (12).

>h§,, Nes .

Remark 10.If

1° the condition 2° from Remark 8 is satisfied,
2° there exist a function 7: I x H — R, and constant By, v > 0 such that

r(t, h) = [/3 - 1]v R TLR(t, B,

h

i—k
/\ Z F(tjh,’ hz) é BO >
e j=0
3 €, 0|D| Boff - @) < L,
then the condition 2° of Theorem 3. is satisfied.

Remark 11. It is easy to see that if

t+ph+h
F(t, h) =f A(t)dt, peR,_y,

t+ph
or
Ft, ) = Qe

where A:1 R, is a Lebesgue integrable functionand 0 = 0,0 < ¢ < 1, then
B
B, =j A(t)dt or By =0Q(1 —¢)"'.
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Remark 12. We considered our problem with the condition Dy(f) = y, where D
was a constant matrix. This condition may be replaced by

W(y(a), y'(@), y(B), y'(B), 4) = 0

where y: R* x RP — R”. Then the equation (8) assumes a more complicated form.

5. NUMERICAL RESULTS

In this section we report on numerical experiments with the new linear method
of the form

3 2
(13) v‘_‘:(,a"(t’ hy) yi(t + ihy) = hN.ZOb"{\t’ hy) f(t + ihy, yu(t + ihy), Ay—1)

where

ag(t, h) = =1, bo(t, B) = -5,

ay(t, h) = —5(J(t + h) — /1), by(t,h) =5+ ay(t, h),
ay(t, h) = —ay(t, h), by(t,h) = 2,

as(t, hy= 1.

This method is stable and consistent (see [7]). The iterative scheme for 1y will be
described later. We try to compare this method with the Hamming method (de-
scribed in [4]) on two problems.

Example 1. Our first problem
() = Asint +1t— 5 ¥(),
y(ﬂ) = _4 )
has an exact solution (¢, ) of the form
@(t; 4) = 2t — 4 4 -4(sint — 2 cos t + 2 exp (— -5t))
A= —=2:57/(1 + exp (—-57)).
We get the numerical solution (yy,, Ay) of our problem by (3—4). Here (4) assumes
the form
Ay = —2 — 257 4+ ‘25E, (n) with A, =0,
where E,, (7) is an approximate value of [§ y, (s) ds using the method [9].
Example 2. Now we consider the second problem
Y'(t)=Asint + t —-5y(t) + -1sin(t + 4),
y(0) = — 4,
y(4:25) = -5.
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It has an exact solution of the form
o(t; ) = Cexp(—-51) + *42sint — 2cos 1) + 2t — 4 +
+ -04(sin (t + 2) — 2cos (t + 4)),

where

C = -8+ -04(—sin A + 2cos 4)
and A is a solution of the equation
(14) = 1-25{-04(sin A — 2 cos A) — exp (2-125) [-4A(sin 425 — 2 cos 4-25) +
+ -04{sin (425 + 1) — 2cos (425 + A)) + 4]} .
Here A, = 0 and Ay is a solution of the equation
(15) A= (1— cos425)" ' {45 — -5(4-25)*> + ‘5E, (425) +
+ 1[cos (425 + 1) — cos )]} .

%

We use the method of successive approximations to find solutions of (14) and (15).

In Tables 1 and 2 we compare absolute errors between exact and computed solu-
tions. The computations were carried out on the Polish computer ODRA 1305.

Table 1 Example 1 Jiy = m/100
number of
‘max |0(tinn) = Yin(Lina)| |4 — 2y iterations
JjeR1o00 for (th’ }'N)
method (13) -000345 -000026 15
Hamming method 000701 000326 15
Table 2 Example 2 hy = 4:25/125
number of
max [@(tjny) — YinLiny)| |4 = 2| iterations
JeR12s i for (th, AN)
method (13) 063803 -063776 68
Hamming method -086634 083214 68
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Souhrn

KONVERGENCE VICEKROKOVYCH METOD
PRO SYSTEMY DIFERENCIALNICH ROVNIC S PARAMETRY

TADEUSZ JANKOWSKI

V &lanku jsou zkoumany kvazilinearni nestacionarni vicekrokové metody pro systémy oby-
¢zjnych diferencialnich rovnic s parametry. Jsou odvozzny postalujici podminky pro jejich
konvergenci. Nova numericka metoda je testovana na dvou ptikladech, které ukazuji, Ze je
ponékud vyhodnéjsi ne Hammingova metoda.
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Pesome

CXOAMMOCTBh MHOI'OIIATOBBIX METOJOB IJIsI CUCTEM
JUOPEPEHIIMAJIBHBIX YPABHEHUM C ITAPAMETPAMU

TADEUSZ JANKOWSKI
B craree uccienyroTcs KBa3sUJIMHEHHBIE HECTALMOHAPIBIE MHOTOIIATOBLIE METOIBI AJisi CHCTEM
OOBIKHOBEHHBIX AuddepeHIMaNbHBIX YPABHEHMIA ¢ mapaMeTpamMu. BriBeIeHB OCTATOYHBIE YCIIOBUS

JUIst MX CXOOMMOCTH. HOBBINA YHCIIEHHBIH METOM NPOBEPASTCS HA ABYX NPHUMEPAX, KOTOPBIE MOKA3kI~
BAXOT, YTO OH HEMHOTO BBHITOJHEEe MeTOAa XaMMHUHTA.

Author’s address: Prof. Tadeusz Jankowski, ul. Rylkego 4, 80-307 Gdansk, Poland.
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