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1. INTRODUCTION

In their former papers, Sharma and Taneja [11] and Sharma and Gupta [9]

characterized a generalized measure of type (:" g) given by

(L.1) IGHP; Q) = (27" ZUW.~pq % B, 7,8 >0

B #+ 6(x & y) whenever o = y(f =9),

where P = (py, ..., p,), P: 20, Y p;=1land Q = (q1, ---. q,)» 4: > O, Zlqi =1
i=1 i=

are two discrete probability distributions of a discrete random variable.

The measure (1.1) under certain conditions (see [11]) gives Kullback’s [5] relative
information and Kerridge’s [4] inaccuracy. These measures have many applications

in statistics, economics etc..

The measure (1.1) can also be taken as
(12) 1G:5(P; Q) = (2277 —2779) 7 Z(pftﬂ - plai),

where «, B, 7, & > 0, o« #+ y(B + 8) whenever = 5(% = 7).
When y = 8 = 1, the measure (1.2) reduces to

(1.3)  I§R(P; Q) =7 —1)” I[Zp“ﬂ“——l], aff, a>0.
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The measure (1.3) has been characterized by Sharma and Autar [7, 8] and reduces
to Kullback’s relative information and Kerridge’s inaccuracy when g =1, o — |
and a = 1, f - 1, respectively.

The measure (1.2) is related with (1.3) as follows:

s 4
(1L4)  1GH(P; Q) = A IGH(P; Q) + ”A 14:5'(P; 0),

a BT Y,0 7,0 a,p

where A, = (2 — 1)* and 4, , = (2% — 1)*.
It can be easily seen that the measure I(;’5)(P; Q) satisfies the following branching
property:

(1.5)  IEH((P; Q) —ICH(Py + Pav Py - P4y + 42y dss - 4y) =

(Px + Pz) (q1 + qz)ﬂ al(a B) ( D1 . D2 q,

aﬂ_A 1 +P2 P+ P2 q1+q2’
q 4 _— p
2 > + - z:t (P1 + Pz)y (‘11 + ‘]2)‘5 ”8,5‘3( : s Ps ;
4y + 42/ A, — Auy pi+ P2 py+ Py

P ) A, + A,
qy + 49, 4, + 9>

where p; + p, >0, q; + g, > 0.

When y =6 =1 (or & = B = 1), (1.5) reduces to a branching property studied
by Sharma and Autar [7, 8].

In this communication, we characterize the measure (1.2) by taking the branching
property (1.5) along with two other axioms. Some properties of this measure are also
studied.

2. GENERALIZED MEASURE OF TYPE (3:%)

>

. . . o . . .
In this section, we shall characterize measure of type <y g) associated with a pair

of probability distributions P = (p,, ..., p,), p; 2 0, p; = land Q = (q,, - .-, 4,),
n i=1

q; =0, Z q; = 1 of a discrete random variable. We consider the following axioms:

(1) (Symmetry). IG5y, P2s P 41> 425 93) is @ symmetric function of its variables
provided the probabilities p; and g; (i = 1, 2, 3) correspond to each other.

(I1) (Normality). IG5)(1,0; 4,4) = 1.

*) Throughout the paper, we shall adopt the notation A4, for (22~ — 1) and 4, for
@3 —1).
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(1) (Branching property).

E; g))(P Q) - I(y 6)(P1 + P2, P3s -5 Pus 41+ 43, q3s -+ - qn) =

A a
==k (P1 + Pz) (‘h + ‘b)ﬂ al( ﬂ) ( P1 s /T 5
Avp — Ays Pi+ P2 P+ P2

A _
ed =, 1 ) + - 1.2 (pl + Pz)y(‘h + (12)6 T
q; + 4, 41 + 4> Ay s — Aup

1(1,1)( P P2 . q: q: )
* 2 (,9) s > s
Pr+ Py Pr+pP g4 +4q g+ 4,

where p; + p, >0, q; +q,>0, A, + A, and «, f, y and & are positive
parameters different from unity.
From axiom (I), we have

(2-1) 18 g))(h» — Xy = Vi, X1 Voo I — X, — y2>x2) =
12)' a)(x1> = V1= X, Y15 X, L=y, — Xy, ,Vz) 5
which together with axiom (III) gives

(2.2)

A
f@ = x50 —x;) + —=2f
1 2 Az,ﬂ _ Ay,a

P Y I (l—xl)y(l—x)"‘yh( -i-)=

Ay s — Aup 1—x;, 1 —-x,

(1= x ) (1= %) g (V_’ : J—L) +

1—x; 1—-1x,

A‘l a —-a X
R R e I S ] e

a,p T Ay,8 1—y, 1-y,

+-*A—~(1—y1)(1—y)‘”h( ;22 )

Ays = Aayp L=y, 1=y,
where
85;("1’ - Xp3 %, 1 = x,) =f(x1;x2)
IGR(x 1 — x5 %5, 1 — x;) = g(x;; X,) .
and I (% 1 = x5 %5, 1 — x,) = h(xq; x5) .

Setting X, = x, = 1, y; = y, = 0in (2.2), we get

. — . Aa,ﬁ . Av,a .
(2.3 f0;0) =f(1;1) + " " g(1;1) + o h(1;1).

a,p = Ay, 7,9 a,p
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By axiom (III), we get

. . , A, .
(24) 1§:5(1,0,0:1,0,0) = IE3)(1, 0; 1, 0) + S IER(1L0:1,0) +

a,p — “Iy,8

4,5 A,
e O 0;1,0) = f(1 1) + — 20 g(151) +
Ay,.s = Hap ) ) Aa,ﬂ - AM (

TN T h(1; 1),
Av.é - Aa.ﬁ
and

Xy, a, A &,
(2.5) IG:5(0,1,050,1,0) = I&H(1,0;1,0) + o _"A 1670, 1;0,1) +

a,p y,0

+— s . 5(0,1;0,1) =

(v 3)
Ays — Agy

A A
=f(1;1) + —==F—4(0; 0) + ——%— h(0;0).
S5 1) + ===t (0. 0) AM( )

a,p 7,8 Y,

Expressions (2.4) and (2.5) together with axiom (1) give

(2-6) A, 4[9(1; 1) — g(0; 0)] = 4, ,[h(1; 1) — h(0;0)] .
Now for y = & = 1, (2.3) and (2.6) give
27 g9(1;1) = g(0;0) = 0.

Again for « = f = 1, (2.3) and (2.6) give

(2.8) h(1; 1) = h(0;0) = 0.
Thus (2.3) together with (2.7) and (2.8) gives
(2.9) i f(1;1) = £(0;0).

Further, if x, = x, = 0, y; = 0, ¥, = %1in(2.2) then by axiom (II), (2.7) and (2.8),
we get

(2.9') ;1) =£(0;0)=0.

Next, substituting y, = 1 — x,, y2 = 1 — X, in (2.2) and using (2.7) and (2.8),
we get

(2.10) f(x45 x,) =f(l —x;31 —x,).

Thus, the functional equation (2-2) with (2.10) reduces to

@M)Knmﬂ+zﬁgﬁ-u—xJO—XN”gClLa—ﬁ~)+

. 1—x; 1—-x,

320



A V2
4 —20 (1 —x,) (1 - “yh< ;~—~—->=
A () (1 x)

l—x; 1 —x,

.0 a,B

. Aa B—a Xy X2
= [ y) + (L= (1= 02) g (*ww ; ~> +
1 2 Aa‘ﬂ A_N,( 1) 1 — ] —y,

b ey (R ),

Ays — Az,ll 1—y, 1=y

for all x,, ¥y, X2, y2 € [0, 1) with x;, + x, £ 1, ¥t +y, S L.
Now we shall first obtain a relation between f, g and h and then find the values
of these functions in the following lemma:

Lemma. The functions f, g and h given in (2.11) satisfy the relation

A
—g(x; p) + 20— h(x: y),

(2.12) f(x; p) = ——=L
Ayp— Ays Ay — Agp

where
(213)  g(xiy) = A [+ (1= xP (1= )" = 1], A, +0,
and
@18)  xiy) = AZTR T 4 (L= Xy (L= 0P = 1] A +0,
for all x, y [0, 1].
Proof. Setting p, = 1 — x,,q, = 1 — x5, p2 = »,/(1 — x,) and g, = y,/(I —
— x,)in (2.11), we get

Azﬁ a p—a A J y 0= »
(2.15) f(pis 1) + 22— pigi " g(p21 42) + ——>— piai " h(p23 q5) =
Au,ﬁ - Ay,é AT,& - An,[}

Aa a —-a 1 - 1 -
:f(Plpzl ql‘h)‘*’ Sk (1 _Pnpz) (1 - %‘12)” g("—p'l' ) *'i~>+

Aa,ﬁ —A,; 1—pp, 11— 449,
A, 1 —
+ - "*“‘“(1 = pipa) (1= 4:42)°" yh( B 7#;511_),
s — Aa l—plpz 1 —q.9,

for all py, 4, € (0’ 1], p2, gz € [0, 1] with pyp, < 1 and 49, < 1.
We shall prove that for arbitrary p’s and ¢’s as above, the function F defined by

Aa a -
(2.16) F(pi. P23 41, 42) = f(ps an) + P [Pl +
Ay — Ay

+ (U= p) (1 = 4.) 7] g(pz: a,) +
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A _ )
LS [plad7 + (1= p ) (1 = 1) ] h(p2s 42)
Av’.6 - Aa,[}

is symmetric, i.e.
(2']7) F(Pan;‘ha 42) = F(I’mPﬁ‘I:Jh)-
Now (2.16) together with (2.15) gives

. A, .
(2-18) F(Pl‘ P2; 44, ‘12) = f(P1P2;‘11qz) + :4” A (1 - P1P2) .

ap T y8

(- 41‘12)”_1 G(p1» P25 44, 42) +

A _
+ "“""""y'a"“"‘(l - Pxpz)v (1 - ‘11‘12)‘s 7H(P1, P2s 41 ‘12)a
A, s — Agp
where
i 1 —p; 1-q
2.19 G(py. P2 41,4 =g< ;- >+
( ) b 2) 1 —ppy 1-449,
I - /1 — p-a
+( P >( s ) 9(p2; 42)
1 — pip> 1 - 49,
and

1 - I -
(2.20) H(p,, py; ‘11»‘12) - h( Pi - q. ) "
1 —pipo 1 — 919,

1 — Y/ — 6—y
+ < L ) ( 4 ) h(ps: 42) -
L —pip2 1 —4q9, )
Now to prove that F is symmetric, we have to show that the functions G and H
are symmetric. To this aim, first let y = & = 1 in (2.15). Then we get

(2.21) 9(pisa,) + pidt " 9(p2s 42) =
= 9(P1P2§ 4142) + (1 - Plpz)a (1 - ‘11‘12)"‘_‘z

(1“131 o 1—q )
g\ — )
1 —pip2 1 — 449,

for all py, 4, €(0, 1], p,, g, € [0, 1] with p,p, < 1 and q,4, < 1.

Next set pf = (1 — p,)/(1 — p,p,) and qf = (1 — q,)/[(1 — q14;) in (2.19),
we get
ka ¥f—a

G(py, P2; 41, 42) = 9(pY; at) + pi%ai" *9(p2s 45) =

* R 3 * a * B —a 1 . 2
= ; + 1 — 1 — ;
g(l’lpz 511612) ( Pxpz) ( ‘11‘12) g(l f T T .
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(from (2.21))
) . B / 1 . * — %

=g(1 = pip23 L = qtq) + (1 = pipo) (1 — qtgq.) o g (% ; i—?})
L —pip, 1-4iq,

(from (2.10))

1 - _ — [:4 _ B—a
= g<F£2~~; L d >+ <.1 P2 ) <1 g ) 9(pis q,) =
L=pPwp, 1 -gq,q, L —pip/ \1 — qyq,

= G(p2, P15 42, q4) -

Similarly, for « = g = 1, we can easily show that

H(py, 25 41, 42) = H(p,., py; 43, q4) .-
This proves (2.17).
Now putting p> = g, = 1in (2.17), we get
(2~22) 0=F(p1,l; 4, 1)“F(1,P1§ 1,‘11)=

'A X -a a -
=f(pis @) + = [pigh ™+ (1 = p, (1 — q,) (1 1) +
App— A,

4 §
+ [Pl (L= ) (U= g P (15 1) — f(15 1) —
Ay,& - Aa,p

Ay p A, s
T o 9(P1: 41) — —2— h(p,; .
A, — A, ( 1 1) A, - A, (Pl 41)

Expression (2.22) together with (2.7), (2.8) and (2.9) gives (2.12).
Again taking p» = 0, g, = } in (2.17), from (2.16), (2.17) and axiom (1), we get

for A,,ﬂ ¥ Ay,&;
(223) Auplo(piian) + [p547" + (1= p)* (1 = g, ™ — 1] = 2P g(p,: q,)}
= Ay s{h(piian) + [p1a37 + (1= p)' (1 = @) = 1] = 22 i(p,: )} =
= C (say),

where C is any arbitrary constant.
Now putting py = g, = 1 in (2.23) and using (2.7), we get C = 0. Thus (2.13)

and (2.14) follow.
Now (2.12) together with (2.13) and (2.14) gives

(224)  f(p:q) =
= (App = A) [P+ (L= (L= @) = P + (1= p)' (1 — g ],
Aa_ﬂ 4: A}’.ﬁ

which is an information function of type(:’ g)
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Again from the branching property (i.e., axiom (III)) we can write

(2.25) 18 g))(P; Q)= —24 Z st~ *g(pifsis qifts) +
A,,, y) Ay 5i=2
+ A is%é_y h(pifsi; aift:)
A‘y‘a _ Aa’ﬂ ..=2 Lo ) 13 1 &4 1, 13 b

where s;=p, + ... + psti=4q; + ... +q;(i=2,3, ..., n).
Now (2.25) together with (2.13) and (2.14) gives

(2:26) IGRP: Q) = (Aup = A, Tt = plal ™), Ay + Ay,

which is an information measure of type (;" g)

s

Thus, we have proved:

Theorem 2.1. The measure determined by axioms (]) associated with

1),
a pair of probability distributions P = (p, ..., p,), p; = Z =1and Q =
=(qy, .-, qn),4: 20, ) q; = 1 is given by (2.26).
i=1

2.1. PARTICULAR CASES
Setting y = & = 1 in (2.26), we get

(.27 1n(P; Q) = (7 = 1) [ X plal ™"~ 1].

Case L. (Kullback’s relative information): The measure (2.27) together with the
condition

(2.28) 1P(p,1 —p; p,1 —p)=0, 0<p<1
gives f = 1.
Thus under the condition (2.28), the measure (2.27) reduces to

(2.29) (P; Q)= (22"t —1)7* [prqi 1], a1,

which is the relative information of type « studied by many authors ([6], [10], [12],

[13]).
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Also

(2.30) lim I"(P; Q) = Zp log; (Pi4s) .

a—+1

which is Kullback’s [5] relative information. This measure has also been characterized
by Hobson [3], Campbell [1] and Sharma and Taneja [10].

Case 1L (Kerridge’s Inaccuracy): The measure (2.26) together with the condition

(2.31) 1“®(py, pyy P33 41, 420 42) = 1“P(py, P2 + P3: 41, 92)

gives a = 1.
Thus under the condition (2.31), the measure (2.27) reduces to

(2.32) (P Q) = (2" % — 1)” 1[quﬂ BRI E

which is the inaccuracy measure of type f studied by many authors ([10], [12], [ 13]).
It may also be noted that

(2.33) lim I’(P; Q) = — } p;log, 4,
g1 i=1

which is Kerridge’s [4] inaccuracy measure.

3. PROPERTIES OF THE MEASURE 1(\;;5’)) (P; Q)

The measure of information I{;’5)(P; Q), P, Q € 4,, where 4, = {P = (py, ..., p,)s

pi 20, Y p; = 1} has the following properties:
i=1

Theorem 3.1. (1) (Symmetry): Iﬁ::g;(P; Q) is a symmetric function of its arguments
provided the probabilities p; and q; (i = 1,2, ..., n) correspond to each other i.e.,
I((;/;;(ph ctty pn—l’ pn; d1s -5 dn—-1> qn) Ity 6)(pm Py -y pn-l; qn’ qb ceey G- l)'
(ii) (Expansibility): 1&3(pys - oo P 05 Q1 oy 40 0) = IS8 (Pys ooy Pus 41s -+

s}

(iii) (Recursive of type (:’ g)) For (py,....p,) and (qy, .... q,) € 4,, we have

(.1)

IEBD(Pys -y P s - @) = 1G5y + PouPay ooy Pt Gy + 2y Gy -y dy) =

’
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A . :
= (Pl + Pz) (ql + qz)ﬂ al( ﬂ) < Py R P2 ;
- A Py + Py prt+ P2
4. q: A, ,
s + (Pl + Pz) (‘Il + qz) T,
4, + 4, q; + ‘]2) Ays— A
, p p . q q
.zg;,;;( T ) Aup + Ays
Pr + P2 P1+Pz 9, + 49, q, + 4q,

(iv) (Generalized recursive of type(::’ g)) For n 2 N + 1 whereN =2 and

(Pis -, Po)€An (445 - - -, 4,) € 4,, we have

(32) I(a 6)(p1a coes Pns Gy - - s qn) -

N
- Itzgg(zpu pN+1, RREE] pn’ 'Zlqi’ qN+1, EEY qn) =
i=

- ,_4_‘,,” (ZP) (ZQ)B “1(1171))(171/217.', -'-’PN/iiP.' ;

6'"

n'[\/] =

q/ --,q~/24)+

i

N N
+ - (Zp (Z 6 yIEvlél))(pl/Zpia R} pN/pr
A —A 2.8 i=1 i=1 i=1

i= i

ql/.’;ﬂ“ HRRE qN/iglqi) .

(v) (Strongly-ndditive of type (a, ﬁ))

¥, 0
(33) IE‘;:?))(plpll’ e PiPins oo pmpml, .. "9 pmpmn:
419115 -~ > 9 91n -+ 5 Am9m1> - - ->» qmqmn) +
Iz-, a)(Pu ceos Pms 915 - - sqm) + ZP? al:lﬁl))(pjl: <5 Djns
Aa,, A”,—
Qjis - djn) +
o—y y(1,1) .
+ ZP;‘IJ' lI(y,J)(pjl’"'apjnaqj17~'-;an)
Ay’ —_ Aaﬂj 1

for a”(pl) . ’pm) and(qls -'-’qm)EAm’ (pjb LR pjn)eAn and(qjl» R an)eAm
(=12, ...,m).

Proof. Properties (i) and (ii) are obvious and can be verified easily. Property (iii)
is axiom (IIT) considered in Section 2. We prove (iv) and (v) by direct computation.
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(lV) z;g))(ph vy Prsqys ooy qn)—
N

E:g))(zpnpN-%h <5 Pns an AN+15 < s qn) =

= (Aay = 4,)7" [Z(p“ A R

- {(ii p.-)‘(_i )"+ Z gt - (_le;)y (é 4" = Z rigi )] =

= (g = A, [E P~ (o) (T = ¥ olal " +

=1 i=1

N

H(L (T a) 7] =

i=1

)(q/Zq)" 1] =

an

= (Ayy — A, 5" (iipi)“(i‘,l%)ﬂ_a [li(p/

ey — Ay (z by (z 2[5 (0 /z e /z a1 =

th/.z qis - - -, QN/.zi‘Ii) +

z

Pi:

1M =
L

b (S (5 e S e

A‘/.J - aﬂ i=1

N
111/'21‘11', e, qN/_Zlqi) .

A a —a a,
,q,,,) + ZP, q; 151131))(1711, cos Pins

v)  IGB(pe o Ps dys -
() (‘l")( 1 1 A,ﬁ—‘A},‘;J—

Gjts - > an) + —2 ZP;‘], ylga))(l’jh ceos Pins djts -+ -5 q,-,.) =
A,‘, AaBJ_

= (Agp — 4,4)7" [Z(Pqu *— plgd7?) +.z P’ Z phgt T — 1) —
& -
- ZP3 Y(prxq‘?. -] =
= (Aup = A0 [ 2 j;(pjpﬁ)’ (4,9, " = (pspji) (9,4 77] =

= I(;J)(plpll’ R} plplm <o s PmPmts - - - PmPmn 5

qlqll’ MY} qlqlm ceey qmqml’ ] qmqmn)'
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Theorem 3.2. Let P, = (Pn» P12y - pln)e 4, and P, = (I’zn P22s - - - sz) €4,
with a similar notation for Q, and Q,. If PiP, = (P11P21s -+ > P11Poms - - -
< s P1inP21s -+ +» plnplm)a the”
(i) (Generalized additivity):

(3.3)
IGH(PTP2; 0702) = GEI(P1: Q) IGH(P2; Q2) + GGA(P2: Q) IGH(P1: Q1)
where
G4)  GERPQ =Xl 4 sl ). w by d> 0.
(i1) (Sub-additivity): For o,y 2 1, B —a = 1,3 — y = 1, we have
3.5 IGB(PIPy; 010,) S IGH(P: Q1) + IGH)(Py: 05) -

Proof. (i) R.H.S.

= %‘Zl(l"; 45"+ Pl i) (Aa — A;v.a)ﬂ_zl(l’gquj P“;‘Izj 7) +
+ %Z (P3id5; ° + P3a557) (Aup — A, 5) 7" Z(puql. - pliati’) =
&

= (Aup = N) Z Z[(Plzl’z;) (‘ln‘h;)ﬂ * (Pnl’zj)7 (‘Inqﬁ)&ﬂ] =
= IG8(PIP,; 070,) = LH.S.
(ii) Now fora,y = L with f — o 2 1,8 — y = 1 it follows from (3.4) that
AP 01) = 1 X (Phaghi™ + pliati ) < 1.
which together with (3.3) proves (3.5).

Theorem 3.3. For (py, ..., p,)€ 4, (dits - > dmi) and (q,, ....q,)€ 4, (i=
= 1,2, ..., n), we have

n n
(3.6) 155 le,-ql.-, '--,le,-qi,..; Qus - ) ;leil?;;’?)’(q“, I P §
i= i=

for all a, B, y and & such that either f>a>1, 0<d<y<1lord>y>1,
0<f<oa<l.

Proof. We have

§$§)’(qu1., s 2 Pildmii Ays - os Gm) =
i=1
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= (A, — A4,5)" Z[(qu,,“qf’—(ipq,.)’ Mz

2 (Agp — Ays) Z [Z Pz _;p,-qﬁiqf"]

j=ti=1

for f> o> 1and 0 < <y <1 (see Gallager [2], p. 523)
= (A, — Ay )71 .le;[.Z a5a] " - Zlq},-q?'y] =
i= j=1 j=
=Y pi &G s iz d1s -5 Qm) for B>a>1 and 0<d<y<I.
i=1

By symmetry in «, y and f, J, the above result is also true for 0 < # < « < 1 and
o>9p>1.

Theorem 3.4. (Inversion Theorem): If we define the functions ¢, ¢, and ¢, as

(3.7) ISDn, ... 1 ns s, ... 1]s) = ¢(n;s),

(38) ISR n, . 1 ns s, oo 1]s) =

= di(nss) = (1n)(1fs)’ Z(J)”g(llf, 103)

and

(3.9) IG5 n, oo U n s, o 1s) =
= 6a(n59) = (o) (137 3,08 W15 11).

then for all rationals m/n, r[s,where1l < m < n,1 < r < s, the function f defined by

(00 ()= e = e G C) e
() () e ] -
0 s GYC) e (=3 (=) e ]

Proof. Let p, = m[n, 41 = r|s be any two rational numbers lying in (0, 1).
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Next, putting in (3.3) m=2, py=mfn,q, =r[s,p,=1—p, =1 —mfn,
qgp=1—-¢q,=1—r[s;,1<m<n 1=<r<s, and

_ f1jm if k=1,2,....m
Pie =99 if k=m+1, m+2 .. . n

fmn=m) if k=12 ...,n—m
P2 =10 if k=n—m+1,n—m+2...n,
_f1r if k=1,2,...,m
41 =70 if k=m+1,m+2 ....n,
Jifs=r)if k=1,2,...,n—m
12 =79 if k=n—m+1n—m+2,...,n,
we have
B11) 1§, 1, 0,..,0, Un, .. 10, 0, ..., 0; 1fs, ..., 1s,
—_— ) — e ) ———
m n—m n—m m m
0,...,0, 1fs, ..., 1Js, 0,0..,0)
n—-m n—m m
=I&B(m/n, 1 = m|n; rls, 1 —rls) +
+ A (n[my (r[syf = 1GR(Yym. ..., 1m; 0, ..., 0; 1]r, ..., 1]r,
Aa,ﬂ—A‘/.t) —— N e N e
m n—m m
0,...,0)
_,——/+
n—m
a2 B—a y(a,B) 1 1
+(1 - m/n) (1 ""/5) I s > , 0, , 05
—m n—m
—
n—m m
! 5 - sh——]“ 70’ :0) +
s—r s—r
n—m m

+ - s {(m/n)y (s 1G:) (1m, .., 1m, 0, ..., 05 1)r, ..., 1/r,
A7,5 _ Al,ﬂ R —————

Yr oo
m n—-—m m

0,....0)

—_ +

n—m
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+ (1= mfny (1= r[s) 77130 <—1- UL Y

n—m n—m
_— e —
n—m m
1 1

0, ...,0).

s—r s—r

RV — ————

nh—m m

AsIGH) 4, x A, — R(n = 2,3, ...) are symmetric and expansible (Theorem 3.1)
and

(3.12) flpsa) =IGH(p. 1 — pig, 1 — q).

Now (3.11) together with (3.7), (3.8), (3.9) and (3.12) gives the desired result (3.10).

Corollary. If the functions ¢, ¢1 and ¢, satisfy the relation

Y SR * SR
(3.13) ¢(n;s) = a4, di(n;s) + A4 ¢,(n; s)
with
(3.14) $:1(1:2) = ¢2(1:2) = 15 $y(151) = ¢,(151) = 0,
then
(3.15) P(n;s) = (Aup — A, ) " (' 757 F — n'775779)
and

(3.16)  f(m[n; r[s) = (App — Ay0) " [(m[n)* (r]s)P~ + (1 — m[n)* (1 — r[s)f ™ —
— (m/ny (r[s)’™7 = (1 — m[n)’ (1 — r[s)’"7].

Proof. Setting p; = 1/m, py = 1/n,q; =1[r,qp =1]s (j=1,2,...,mk =
=1,2,...,n),1<m=r,1=n=sin(33), we get

(3.17) ¢(mn; rs) = p(m;r) + Ay m' =P ¢, (n;s) +
Aup — Ay

”ﬁa_, ml- 9 ¢2(n; s)

Av,é - Aa.ﬂ
Aa,ﬂ 1-aa—p .
(3.18) p(mn; rs) = ¢p(n; s) + ——=L—n' "L P, (m;r) +
Aa,ﬂ - Ay.é
A
+ —0 a0 G (m; ).
Ay.é - Aa.ﬂ
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Now (3.17) and (3.18) together with (3.13) give
(3.19) A (0= n' 2 ) by (myr) + (0 7P = 1) ¢y(ns5)} =
= A, {(1 = n' 77577 gy(ms;r) + (m' 7770 — 1) dy(nss) .
Taking n = 1, s = 2 in (3.19) and using (3.14), we get
(3.20) A gl = 2278 gy (msr) + (m' 757 F — 1)} =
= A,,{(1 = 277%) ¢y(m;r) + (m' 77’72 — 1)} = K (say),

where K is an arbitrary constant.
Next, taking m = r = 1 in (3.20) and using (3.14), we obtain K = 0.
Thus, we have

(3.21) di(m;r) = Agp(m* P = 1), A, *0
and
(3.22) Po(mir) = A, ;(m' 70— 1), A,,+0.

Thus (3.13) together with (3.21) and (3.22) gives (3.15). Finally, (3.16) follows
from (3.10), (3.13), (3.21) and (3.22).
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Souhrn

O ZOBECNENYCH MIiRACH RELATIVNI INFORMACE
A NEPRESNOSTI

I. J. Taneia, H. C. GuprTa

Kullbackova relativni informace a Kerridgeova nepfesnost jsou dvé informaéné-
teoretické miry pro dvojice pravdépodobnostnich distribuci diskrétnich ndhodnych
veli€in. V ¢lanku se studuje zobecnénd mira, kterd specialné zahrnuje parametrické
zobecnéni relativni informace a nepiesnosti. Jsou rovnéz odvozeny nékteré dileZité
vlastnosti této zobecnéné miry a véta o inversi.
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