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ELLIPTIC PROBLEM

MARIAN VAJTERSIC

(Received November 10, 1983)

The numerical solution of the model fourth-order elliptic boundary value problem
in two dimensions is presented. The iterative procedure in which the biharmonic
operator is splitted into two Laplace operators is used. After formulating the finite-
difference approximation of the procedure, a formula for the evaluation of the
transformed iteration vectors is developed. The Jacobi semi-iterative, Richardson and
A. D. 1. iterative Poisson solvers are applied to compute one transformed iteration
vector. By the efficient use of the decomposition property of the corresponding
iteration matrices, the fast Fourier transform algorithm needs to be applied twice
in the evaluation of one iteration vector. The asymptotic number of operations for
the sequential computation is 5n?log, n, where n? is the number of interior grid
points in the unit square. The result of 7 log , n parallel steps for the parallel com-
putation on an SIMD machine with n? processors is so far the best one.

1. INTRODUCTION

During the recent years the growth of interest in the numerical solution of the first
biharmonic boundary value problem in a bounded domain has been observed [6].
Some numerical algorithms based on splitting the biharmonic operator into a pair
of Laplace operators have been proposed for solving this problem [2, 4—9, 11—-13].
If the problem is considered on the unit square covered by a grid consisting of n X n
mesh points, there is an iterative procedure [4] where the solution of two discrete
Poisson equations is involved in one iteration. The boundary conditions for the first
Poisson equation are prescribed, while the boundary conditions for the second
need to beapproximated [9]. By the respective use of the five-point formula and asimple
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differerence formula for the approximation of the Laplace operator and of the unknown
boundary conditions, two linear algebraic systems of order n? in a special symmetric
blocktridiagonal form are obtained. The convergence of the iterative method is
improved by an SOR parameter which has been proposed in [4]. Thus, the solutions
of the coupled blocktridiagonal systems and two smoothing formulas have to be
evaluated in one iteration. Since, on the basis of the careful analysis in [4] the
number of iterations for the optimal smoothing parameter and for the accuracy
O(n™?) has been estimated by O(n'/? log n), our attention will be devoted to fast
computation of one iteration. (Here and throughout the paper logn = [log, n],
while the natural logarithm of n will be denoted by In n).

Most of the approaches for solving this problem utilize the fast direct Poisson
solvers to compute the two Poisson equations. The matrix decomposition and the
cyclic odd-even reduction methods [1] have been used as Poisson solvers for com-
putational experiments in [2]. The algorithm of Hockney [10] has been applied
in [4, 5]. The number of operations per iteration is O(n* log n) for these approaches
with the exception of the matrix — decomposition that requires O(n®) operations.
Also the improved O(n?) technique proposed in [12] is based on the direct methods.
The SOR iterative method has been used in [7]. An interesting approach has been
proposed by the same authors in [8], where the both Poisson equations have been
solved by the SOR method as one linear system. Unfortunately, the rate of conver-
gence for this scheme has not been estimated.

As given in [3], the best of the iterative methods, i.e. the A.D.I. method, requires
O(n’*(log n)* operations for the solution of the Poisson equation. Hence, a compar-
ison with the fast direct Poisson solvers shows that it is not efficient to use an iterative
method for our problem in a straightforward manner.

The purpose of this paper is to apply the Jacobi semi-iterative, Richardson and
A.D.I. methods for solving the two coupled linear systems in an efficient way.
Thus, an iterative method is used for the evaluation of one iteration vector in the
outer iteration procedure. The iteration matrices of the methods considered can be
decomposed by the eigenvalue-eigenvector decomposition. The inner iteration
process can be simplified if the outer iteration process is performed for the vectors
transformed by the eigenvector matrix. It is shown that such strategy does not
increase the asymptotic number of outer iterations. The evaluation of one iteration
will include some steps with O(n?) complexity and 2n real Fourier transforms of
vectors of the length n. Hence, if the procedure FOUR 67 of Hockney is adopted
[10], the asymptotic number of operations per iteration is 5n* log n.

For parallel computation, there are results 24 log n [11] and 14 log n [13] steps
per iteration, if an SIMD-type machine with n? processors is taken into account.
The application of the proposed strategy results in 7 log n steps if the same machine
is considered.
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2. THE METHOD FOR SOLVING THE MODEL FOURTH-ORDER
ELLIPTIC PROBLEM

Under the fourth-order elliptic model problem we shall understand the biharmonic
equation

(1a) AAv(x, y) = fi(x,y) in Q
with given boundary conditions
(1b) o(x, y) = fax,y)

n

bl ) = Faley)

where Q is the boundary of the unit square Q and v, is the derivative in the direction
of the outward normal. The equation (1a) can be represented in terms of the Poisson
equations as

(2) Av(x, y) = w(x, ),
Aw(x, y) = fi(x, y).

Let us construct an (n + 1) x (7 + 1) grid of mesh points over Q U Q, where
(n + 1) = h™' for a discretization parameter h > 0. Then the Laplace operators
and the boundary conditions can be approximated by simple difference formulas,
as used in [4]. For the numerical solution of the finite-difference analogue of (2), (1b)
there is an efficient procedure

(3) MYt = p2w® 4 ¢
vERD = ov® 4 (1 — @) 9D
Mw*+D = — 2/p2 Cv&* D + ¢,
WD = ow® + (1 — @) WETD k=0,1,...

which starts from the initial vectors v(* = w(® = 0. The matrix M is blocktridia-
gonal of order n?

4) M = (L M,, -1I),

where M, is the tridiagonal matrix (—1, 4, —1) of order n and I is the identity
matrix of the same order. The matrix C = diag (C, + L C,, ..., Cy, Cy + I) consists
of n diagonal blocks where the matrix C, = diag(1,0,...,0, 1) is of order n. The
vectors ¢, and ¢, arise from the discretization of the given functions fy(x, y),i = 1,2, 3
in (1). The optimal convergence parameter w € (0, 1) is a result of the analysis in [4].

In most of the algorithms for the computation of this procedure a direct [2, 4, 5,
11—13] or an iterative [7, 8] Poisson solver is applied to compute one iteration (3)
straightforwardly. In this paper we shall follow the approach presented in [12].
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The iteration formula (3) can be rewritten in terms of v as
(5) vERD = 20l — 2(1 — @) M72C]Tv® — o®* ™D 4 (1 — w)?c
k=1,2,...

with v = 0, vV = (1 — 0)M '¢;, e = M7 '¢e; + * M™%, .
The iterations are tested by the criterion

(6) v = v, <6

for a given 6 > 0, where ||*||,denotes the maximum norm of a real vector. If the
formula (5) is multiplied by the matrix U whose columns U%? k | = 1, ... n are
defined as

(7) U = 2 sin T T,
’ n+1 n+1 n+ 1
we get
FEED — 9§t _ 2(1 _ w)z UM—Z(CV(k)) — w¥3*k-n + (1 _ w)z ¢
(8) k=0,1,...
where ¢ = Uc and
9) vO = Uv® for k=0,1,...
Analogously to [12], if the condition
(10) [t - v, < 2
Ul

is satisfied, the condition (6) is also satisfied for the same 6. Here,

(1) [Ull = max [ 3 3 [Ui[]-
k,l i=1j=1

The matrix U can be expressed in the form

(12) U = FPF

where

F = diag (Fo, ..., Fo), (Fo)i,; = [2/(n + 1)] sinijn/(n + 1) i,j=1,...,n

and where the permutation matrix P is composed from n? blocks P;;i,j = 1,...,n
of order n, each of them containing 1 exactly in the position ( j, i) and 0’s otherwise.
The matrix P enables us permute elements of the n® vector (x;;, X1z, --er Xin
X215 +es Xpy) INLO the VECtor (Xyq; Xogs «ves Xpgs X125 o vs Xpn)-
Since both the matrices F and P are symmetric and orthogonal, the property of
orthogonality

UUT = FPF(FPF)" =1
is satisfied also for U.
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By using the result given in [12], the norm (11) can be estimated by

The number of iterations required to reduce the initial error of the process (8) by
e = O(h?) is
1 1

13 g = — In-—-
(13) gz _—In-

o0

where R denotes the asymptotic rate of convergence. The iteration matrices of the
processes (5) and (8) are similar [13], hence R,, = O(h'/?) [5].

Thus, the process (8) can be performed instead of the original process (5) without
increasing the asymptotic number of iterations O(n'/? log n) for ¢ = O(n"?).

In (8), the solution of the two Poisson equations is involved in the term U(M™? .
. (CvW)) which may be obtained in the following computational phases:

1. To evaluate Cv® = CUV® |
2. Tosolve Mv§*tD = Cv®W,
3. Tosolve  Mv{*D = y§rD

4. To evaluate Uv{** " = UM *(Cv¥)).

3. APPLICATION OF SOME ITERATIVE POISSON SOLVERS

We shall consider three classical iterative methods for solving the discrete Poisson
equation in order to evaluate the vector U(M™?(Cv%))) according to the computa-
tional phases 1—4. To recall these methods we first solve a general linear system

(14) Mx =y

with the same matrix M as in (4).
If we denote the Jacobi iterative matrix corresponding to M as

B=1-iM
then the Jacobi semi-iteractive method for solving the system (14) is expressed by

(15) gmHD = TGO 4y

where
x(m +1) R 1y
(m+1) __ — | 4
* - l:x('") Y=o |
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T‘(,rg+l) — [ain+lB (1 - ‘:)m«i—l)l] m = 0’ 1, L

The starting vector is

4© — [Bx“” + %y]
x(©

and the parameters a are given by a, = 1, a, = 2/(2 — ¢?), a;4, = (1 — }o%a)),
i =2,3,...,where ¢ = cos (n/(n + 1)) is the spectral radius of the matrix B [14].
In order to reduce the initial error by the factor h?, the number of iterations (15) is
pss = (2n/m) In n [14]. If setting x© = 0, the solution £’ can be written as

PJs . pJs . ~ ~
(16) gPrs) = (ET‘,’S) + _[]ngg + ...+ D)y =Tyy.

In the Richardson method, where p convergence parameters (p depends on the accu-
racy of the solution) are used in a cyclic order [15, p. 364], the iterations are com-
puted by

(17) XD = T+ Dy 4 p oy, m=0,...,p.

Here, the iteration matrix is
1
T¢*Y =1~ b,,, M

and the convergence parameters are

- -1
b,, = Zo = M cos 9, + to t+ 2
2 2

with

8 nh 8 nh
18 Ao = —cos?(—), A, =—sin?(—
(18) e < 2) g2 ( 2 )

and

2pr

One can obtain from [14,p. 140] that the number of iterations required for the
accuracy h?is p = pg = n/n(2Inn + In 2). Assuming x/© = 0 we get from (17)

(19) xPR) = TP® T&byy + ... + T¢®b, .y + b,y = Try.
One iteration of the A.D.I. method is computed by

(20) XD = i xm L og . o m=0,1,...
where
TED = (S + rpedD) ! (e = H)(H + 7,0 ,0) 7 (70 1 = S)
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and
gm+1()’) = (S + '"m+1I)—l [("m+1I - H) (H + 7’m+1l)_1 + I] y
with
H= (—I, 21, ——I)

S = diag (So, So» --»So), So =(—1,2, —1).

In terms of the values of (1.8), the Peaceman-Rachford iteration parameters are

estimated by
2. \@i=1)/2s
rizl(,(—«l) for i=1,...,5
Ao

where
2s }'1
(0,414)> <21 [15].
o
If we take x© = 0 and p, = 1§ log? n iterations to reduce the initial error by h? [3]
the solution of (14) can be written as
(21) xx xPV =g, (y) + T{Vg,, - (y) + ... + T¢OTP4"D .

e T(Az)g1()’) =T,y.

As known [14], the matrix M and hence the matrices B, H and‘S can be diagonalized

by the eigenvector matrix U given in (7). Thus, the matrices T;, i = A4, R, JS can be
expressed as
(22) T,=UD,U, i=JS,R A

where the diagonal eigenvector matrices D; for i = JS, R, A can be evaluated
respectively according to (16), (19), (21) from the eigenvalues of T§?, T and T{"
which are explicitly known.

The above methods can be applied to the evaluation of the computational phases 2
and 3, using the iteration matrices in the decomposed form (22). The solution v§* "

of the phase 2 can be computed by

VD = T,CUV®

where i = A, R or JS.

Then the vector v{*" can be obtained by

VETD = T = TICUT®

when one of the methods is considered.
If the matrix U is considered in the form (12) and one of the above methods is
aapplied, then the formula for the required vector UM ~%(Cv?)) is

(23)  U(M~*(Cv®)) = FPF(FPFDFPF(CFPF7*)) = D?FPF(CFPF 7).
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Thus, the computation of one iteration (8) depends on the fast eyaluation of the
formula (23). After the evaluation of the new iteration vector ¥&+1 the criterion
(10) is examined. If the condition (10) holds for some vector ¥**1)_ the solution
vector v* 1 js computed from (9) by a completing calculation. Since the elements
of the diagonal matrices D; depend on the acceleration parameters and on the
explicitly known eigenvalues, these can be computed, as well as the matrix F and the
constant vector ¢, before starting the iterative procedure.

4. THE COMPLEXITY FOR SERIAL AND PARALLEL REALIZATIONS

In the evaluation of one iteration (8), the computation of the vector U(M™*(Cv®))
is the most expensive from the point of view of arithmetical operations. Following
the formula (23) we can obtain the vector F¥™ as a result of n Fourier transforms
of real vectors, each of the length n. Since the sparse matrix C in (3) is of the form
C = diag (C,, Co, ..., Cy) + diag (1,0,...,0,I) = C, + C,, in the computation
of the vector CF(PF¥") there are 2n products required for the evaluation of C,F .
. (PFv®). Two transforms by F, in the computation of the expression C,F(PFv"))
need not be performed because these will be eliminated, in view of the orthogonality
of Fy, in the subsequent computation of the vector F(CF(PFv®)). Since the sparse
vector C,F(PF¥") involves 2n nonzero elements, its multiplication by the matrix F
is performed in a classical manner. Finally, Fourier transform of n real vectors of the
length n is required to evaluate the vector FPF(CF(PFv®)),

For a sequential implementation, the contribution to the asymptotic number
of operations will arise from the two Fourier transform applications. For our purpose,
the procedure FOUR 67 for the Dirichlet boundary conditions will be suitable.
The number of operations is $n*logn [10], hence 5n%logn + O(n?) operations
are required for an effective serial computation of one iteration (8). The number
of steps for the complete solution of (3) is 5n® log n . g, where ¢ = O(n'/? log n) is
estimated by (13).

Our approach can be implemented on a parallel computer with the following
SIMD characteristics [11]:

— n? processors are available;

— each processor may either perform one of the four arithmetic operations in one
time step or be idle;

— no memory or data alignment time penalties are incurred.

As given in [11], the coefficients of n Fourier transforms of n real vectors with n
elements can be computed in 3 log n steps on n2 processors. Hence, 6 log n steps are
required for the two transforms by the matrix F in our approach. 2n vector products,
required in the multiplication of the vector PFv® by the matrix C,F, can be obtained
in logn + O(1) steps on n? processors. The argument for this number is that the
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processors which become idle in the addition phase during the computation of the
first n vector products can be utilized for the evaluation of the remaining vector
products. Since the other phases in evaluation of the vector ¥**V require O(1)
operations on n? processors, one iteration (8) can be obtained in 7 log n steps. The
number of steps for the solution of (3), terminated by O(n~?), is 7 log n . g. Defining
the speedup of the parallel computation [] 1] over the serial computation time as

T,
pz"f

p

S

B

where T; is the serial computational time and T, is the number of steps for the parallel
realization on p processors, we get for the method proposed

5n%1 . 5
- wlEng 3,

n2

7logn.q
If the efficiency of the parallel computation [11] is defined by

o _ Se
nz — T
13

the result for our approach is 2.

5. CONCLUSION

The classical procedure (3) for solving the biharmonic equation (1) has been
replaced by the procedure (8) which can be evaluated efficiently by one of the three
iterative methods of section 3. For solving the special blocktridiagonal systems,
we have used the information about the eigenvector-eigenvalue decomposition
of the corresponding iteration matrices.

Thus, the results obtained are mathematically equivalent to those which could
be obtained by a straightforward application of these methods to the solution of the
problem (1) by the procedure (3). The advantage of our approach is in a reduction
of the number of arithmetical operations. If the two Poisson equations in (3) were
solved by the direct inverse using the same information (22) as we did, the approach
would require to perform 8n Fourier transforms of the length n in one iteration.
Our approach reduces this requirement to 2n transforms only. Thus, the arithmetical
complexity for our implementation of iterative methods is 5n? log n, i.e. the same
as for the straightforward application of the most effective Hockney’s direct
Poisson solver [10] to the solution of two Poisson equations in (3).

Compared with 24 log n and 14 log n steps for the algorithms in [11] and [13],
respectively, our result 7 log n steps is the best one so far for the parallel computation
on an SIMD-machine with n* processors.
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Since the routines for the fast Fourier transform are well developed for the time
being, the practical application of the methods needs no special procedures. The
parallel implementation would call for an architecture which would allow to perform
the fast Fourier transform and the inner product of real vectors in an efficient way.

As concerns the stability of numerical computation, the Richardson method
in the form (17) is unstable [15]. A difficulty can be also due to the truncation error
in the evaluation of the diagonal matrices D,. Since the crucial property used is the
eigenvector-eigenvalue decomposition of the iteration matrices, the approach pro-
posed is restricted for application to rectangualr domains only.
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Souhrn

NIEKTORE ITERATIVNE METODY RIESENIA POISSONOVE]
ROVNICE APLIKOVANE NA NUMERICKE RIESENIE
MODELOVEJ ELIPTICKEJ ULOHY STVRTEHO RADU

MARIAN VAJTERSIC

V &ldnku sa zaoberame numerickym rieSenim modelovej eliptickej okrajovej
ulohy Stvrtého rddu na dvojrozmernej pravouholnikovej oblasti. Na jej rieSenie je
pouzitd iterativna procedura, ktord je zaloZend na rozStiepeni biharmonického
operdtora na dvojicu Laplaceovych operdtorov. Pre jej koneéno-diferenéni aproxi-
m4dciu je navrhnutd formula vypoétu iteraénych vektorov v transformovanom tvare.
Na vypodet tychto vektorov su aplikované iteraéné metddy numerického rieSenia
Poissonovej rovnice: Jacobiho semiiteraénd, Richardsonova a A.D.I. metdda.
Vyuzijuc efektivnym spdsobom vlastnost rozkladu prislu§nych matic iterdcie, treba
pritom dvakrdt aplikovat algoritmus rychlej Fourierovej transformdcie. Asympto-
ticky podet operdcii pre sériovy vypodet jednej iterdcie je 5n? log, n, kde n? je podet
uzlovych bodov siete nad jednotkovym S$tvorcom. Vysledok 7log, n paralelnych
krokov pre vypodet na n2-procesorovom pocitadi typu SIMD predstavuje doteraz
najniz§iu hodnotu aritmetickej paralelnej vypoétovej zlozitosti pre tuto ulohu.
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