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The presented theory supposes the micro-stresses to be of essential importance
for the variations of mechanical properties of polycrystals, caused by plastic de-
formation.

If a statistically homogeneous and isotropic material is considered, the following
mathematical model seems to be proper:

The material is supposed to consist of N basic materials, which all are of Reuss’ type,
without strain-hardening, with Mises’ criterion of yielding, with all parameters
different. Further it is supposed, that the basic materials are dispersed in micro-
volumes and on the contact-surfaces of the micro-volumes no displacements
occur. It holds

(1) dejy = py dsij s

()] de, = g,do,

in the elastic state and

(3) de;, =s;,dA, + w1, dsg,,
© de, = o,do,,

) SijuSijn = 2K3,

in the plastic state of the n-th basic material.
In the analysis that follows the above quantities with n-indices are considered
as the arithmetical averages in the micro-volumes of the n-th material.

Then we can write
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(8) Y9, 1.

n=1

The elastic potential of the average stresses is

N

(9) W = Z ‘gn(%gngf + }/‘nsijns.‘jn) .
n=1

This is of course not the whole potential energy in a macroscopic unit volume,
as the arithmetic average is in general not identical with the quadratic one and then,
from the Schwarz’s inequality it follows, that the whole potential energy must
be greater than (9).

The micro-volumes of the n-th material resist the average deformation ¢;;, and
the difference between this proper deformation and the macroscopic deformation.

It is supposed, that the whole potential energy may be expressed approximately
in the following way

N
10 P=W+V=W+Y 5,300 + Musinsi) »
— J J
where
(11) do! = fifﬂ;ig’ Sim = dey;, — dey,
On Hy

in the elastic state.
Similarly if in the n-th material the plastic state is reached, the increment of the
respective plastic work refered to macroscopic unit volume is

(12) an = ’911(2k1:xl + éS;jnS;'jn) d)"n .

At the elastic limit the quantity s;;, may be calculated according to the equation
(11). Further increments of sj;, are

13 ds). = (de,, — s
J

Hn di, — dé;)) .

ijn
The increment of the whole microscopic work is then
dW+V+ D).

The increment of the macroscopic work is

220



All further necessary equations for the derivation of the stress-strain relations
and their variations can be obtained from the generalized principle of the virtual
work

(14) W+ V+D—-H)=0.

As an example let us consider N = 2 and a pure shear loading §,,. We shall sup-
pose, that in the original state all the micro-stresses are zero with the only exception
of s5,, = s,?),,,. (The deviatoric micro-stress-components seem to correspond to the
oriented micro-stresses, observed in X-ray investigations.) According to (6) it must
hold

8 o

(15) S,’(!);'Z == 9: Spy1

and from the above considerations it follows

0

0 0 _ Spy1
(16) Spyt T Spy2 = T -
9,¢

According to (6) it is valid in general

|
(17) Sija = 5. (55, — %ys551)
2

(18) oy = (3= 90,)

2

and in this way the variables are the macroscopis components and the components
with the index I.
In the elastic state we obtain from the equations (only two are independent)

(19) W+ V—H) _oW+V—1)_a(W+V-1)_

al A 3
0Sq4p1 CSgy 03,5
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the following results

(20) 54, = — M2 I:l + Sop(py — /lz)*ﬁ_m ] Sy =
iz + Bz tatty + EOupy + Sap2) (S112 + 9op1y)

ity + S8 + Sapa) iz 5

= Y2 o N Sﬂﬁ Ed
s + 5(91#1 + 92/‘2) (‘glllz + ‘92/‘1)
0
(21) Spyt = Spyt -
The equivalent expressions (20) show, that the value of s, lies between analogous
values of s,,, calculated from the supposition s;;, = §;; and the supposition e;;, = €,

which gives s,; = /(9,00 2+ Io11y) 5,p.



It can be easily shown that the equation (20) is general, holding for arbitrary
loading in elastic state and for arbitrary deviatoric component, when sg;, = 0.
When not, then (20) holds for (s,5; — Sep1)-

Analogously it can be derived

(22) (o, — oY) = el [1 + 9,0.(0, — 02) v__A“_] ;=
9102 + %20, 0102 + &(y01 + 9,05) (%10, + %20y)
21 + &(%101 + 9200 _

Q2,0
0102 + 5(9191 + 9292) (91Q2 + %,504)

Let us consider now, that in the material 1 and only in the material 1 the plastic
limit has been reached. Then it holds

(23) Sopr + Sy = ki,
sa

(24) dsg, = — “Llds,,, .
Spy1

From the above considerations and from the following equations (from which
only two are independent)
W+ V+D—-M) o(W+V+D-I) oW+ V+D-—I) —0
0Sqp1 04, 05,

(25)

it can be calculated

B ol + E(9 111 + 205)] Supy
(26) di, =

ds,,
E[(1my + %at2) kT — 1o(SaprSipt + SpyiSiyn)]

@7) ds,, = ol + E(9ipy + Ba1)] [(S1t1 + 928t) S0 — HaSpyi] St g4z
afl
[paps + &(94ny ‘2*‘ 9502) (102 + 9,11y)] -
(S + 9am2) kT = pa(Sap1Sapt + SpyiSpn)]

af >

(28) de,y = dé,p = Sy ds,py + 98,5, A2y 4+ Fopy ds,y, =

91#%[#1 + ‘f('glﬂl + 92#2)] .
- '@vl + Uiy + Bap)] Sups + ‘592(/117»_— H2) Sy} Sapy

=<{U + - " e dglﬂ ,
5‘92[#1/12 + Q(Sxﬂl + '92112) (‘gxﬂz + U\zﬂl)] .
: [(‘91#1 + 92/12) k% - Hz(sams‘;m + Sﬂyls;ayl)]
where
(29) i= (O mumun + 9m)

My + 5(91#1 + 92112) (91#2 + ouy)

is the macroscopic value of p.
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The preliminary calculations and comparison with eXperimental results have shown
a very good possibility of description of the elastic-plastic behaviour of polycrystals
by this mathematical model already when considering N = 2.

NOMENCLATURE

Cijn Eijns Sijm €ijn Stress- and strain-tensor components and respective deviatoric

Al
Il
W
Il

ij» Sij» €ij

< My e q

i,j,k

o, B,y

3

3

[ I =T o S WS T

components in the n-th material,

respective macroscopic values,

= oy,

= &,

modulus of elasticity,

Poisson’s ratio,

indices that can equal 1,2,3 and by repetition the summation
is to be understood,

indices that can equal 1, 2, 3, by repetition no summation is to be
understood and o % f + y * «,

index that can equal 1,2, ..., N and by repetition no summation
is to be understood,

= (1 + v)|E,

= (1 - 2v)/E,

parameter of the plastic deformation in the n-th material,

plastic limit of the n-th material if loaded by pure shear,

volume fraction of the n-th material,

parameter depending on the structure of the material.
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