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1. INTRODUCTION

We consider the following 3-parameter family of plane vector fields

(1) % =f(x,2):= A(X) x + h(x, 1),

where x = (xy, X,) € R%, 1 = (A4, A, 43) e R?, f = (f1, f2) € C*,
(2 h(0,2) =0 forall A,

(3) —h(=x,4) = h(x,2) forall 4, x

and h(x, 0) = o(|x]|?). We assume that
[0 1
A(0) = o 0]

and the matrix A4(4) is a versal unfolding of 4(0). We may assume without loss of
generality (see Arnold [1]) that

HI)  A() = gl ,112]

Moreover, we may assume that the following hypotheses are satisfied:

87,0, 0)
H2 = LA ) 0,
(H2) b ax? 0x,
3
(H3) o = ‘Zfz_(g’i) +0,
0x3
65
(H4) B = ——wfj(o’ U
0x7 0x,

Under the hypotheses (H1)—(H4) the singular point (0, 0) represents a singularity
of codimension 3 in the space of all plane vector fields with Z, symmetry, and these
hypotheses are generically satisfied in the space of all smooth families of the form
(1) satisfying (2), (3) and endowed with the Whitney C*®-topology. Moreover, the set
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of all such singularities generically consists of isolated points. If the hypotheses
(H1)—(H4) are satisfied, except B; = 0, then the singular point (0, 0) represents
a singularity of codimension 2. Bifurcations near such a singularity are well-known
(see Carr [5], Hale [18], Horozov [17] and Takens [27]). This singularity appears
for the family (1) on a l-dimensional submanifold of the parameter space.

The main results on codimension 2 bifurcations are well-known (see Arnold [1],
Bogdanov [2], [3], Carr [5], Chow and Hale [7], Guckenheimer and Holmes [16],
Horozov [17], Hale [18], Takens [26], [27] and Zoladek [28], [29]). Recently,
multiparameter bifurcations of vector fields have been intensively studied (see
Dangelmayr and Guckenheimer [10], Dumortier et al. [12], Medved [21], [22],
[24], Zoladek [30]). For applications of such results see e.g. Guckenheimer [14].

Very useful for applications are the results on bifurcations of equivariant vector
fields. Many bifurcation problems concerning equivariant vector fields with higher
dimensional state space are reducible to bifurcation problems of plane vector fields
at least partially. As an example we mention the results concerning smooth para-
metrized vector fields on R* with non-zero nilpotent linear parts which are equivariant
with respect to the diagonal action of 0(2), the group of orthogonal 2 x 2 matrices,
on R* (see Guckenheimer [15] and Medved [23]). A normal form of order oo of
such vector fields derived in Medved [23] has the form

(4) Xy = X3, X, = X4,
X3 = A1Xy 4 AX3 + X3P(x] + X3, X1X4 — XpX3,4) +
+ x;0(x7 + x3, 1),
Xg = A1Xy + A,x4 + x4P(xf + X3, X1X4 — XX, /".) +
+ x,0(x1 + x3,7),
where 2 = (14, 4,, ..., 4;) € R* is a parameter. This normal form has been obtained
by the method presented in Elphick et al. [13] and it differs from that obtained
by J. Guckenheimer [15], which is of order 3. It is also proved there that if the func-
tion P is bounded then the set D = {(x;, x,, X3, x,) € R*: x;x, — X,x; = 0} is an
invariant set of the family (4), and if x = (x4, x,, X3, X,) is a solution of (4) with
x(0)e D and o = x] + x3, B = x} + x} then (X, Y) = (J/o, +/B) is a solution of
the system
(5) X=Y,
Y = X + 1Y+ QX% 1) X + P(X% 1) Y.

This system satisfies the symmetry condition (3) and so our results concerning co-
dimension 3 bifurcations of the family (1) can also be applied to this bifurcation
problem.

The problem concerning the existence of homoclinic and heteroclinic trajectories
as well as the number of simple limit cycles of plane vector fields can often be solved
by using the properties of Abelian integrals (see Arnold [1], Ilyashenko [19], [20]).

296



This method has also been used in the study of codimension 2 bifurcations (see
Bogdanov [2], [3], Carr [5], Drachman et al. [11], Dumortier et al. [12], Cushman
and Sanders [9], Chow and Sanders [8], Carr et al. [6], Sanders and Cushman [25],
Zoladek [28], [29], [30], Horozov [17]). We also use this method and the proofs
of our results are close to the proofs of J. Carr [5] (see also Hale [18]).

One can check that the transformation (x;, x,) — |«|~'/2 (x,, x,) transforms the
family (1) into the same form with « = +1. We study the case « = —1. Since our
considerations are local, we may also assume without loss of generality that the family
(1) is in the following normal form (see e.g. Elphic et al [13] and Guckenheimer and
Holmes [16]):

(6) =y,
y=1(e—x*)x + (4 + x> + px*)y + R(x* &, ) y,

where (e, 1) = (&, iy, ;) € R® is a parameter, R e C*, R(x?,0,0) = o(|x|*), B + 0.
The introduction of the scaled variables

(7 x=90u, y=06, t=0"11, pu =06, Uy =v,

where 0

|¢]*/? leads to new equations
(8) =,
b= (x — u?)u + 0(vy + vou® + 5*Pu* + 5*g(u?, 5, vy, v,)) v,

where x = sign g, g(x?, 0,0, 0) = o(|x|*), 5 = [e|'/>.

2. HOMOCLINIC TRAJECTORIES

We study the system (6) with ¢ > 0. The family (8) has the form
) whig =,
o= (1 —u?)u+ 8(vy + vyu® + 5*Bu* + 5*g(u?, 8, vy, v,)) 0.

The family w° can be written in the form

(10) . 0H(u, v) o= 0H(u, v) ,
ov Jdu
where
2 u2 u4
Hu, =2 L %
o) =5 =5 +7
The level set H™1(0) is composed of two homoclinic trajectories
(11) rt: (u(t), u(t)) := (V2 sech 1, —/2sech t. tanh 1),

I (7 (1), v7(0) 1= (—u(t), —o(t)),

where sech = 5(¢' +¢7)7', tanht = (¢' — ™) (¢' +e7")7!. Using the same
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procedure as in Carr [5] one can derive an equation for the values of parameters
d, vy, v, for which the equation (9) has homoclinic trajectories. This equation has
the form

(12) vido + vod, + 2B, + (S, vy, v,) =0,
where w e C®, (3, vy, v,) = 0(3*(vi + v3)),
(13) Jop = 20 v u()dt, k=0,1,2.
One can easily check that
Q, := |2, sech?s . tanh*rdt = [(k + 1)7" tanh**'7]* = k—_zl—_——l .

k =0,1,2,... and therefore we have
Jop = 2871 [2 sech®* %t . tanh®t dt =

= 2k*1 [* sech’t(1 — tanh?7)*.tanh?*rds, ie.

(14) J2k=2k+2<§“<116>§+<]2€>%_"'+(_1)k2k1+3>’

k=0,1,2,....
This yields

(15) Jo=2, J,=1%%, J, =328,

@

!

The implicit function theorem implies that the equation (12) can be written in the
same form, where the function  is independent of vy, i.e. we obtain the equation

(16) v, = — £ v, — B5? T + w4(8,v,),

Jo Jo
where w, € C®, w,(d, v,) = O(5*v,). This equation written in the original coordinates
l1, 1y, € has the form

(17) = i1y, 8) = —Teeu, — SsBe’ + 0(e*u3).
Let L, := graph ¢;.

Theorem 2. 1. There is an open neighbourhood U x V of the origin (u,, &) =
=(0,0) and a C™-function ¢;:U x V— R of the form (17) such that when

(1, 1ys €) € Ly = graph ¢y, the equation (6) has a homoclinic trajectory (sce
Fig. 3).

3. PERIODIC TRAJECTORIES SURROUNDING
ALL THREE EQUILIBRIUM POINTS

Using the procedure as in Carr [5] one can obtain an equation for the values of
parameters §, vy, v, for which the equation (9) has periodic trajectories surrounding

all three equilibrium points and lying in a small neighbourhood of the homoclinic

298



trajectory appearing for (i, ¢) € L,. This equation has the form

(18) vilo + voIy + 8*BI, + &(5, vy, v,) =0,
where @ € C*, (3, vy, v,) = O(8*(vi + v3)),
(19) I = [Gurr(u)du, i=0,1,2,

r(u) := (u? — Ju* + 2b)'/2, 4b = ¢* — 2¢*, b > 0. The implicit function theorem
1mphes that the equation (18) can be written in the same form, where the function &
is independent of v, i.e. we obtain the equation
(20) vy = — L v, — 52131—2 + &4(3,v,)

I, I,
where @, € C*. This equation can be written in the original coordinates , u,, &
and we obtain the equation

(21) 1y = ¢, €)= “P(b) ey — B Q(b) e + O(ez,ug) >
where P(b) := I,[I,, Q(b) := I,/I,. The properties of the function P are described
in Carr [5] (see also Hale [18]) and we shall recall them later.
If I} := dI;/db then
c u2i
(22) I;=J —du.
o r(u)
Since r(c) = 0 we have

=J = () du = @21 + 1)J :(u”)) +£u2i+l %)'fjdu,

and using the definition of r(u) and (22) we obtain
(23) (2 + 3) Iy, — 4(i + 1)1y — 4Q2i + )b} =0, i=0,1,2,....
Integration by parts yields

I, = [Su*r(u)du = 3 [§ (u® — u®) (r(u)) ' du, ie.

(24) S, =T, — I, .
From (24) we have
(25) I = 3(Iy + bIy),

Iy =31, + 201,
I =215+ 20l
These equalities and (24) yield

(26) I, = 15((8 + 29b) I + 4b(2 + 5b)Iy) .
By Carr [5] and Hale [18]
(27) 31, = I} + 4bl,,

151, = (4 + 12b) I, + 4bI,,
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and from this system we obtain the following system of differential equations for
Iy, 1,:
1

I, = 51, — 1),
! 1+4b( )
1
I = ——— (41 + 3b) I, — 5I,),
0 4b(1+4b)(( ) o 1)

which are called the Picard-Fuchs equations for Abelian integrals. From (26) and (28)
we have the formula

(29) I, = (21, + bl,)

and thus the function Q(b) = I,[I, has the form

(30) Q(b) = 5(2P(b) + b).

Therefore the equation (21) has the form

(31) ty = 1(b, pty, &) i= —P(b) e, — SpY(b) &> + O(e*u3),
where

(32) Y(b) := P(b) + b/2, b>0.

Let us recall the properties of the function P(b) (see Carr [5], Guckenheimer and
Holmes [16], Hale [18] and Fig. 1).

(I) lim P(b) = 1, lim P'(b) = —o0;
b0+ b0+
(II) P has a unique singular point b; > 0, min P(b) = P(b,) = 0. 752;
b>0

(1) P'(b) < 0 for b < by and P'(b) > 0 for b > by:
(IV) lim P(b) = oo;
b
1

33 P(b) = ——
(33 ®) 4b(1 + 4b)(

The equation (33) can be derived using (28). From (I)—(1V) and (32) it follows that
(a) lim y(b) = 1, lim y'(b) = — o, Y(b) > P(b) for b > 0; ’

b—0* b-0+
(b) ¥ has a unique singular point ¢; > 0, ¢, < by (see (II)), min Y(b) = y(cy);

b>0
(c) v'(b) < Ofor b < ¢; and y'(b) > 0 for b > ¢;;
(d) lim y(b) = .
b— o

For the graph of  see Fig. 1.

—4b + 4(2b — 1) P(b) + 5(P(b))*.

Lemma 3.1. If § > 0 (B < 0) then there exists a number k > 0 such that for all
(12, €) €[0, k) x (0, k) (2, &) € (—k, 0] x (0, k)) the equality

2,
aX(b, Has 8) =0 implies a l(ba K E) <0
ob ob*
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O x(b, pas €)
ob?

Proof. If dy(b, p,, €)/0b = 0 then using (31) and (33) we obtain that

28pbe N O(ep3)
Tu, + 8Be  Tu, + 8Pe
and therefore we obtain that if Bu, = 0, p,, ¢ sufficiently small then P'(b) < 0.
Using the formula (33) one can show that
(34) 2b(1 + 4b) P'(b) = 4P'(b) (P(b) — 4b — 1) + 4P(b) — 2.
Since P'(b) < 0, the properties of the function P(b) give that 0.7 < P(b) < 1. There-
fore 4P(b) — 4b — 1 < —4b < 0, 4P(b) — 2 > 0 and (34) implies that P"(b) > 0.
We have obtained that if k > 0 is sufficiently small, (u,, ¢) € [0, k) x (0, k), # > 0
(125 ) € (=K, 0] x (0, k), B < 0) and dx(b, p,, €)[0b = O then P"(b) > 0 and (32)
yields "(b) > 0. Therefore from (31) we obtain that if 8 >0, u, 20 (8 <0,
s £ 0) then 0%y(b, p,, £)[0b* < 0 (0*x(b, ny, €)[0b* > 0).

As a consequence of Lemma 3.1 and the properties of the functions P and y
we obtain

> 0), where the function y(b, u,, ) is defined by (31).

P(b) = —

Lemma 3.2. Let § > 0 and k be as in Lemma 3.1. Then for every (u,, s)e
€[0, k) x (0, k) there is a unique point by(u,, &) such that

(35) Ibnaox Z(b’ Has 8) = x(bl(‘LZ’ 8), Has 6)

and a unique point b, = b,(u,, €) such that

(36) 2(ba(kas €), 12 ) = #(0, pay €) -
Moreover, b,(0,¢) = ¢, and b,(0,¢) = c,, where Y(c,) = min y(b) and Y(c,) =
b>0

= Y(0),c, > 0.If B < 0. and (i,, €) € (—k, 0] x (0, k) then the analogous assertion
is valid but the equality (35) is with min on the left hand side.
b>0

Lemma 3.3. The functions by(u,, €), by(1,, €) from Lemma 3.2 are smooth.
Proof. Let us solve the equation

(37) F(b, ppe) = HOF2E) _ g

ob
where y is the function defined by (31) which is smooth and #(b, 0, &) = —2py'(b) €.
Since Y'(c;) = 0 we have F(c;,0,0) =0 for all ee(0;k) and 0F(cy, 0, £)/0b =
= ——%ﬁ ¥"(c;) € # 0. The implicit function theorem implies that for every &, € (0, k)
there is a neighbourhood U x V of (u,, &) = (0.&,) and a unique C*-function
dy: U x V> R such that dy(0. &) = ¢;, ZF(dy(is, &), pp ) = 0 for all (u,,¢)€
€U x V.By Lemma 3.1 d,(p,, ¢) = by(u,, ) for all (u,, €) € U x V and this means
that b, e C*.
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Let us solve the equation

(38) G(b, py, &) := x(b, 1z, 8) — 1(0, 115,0) = 0.

Obviously, G € C*®, G(c,, 0, &) = 0 and dx(c,, 0, ¢)/db = —2By'(c,) e* + 0. There-
fore the implicit function theorem implies that for every &, € (0, k) there is a neigh-
bourhood U x V of (u,,¢) = (0,¢) and a unique C*-function d,:U x ¥V —> R
such that d,(0, &) = ¢,, G(da(t2, &), 1o, &) = 0 forall (i, ¢) e U x V. By Lemma 3.1
do(p2, €) = by(1y, €) for all (s, &) e U x V and therefore b, € C*.

As a consequence of Lemma 3.2 and Lemma 3.3 we obtain

Theorem 3.4. If > 0 (B < 0) then there are numbers k > 0, ¢; > 0, ¢, > 0,
C®functions x.;:[0,k) x (0,k) >R, i =1,2 (7.:(—k 0] x (0,k) > R) of the
form
(39) Zei(bas €) 1= —Plcr) ey — 3B (cr) & + O(e°3)

(40) Les(a €) 1= = P(es) epy — 5B W(ez) &% + O(ep3)

(xe1t2, €) < ke for all (u,, €)) and a neighbourhood W of the origin (x, y) = (0, 0)

such that for (u,,€)e[0,k) x (0,k) ((a ¢)e(—k, 0] x (0,k)) the following

holds:

(1) The set W contains all three equilibrium points of the system (6).

(2) If 2ey(i2s 8) < By < Xey(125 €) (Xe,(B2s 8) < 1 < Zoy(ias €)) then the system (6)
has exactly two periodic trajectories surrounding all three equilibium points
and lying in W.

G) If wy = xe(12s8) or 1 < 10,(12s &) (01 > 7ey(1a, €)) then the system (6) has
exactly one periodic trajectory surrounding all three equilibrium points and
lying in W.

(4) If uy > 2c,(12s €) (11 < %e,(pa2, €)) then the system (6) has no periodic trajectories
surrounding all three equilibrium points and lying in W (see Fig. 2, where
L, :=graphy, < E, L, := graph y,, = E, E := {(uy, piy, 8): [, £ k,0 <& <
<k, |u| < ke}).

Remark. The case f > 0, p, < 0 can be obtained from the case f <0, U, <0
by using the transformations t - —t, y — —y, puy = —uy, fto, =& — ;.

Theorem 3.4 provides an information about the number of limit cycles sur-
rounding all three equilibrium points and lying sufficiently close to the homoclinic
trajectory appearing on L,. However, there may exist other limit cycles surrounding
all three equilibrium points lying outside the neighbourhood W which are not
detectable in our coordinate system defined by (7).

Let us consider the system (6) with ¢ < 0, i.e.

(41) xX=y,
y=(e = x¥)x + (u + pox* + fx*)y + R(x*, &, ) y .

The origin is a focus and p; = 0 is a bifurcation surface, where the Hopf bifurcation
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appears. Let us introduce the polar coordinates x = ¢ cos ¢, y = g sin @. Then the
differential equation for ¢ has the form

6 = o[(e + 1) cos @ sin ¢ — @? cos® @ sin @ + (i sin® @ +
+ 0%, cos® ¢ sin? ¢ + Po* cos* ¢ sin” @) + R(e, ¢, &, )] .
After averaging over the interval (0, 21t) we obtain the equation
(42) ¢ = o(bm + g1a0” + 1ePe*) + 0(¢*, & 1))

where Q € C®, Q(¢% 0,0) = o(¢*). The number of periodic trajectories of (41) is
the same as the number of positive solutions of the equation

(43) 8y + 2p,0% + Po* + 16Q(0% &, pn) = 0.

One can check that if § > 0 then we have a bifurcation diagram as in Fig. 3. This
result can also be obtained using the formulas for the first and second Lyapunov focus
number (see Bautin and Leontovich [2] and also Medved [22]). If (uy, p,) € D,
(k=0,1,2) and ¢ < 0 then the equation (41) has k periodic trajectories. This
bifurcation is called the generalized Hopf bifurcation. Thus we obtain a surface G,
as in Fig. 2 which corresponds to the curve H := Dy n D,. The form of the surface G,
indicates that it should be possible to extend it to a surface G, lying in the half space
¢ > 0. We do not prove the existence of G,. This surface is not detectable in the co-
ordinate system defined by (7).

4. PERIODIC TRAJECTORIES SURROUNDING SINGLE
EQUILIBRIUM POINTS

Similarly as in Carr [5] one can show that the equation for the values of para-
meters (0, v;, v,) for which the equation (9) has periodic trajectories surrounding
single equilibrium points has the form

(44) viKo + v,K; + 8?BK, + W(8, vy, v,) =0,
where We C, W(3, vy, v,) = 0(3*(vi + v3)),
(45) K; =Kfc):= [tu*" r(u)du, i=0,1,2,

0<c<l1,ec<d, r(d) =0,
4 4 1/2
= (o 2
(46) Hu) = (u 5 + 5 c) .

The implicit function theorem implies that (44) can be written in the same form,
where the function W is independent of v,, i.e. we obtain the equation

(47) V= —— v, — 523& + W(é, v2) s
0 K,

where We C®, W(3, v,) = 0(5*v3) and in the original coordinates y;, i,, & we obtain
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the equation

(48) ty = (15, 8) 1= R(c) poe + S(c) & + O(e*u3
where

o) = __Kl(c) ¢):i= — Ky(e)
(49) R(c): Ko@)’ S(e) : X0

Since #(d) = 0 we have

0= Jdi(uzi“ H(w) du = (20 + 1)£u2ir(u) du +

du

c

rd u2i+1(u —u

) du = (2i + 1 duz"rmdu
J o s e [

rd , 2i+2 d_ 2i+4 4 4
+ ]2 du—.[u (2;+1)j w - S
e Hu) ) r(u) 2 2

o

+

‘du2i+2 du21+4 2l+3
+ - - du = (> —¢)""(2(i + 1)K}y, — =——K;
&7 Lwn (€ = 71+ D Kips = 22
2
Lo (2i+1)K;>.

Thus we have obtained the equality

(50) (2i +3)Kjpo — 4(i + 1)K}y — (20 + 1) (c* = 2¢)K; =0,
i=0,1,....

Now we shall derive the relations between K, K, Kz, Ky, K|, K5

e i =05 o

= (- o) (K; — 1K) + « _226- Ko), ie.

(51) K, = B"'(34K;, + K| — 1K),
where
(52) A=c*—-2", B=c>—c.

Ky = () (o) du =
_ jj(r(u))"u2<uz - 1; T £2f - c2> du =

= B"'(3A4K} + K} — 1K}),
(53) K, = B (14K, + K} — 1K}).
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From (50) we obtain

(54) 5K, — 8K} — 34K} = 0,
(55) 3K, — 4K — AK), =0,
and from these equations we have
(56) K5 = 5(84K; + (32 + 94) K}) .
From (51), (54) and (56) we have
(57) 3BK, = AK), + K|,
and from (53), (54) and (55) it follows that
(58) 15BK,; = AK) + (34 + 4) K, .
From the system (57), (58) one can calculate that
(9)  Kp= ﬁ (B4 + 4K, — 5K,
(60) K =2 (5K, — Ko).

A+1

Integration by parts yields
(61) SBK, = K, — K},
and from (50) we obtain
(62) K, = 7K; + 54K},
K} = 3K + 24K .
From these equation and (55), (56) we have

(63) K, = Ials_B ((84 + 5) 4K}, + (294 + 32)K})

and using the formulas (59), (60) we obtain
1

- 2 —
(64) K, = AT (2(44% + 34 — 2)K, + 5(74 + 9) K;).
This yields
K, _ 1 2 _ .
(65) }go 3504 + 1) (2(44% + 34 = 2) + 5(74 + 9) Qo(c)) ,
where
. Ki(e) _ 4 H2
(66) Qo(c) : Ko , A=c*—22.
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Lemma 4. 1 (Carr [5]).

Qo(c) := on(c) >0 for 0<c<1 and Qu0)=
_ Lemma 4.2
(67) (5—2-@>>0 for 0<c<l1.
Ko(c)
Proof.
Kao) _ G1(A) + Gy(4) Qo(c), where A = c* —2¢2,
Ko(c)
2 4A2 + 34 - 174 +9
A)i=———r, A) = .
Gi(4): A+1 Gl)= T
(68) K2—(C)> = 4Y(c) o(c® = 1) + Gy(c* — 2¢%) Qi(c),
Ko(c)
where
(69) Y(c):= 46.(4) 4 40.(4) Qo(c) .
d4 A=c4-2¢2 a4 A=c4-2c2
Using Lemma 4.1 and (69) we obtain
2 44> + 84 + 5 10 4
Y(c) = = — - =
35 (A+1)? (4 +1)*5
2
=— " (44> + 84 —15) <0 forall ce(0,1),
35(4 + 1)2( ) ce(®1)

where 4 = A(c) := ¢* — 2¢%. Therefore Y(c) ¢(c* — 1) > 0 for all ¢ €(0, 1). Since
—1 < A(c) < 0 for ce(0,1), G,(A(c)) must be positive and Lemma 4.1 implies
Q0(c) > 0. Therefore from (68) we obtain (67).

As a consequence of Lemma 4.1, Lemma 4.2 we obtain the following lemma.

Lemma 4.3. Let the functions R and S be defined by (49). Then
(1) R(c) < 0 for ce(0,1); '
(2) if B> 0(B <0) then S'(c) < 0(S'(c) > 0) for ce(0,1).
Take the function
(70) ty = Po(p, €) := R(0) e, + S(0) &2 + O(e?u3)
(see (47)), where R(0):= —0(0), S(0):= —K,(0)/K,(0), Q,(0):= lilgl+ 0(c)
K{c) := lim K(c),i = 1, 2. As a consequence of Lemma 4.3 we obtain the folloWing

theorem.c~°"
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Theorem 4.4. If B > 0(B < 0), & > O then there is a number k > 0, a C*-function
®: [0, k) x (0, k) > R (Po: (—k, 0] x (0, k) > R) of the form (70) and neigh-
bourhoods Wy, W, of the points (—1,0) and (0, 1), respectively, such that for
(12, &) €[0, k) x (0, k) (12, &) € [— k., 0) x (0, k)) the following holds:

(1) The set Wy x W, contains both foci of the system (6).

(2) If g > Po(ua, &) (1 < Po(pz, ) then there is no periodic trajectory of (6)
surrounding the single foci and lying in Wy x W,.

(3) If py < Do(a, &) (s = Po(pa, €)) then there is exactly one periodic trajectory
of (6) surrounding each of the single foci and lying in Wy x W,.

(See Fig. 2, where K := graph &,.)

)
v /p
/ i % “
\7‘:
‘ D
¢ b, b 2
Fig. 1. Fig. 2.

Remark. The case f > 0, u, < 0 can be obtained from the case f <0, u, <0
via the transformations t - —1t, y - —y, uy = — g, [ty = —[i5.
If ¢ = 0 then d = /2 and thus

V2 ) u4 1/2
K,(O):J uz'(u2—5> du, i=0,1,2;

0

% 1
Ko(0) = QEJ w2 — u?)"2du =8 sz o3(1 — v?)2 dv =
0 0
=[-8V (1 = v?)** (30* + 350° + 195)]0 = Tos :

(V2
K,(0) = ﬁj w2 — w2 du =
0
1
V) [s2 = w?)*> = 32 - w?)2]° = 5.
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We obtain that

Ki(0) _3 Ky(0) 32
Ko(0) 5  Ko0) 35

and thus the function (70) has the form
p = —3eu, — 33P6% + 0(%43) .

We conjecture that in the case f > 0 the complete bifurcation diagram and bifur-
cations look like in Fig. 3. We have proved that for (&, i1, ;) the system (6) has at

A
b, &
G
B
(G
K [ (%)
L /
\ - G
/’//’/’l GO
\\\ ] A [L’j
AN
@ \\\ G 2 //’7
N 1 -7
. -
g
B
L

Fig. 3.

least two periodic trajectories between the surfaces L; and L, surrounding all three
equilibrium points. By the hypothetical bifurcation diagram (Fig. 3) there are three
such periodic trajectories. One of them should lie outside the set W (see Theorem 3.4).
This trajectory should be the same which arises as a result of the generalized Hopf
bifurcation, when the parameter crosses the surface A.
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