Czechoslovak Mathematical Journal

Oldrich Kowalski; Lieven Vanhecke
The volume of geodesic disks in a Riemannian manifold

Czechoslovak Mathematical Journal, Vol. 35 (1985), No. 1, 66-77

Persistent URL: http://dml.cz/dmlcz/101998

Terms of use:

© Institute of Mathematics AS CR, 1985

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101998
http://dml.cz

Czechoslovak Mathematical Journal, 35 (110) 1985, Praha

THE VOLUME OF GEODESIC DISKS IN
A RIEMANNIAN MANIFOLD

OLpRIicH KowALskI, Praha and LIEVEN VANHECKE, Leuven

(Received November 15, 1983)

1. INTRODUCTION

Let (M , g) be a connected analytic Riemannian manifold of dimension n. For any
unit vector x € T,,M, m € M, we shall denote by D;(r) the geodesic disk with center m
and radius r (we always suppose r sufficiently small). More specifically, we put

Di(r)={meM I d(m', m) < r} nexp, ({x}*)

where exp,,: T,,M — M is the exponential map at m. Further, we shall denote
by V;(r) the (n — 1)-dimensional volume of Dj;(r).

Let V, K, 90, © denote the Riemannian connection, the Riemann curvature tensor,
the Ricci tensor and the scalar curvature on (M, g), respectively. In [4] we proved

Theorem 1. For any point m € M, any unit vector x € T,,M and any small radius
r > 0, we have

0 Vi) = Vi) {1+ 4G + B(x) 7 + 06)
where the coefficients A(x), B(x) are given, with respect to an adapted orthonormal

basis {e, = x, e,, ..., e,}, by the following formulas:

4@=—@{3a~wmw»
_ 1
360(n + 1) (n + 3)
+ 24 ZR%ijk - 820%;‘ + 1203, — 16 ZQinlilj +
+ 205 IR2y, — 2010, + 36 YV20r, + 18V2,7)(m).

In the second formula, all the summations range over i,j, k = 2,3, ..., n. Finally,
V5~ '(r) denotes the volume of a Euclidean ball of dimension n — 1 and radius r.

B(x)

(=3|R|* + 8|e|* + 57> — 1847 +

It is easy to see that in a two-point homogeneous space the volume V;i(r) does not
depend on m and x, i.e., these spaces are strongly disk-homogeneous (see [4]). One
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of the purposes of this paper is to provide complete formulas for V;i(r) when (M, g)
is a two-point homogeneous space (Section 3). As far as we know these complete
formulas are not available in the literature, at least when M is neither the Euclidean
space nor a space of constant curvature.

In [2] the volume of a geodesic sphere or geodesic ball has been determined, at
least in the form of a power series expansion. Complete formulas are given when the
ambient space is two-point homogeneous. At the same time, the authors of [2]
tried to characterize the two-point homogeneous spaces by means of the complete
formulas for the geodesic balls, but up to now, this problem has remained open in
the general case. Similar problems are stated in [3] where the volume of tubes about
curves is used. In contrast to the problem for geodesic balls, the authors have given
positive answers in this case. It is not surprising, as we shall show in Section 2, that
similar characterizations can be given by using the volume of geodesic disks.

Finally, in Section 4, we characterize locally symmetric spaces and spaces of con-
stant curvature using volume-preserving geodesic symmetries and harmonicity of
the disks.

2. CHARACTERIZATION BY MEANS OF VOLUMES OF GEODESIC DISKS

We shall make use of the following

Theorem 2. Let (M, g) be an n-dimensional Riemannian manifold (n > 2) with
the property that for all small r and all x and m the coefficient A(x) in V;(r) is the
same as in the corresponding formula for an n-dimensional Einstein space M'.
Then (M, g) is an Einstein space with the same scalar curvature as M'.

Proof. For M’, A'(x) reduces to
1 n— 2) ,
_ T
6(n + 1) n

n—2

n

and hence, we have

(2) T— 20y, =

’

Because e, = x is arbitrary, we obtain from (2):
(n—-2)t=(n-2)7

and so, T = 7. Finally, (2) implies

|«

Oxx = >

which proves the required result.

Next we characterize, at least locally, the two-point homogeneous spaces. For
this purpose, we shall use characterizations of these spaces by means of quadratic
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Riemannian invariants. In [2] and [3] references are given to the works of Berger,
Calabi, Donelly, Watanabe and Alekseevskij, where all the details can be found.
We always suppose dim M > 2.

We start with the spaces of constant curvature.

Theorem 3. Let (M, g) be an n-dimensional Riemannian manifold with the pro-
perty that for all small r and all x and m, M has the same volume function V;(r)
as an n-dimensional space M' of constant curvature A. Then M has constant
curvature A.

Proof. Theorem 2 implies that M is an Einstein space. In particular, the Ricci
curvature ¢;;, the scalar urvature 7, and || are given by

(3) =(n—-128;, t=nn—-1)41, o> =n(n—-1)722.
By equating the coefficients B(x) for both spaces, using (3), we get

(4) =3||R|* + 24 Z Rluk +20 Z Riy; =

i,j=2
= _3”RI“2 + 24 Z RlU" + 20 Z Rlxl}
i,j=2
Since e; = x is arbitrary, we can use the same integration techmque as in [1]. Then,
integration of (4) over the unit sphere S"~' gives

) =3P+ 20D (IR = 2 o)+ s (GIRE + lel?) =

n(n + 2)
SR L (Hw—
o 3(n* — 6n — 2) IR? - 28
n(n + 2) n(n + 2)
In virtue of (3), the equality (5) implies v
IRI> = [R]>

Now, M’ is a space of constant curvature, and hence

2 2
IR = -2

Combined with (3), this implies
: 2
IR|* = — lle|?
n—1

and this is characteristic for (M, g) to be a space of constant curvature. Since T = 7/,
this curvature equals A.
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Now we characterize Kihler manifolds with constant holomorphic sectional
curvature.

Theorem 4. Let (M, g) be a Kdhler manifold of complex dimension n with the
property that for all small r and all x and m, M has the same volume function V;(r)
as an n-dimensional Kdhler manifold M' of constant holomorphic sectional
curvature p. Then M has constant holomorphic sectional curvature p.

Proof. Proceeding in the same way as in the proof of Theorem 3 we get

(6) 0;=3n+ N)pus;, t=nln+1)u, |ef*=1In(n+1)7p
and
(7 IR = R

The relation
() I |

holds since M’ has constant holomorphic sectional curvature. Hence (6), (7) and (8)
imply

e

n+1

IR]* =

and this means that M also has constant holomorphic sectional curvature. The rest
follows from (6).

Next, let M’ = Q(v) denote the quaternionic projective space QP"(v) (w1th maxi-
mum sectional curvature v > 0) or its non-compact dual.

n+1

Theorem 5. Let (M, g) be a 4n-dimensional Riemannian manifold whose holonomy
group is a subgroup of Sp(n). Sp(1). Further, suppose that for all small r, all x
and m, M has the same volume function V;(r) as Q(v). Then M is locally isometric
10 Q(v).

Proof. Again, we proceed in the same way. First we obtain

9) 0;; =(n +2)vd;;, t=4dn(n+2)v, o] =4n(n+ 2.
Then we get
(10) IR = R
Since
2 (Bn+ 1)
) e - 2 x 0

we obtain from (9), (10) and (11):
IRz = Gt DT
’ dn(n + 22
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This is a characteristic condition for M to be locally isometric to a Q(7). The required
result follows now at once singe (9) implies v = v.

We need not characterize the Cayley plane. A well-known theorem of Alekseevskij
says that a manifold whose holonomy group is contained in Spin (9) is either locally
flat or locally isometric to the Cayley plane or to its noncompact dual.

3. THE COMPLETE FORMULAS FOR TWO-POINT HOMOGENEOUS SPACES
In this section we compute the complete formulas for V;(r) when (M, g) is a two-

point homogeneous space. We use the Jacobi vector field technique, similar to the
method used in [3] for the computation of the volumes of tubes.

Let me M and, as before, let {e; = x, e,,...,¢,} be an adapted orthonormal
basis at m. Further, let y be a geodesic of (M, g) such that (0) = m and ||y'(r)| = 1.
In what follows we always choose the basis {¢,, ..., e,} such that

V'(O) =€.

Next, on the geodesic disk D)(r), we choose the coerdinate system (x,, ..., X,)

defined by

. .
x(exp, Y te)=1t,, i=2,..,n,
i=2

where exp,,: T,,M — M denotes the exponential map at m.

Let Sj(t), t < r, denote the (n — 2)-dimensional volume of the boundary of the
geodesic disk D}(t), i.e. the volume of

di(t) = {m e M | d(m’, m) = t}  exp,, ({x}*).
Using the Gauss lemma, one sees at once that

(12) T = J' "sx(0) dr.

o

Further, we have
(13) () = 12 J (det ) (expy, 1) du
sn-2(1)

where du denotes the volume element of the (n — 2)-dimensional unit sphere S"~%(1)
in E""? and (g,p) is the matrix formed by the elements

_ 0 6)
Gap = DU K oc,ﬂ=2,...,n.
g g(ﬁxa 0%,

/

We shall need the following lemma, which is easy to prove (see [3]):
Lemma 6. 0/0x, (t), 1(0/0x;) (1), ..., 1(0]0x,) (t) are Jacobi vector fields on (M, g)

70



along y and the initial conditions are

(m)@== () @0

<ta—iz)(0)=0, (ta—ia)/(()):ea, a=3,..,n.

Hence, to compute the volume, we only need to compute these Jacobi veotor fields
explicitly and then to carry out the integration. We do this for all the two-point
homogeneous spaces. Although the formulas for E", S"(1) and H"(—4), 2 > 0, can
be written down immediately, we prefer to give complete proofs as models for the
other cases. Note that the expressions for these Jacobi vector fields are in fact also
derived in [3], at least in some cases.

Let {E,, ..., E,} denote the orthonormal frame field along y obtained by a parallel
transport of {ey, ..., e,} along y.

Theorem 7. Let (M, g) be the Euclidean space E". Then we have
(14) Sx(r) =r28573(1)
where S§*(1) = (n — 1) 2"~ D2[((n + 1)]2).

Proof. We express the Jacobi vector fields 9/0x,, #(0/0x,), @ = 3,..., n in terms
of the appropriate parallel frame field {E, ..., E,}. Then we obtain

a 7

=7 (t) = Ezpyry s

0%2y(1)

0

— =Ea{7(l)’ a=3,...,n.

axa‘w(i)

Hence

detg =1

and the required result follows at once.

Now, we settle the rank one symmetric spaces. For simplicity we treat only the case
of positive curvature; the case of negative curvature can be completed just by replacing
all the trigonometric functions in the formulas by the corresponding hyperbolic
functions.

Theorem 8. Let (M, g) be a space of constant curvature A > 0. Then
sin (\/A) r\" "% -2
(19) s = (O ).
NCE
Proof. This time, the Jacobi vector fields we need are given by
0

s = y’(t =E 5
axzmn ) 2|y(1)
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6i - (Mh) E;yy, a=3,...,n.
Xaly) V@)
Hence, we have
(16) det§ = <SIL(\/A) t>2n—4.
NGr
Now the required result easily follows from (13) and (16).

Geodesic disks in other rank one symmetric spaces are more comglicated. This is
due to the fact that the isotropy group of a vector x € T,,M no longer acts transitively
on the unit sphere of {x}* < T,,M.

Theorem 9. Let (M, g, J) be a Kdhler manifold of complex dimension n with
almost complex structure J and of constant holomorphic sectional curvature
4> 0. Then

17 Si() = (\_/2. sin g" ) | <cos\/_2’“r>J'szn_lm{ 1+ a(u) tg? W } du

where a*(u) = cos® 0(u) and O(u) is the angle of the unit vector u with Jx. More
explicitly,

(18)  Su(r) = (\/— sin Y/ r) (cos VK ) Sé”‘3(1)f+l(1 +22) (1= 2 dt,

-1

where ¢ = tg> ¥(\/u) r.
Proof. There is a parallel vector field Z along y with y'(0) = u such that

. Iz] =1, 9(z,3y)=0, g(z,7)=0

x = e, = aJy'(0) + b Z(0),

where a? + b? = 1. With respect to the parallel frame field {y', Jy’, Z, E,, ..., E,,}
we have )

5

6x2|7(,)

C e Ul ) (G,

—a« =< 2 sinﬂt)Eam,), a=4,...,2n.
6’?a|-/(r) Wm)t 2

Hence we obtain

- 4a> ., \/p b* .
detg = [ — sin? X2 ¢ + — sin? t
’ <ut2 2T VH )(

I

Y(1),

2 sinl/ft>4n_6=
Vwt 2
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' / 4n—4
=(a2+b2c052V“ >< 2 siny«”t) =
Vit 2

, 4n—4
= (cos 2K + a?sin? \/’L ) 2 sin 3/~M t) ,
2 (\/u)t 2

a = au) = g(Jezs e1) = —g((0). Ter)-
This together with (13) yields (17).
Nt

To compute (18) we take a system of polar coordinates on S*"~%(1) in{e,}*.
In this space we take a basis {Uy, ..., U,,_,} such that Up,— = Je,. We have

where

(19) u; = 6os 0, cos0,...cos0,,_3c0805_,,
U, = 6os 0, ¢cos0,...cos0,,_5sinby,_,,

uy = cos 0, cosf,...sin0,, s,

Upp—y = sin b,

where
0<0,,_.,<2n, - 1~t§0a§ r for a=1,...,2n — 3.
2 2
Then we have
(20) a = —sinf,
and
(21) #1 = (cos 0,)" 73 (cos 0,)*""* ... cos 0,,_3d0, ... d0Oy,_» .

By virtue of (20) and (21) the integral in (17) becomes

J (1 + a?)2 4l = S2(1) J (1 + ¢ sin® 0,)17% (cos 0,23 do
s2n-2(1)

—n/2

2

where ¢? = tg? 4(,/u) r. Further we have

+n/2 +1
(22) J (1 + ¢ sin® 0,)1/2 (cos 0,)2"~3 dO, = J (1 + 222 (1 — 2y 2de
—-n/2 -1

which gives the required expression (18).
Note that the integral in (22) can be computed by using standard methods. We
omit the clumsy explicit expression.

Theorem 10. Let (M, g) be the quaternionic projective space QP"(v) (with maxi-
mum sectional curvature v > 0). Then

(23)  Si(r) = (7 sin V; r>4 cos® \/2 {1 + a*(u) tg® \/2—” r}m du

San-2(1)
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where a*(u) = cos® 0(u) and 0(u) is the angle of the unit vector u with the subspace
spanned by Ix, Jx and Kx. I, J, K are the local almost complex structures.

Proof. Along 7, with y'(0) = u, there exists a parallel frame field {y’, Iy', Jy’, Ky',
Z,Es, ..., E4,} such that

12 = 1. 9(z(0),7(0)) = 0, g(z(0).1y(0)) =0,

g(z<o>, () =0, ¢(Z(0),Ky(0) =0
and

e, = aly'(0) + bZ(0), a* +b*> =1

where I, J, K denote appropriately chosen almost complex structures. With 1espect
to this parallel frame field we have:

aixzwm =), :
el oy LR (v T D G

9

= sin ({/v) > IV 1oy »
0%X4jyr) ((\/") !
sin ({/v) ) Ky ey »

(5]
2o
wn
=
I
g
~
k
=
SN
-

i :( 2 sinﬁt>EaW(‘), a=6,....,4n.
X1 (\/ V) 2

Hence
8n—4 /
detg = 2 sin Nl t cos® YW1+ a*(u) tg? Al t)
(\/ v) t 2 2 2

and the required formula follows at once.

EN

Using the appropriate almost complex structures I, ..

., I¢ in the Cayley plane, one
obtains, proceeding in a similar way:

Theorem 11. Let (M, g) be the Cayley plane (with maximum sectional curvature
{ > 0). Then

(24) s3(r) = (\/ sin \2‘: ) s’ {C Lum {1 + a*(u) tg? % r}”z du

where a*(u) = cos® 0(u) and 0(u) is the angle of the unit vector with the subspace
spanned by the vectors Iyx, ..., I¢X.
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4. OTHER CHARACTERIZATIONS

We proved in [4] that the volume V;;(r) of a geodesic disk is given by

V() = J "2 “ O(exp,, tu) du dt

0 Jsn-2(1)

where @ is the “normal volume function” of the disk D=, i.e.

m>

O(exp,, tu) = (\/det g) (exp,, tu) .
From the formulas given in [4] one easily derives the following power series expansion
for O(exp,, tu):
(25) g(expm tu) = 1 - é(Quu - Rlulu) (m) tz - il.z_(vuguu - VuRlulu) (l‘n) t3 +

+ ﬁ{—%(vfuguu - VfuRlulu) + %.ZZR%MM -

- ng Z Rz%iuj + %(Quu - Rlulu)z} (m) t4 + 0([5) .

i,j=2
In what follows we characterize locally symmetric spaces and spaces of constant
curvature using weaker geometric properties of the geodesic disks.

We start with locally symmetric spaces. We have

Theorem 12. A Riemannian manifold (M, g) is a locally symmetric space if and
only if, for each point me M, the local geodesic symmetry at m preserves the
(n — 1)-dimensional volume element of each geodesic disk centered at m.

Proof. It is easy to see that D}, has the volume-preserving property at m if and
only if
(26) O(exp,, (—tu)) = 6(exp,, tu)
for small ¢ and all unit vectors u € {x}*. (See for example [6].) Then, from (25) and
(26), we have
(27) VuQuu - Vquu.xu = 0
for all u e {x}*. Since this must hold for any x, it follows that
(28) Vi0u = 0.
So, (27) and (28) imply

VHRXUX“ = 0 .

Using Lemma 5.1 of [6], we get VR = 0.

Conversely, suppose the manifold is a symmetric space. Along a geodesic y the
Jacobi equation can be solved explicitly and hence det g can be written down at once.
One easily sees that (26) is satisfied.

Next we characterize the spaces of constant curvature. Following [5], the geodesic
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disk Dj(r) is said to be harmonic at the center m if and only if the normal volume
function of the disk depends only on the distance from the center m and not on the
direction u. We have

Theorem 13. (M, g) is a space of constant curvature if and only if each geodesic
disk D}(r) is harmonic at the center m.

Proof. First, let (M, g) be a space of constant curvature. Then the result follows
from (16).

Conversely, suppose O(exp,, tu) is independent of u. Then, Theorem 12 implies
that M is locally symmetric. Further, we have from (25):

(29) Ous — Riui. is independent of u .
Now, let us first suppose dim M = n > 3. Then we have
Quu — Rlulu = CQepeq — Rie,lz, , = 2’ R

where {e,} is an orthonormal basis of {e, = x}*. Summation with respect to o gives

(30) (n - 1) (Quu - Rlulu) =1 2Qll .
Next, we interchange the role of x = e, and u. This gives
(31) (n - 1) (gll - Rlulu) =T 2'Quu‘

From (30) and (31) we get
2
Quy — 011 = — (Quu - Qll)
n—1
or
(n - 3) (Quu - Qll) =0.

This implies that M is an Einstein space. Then, (30) gives

T
32 Rijju = ——
(32) el n(n — 1)
and this means that M is a space of constant curvature since (32) holds for all x
and u e {x}*. ‘
Finally, suppose dim M =, 3. The coefficient of ¢* in (25) must be independent

of the direction u. Taking into account the local symmetry and the condition given
by the coefficient of 12, we get that

3 3
(33) 4% R}, — Y Rz, isindependentof ule, .-

i=2 ij=2
Putting 4 = e, and u = e5, we hence obtain R?,;, = R},,,. If we rotate the basis
{e,, e;} in the plane {x}*, we finally see that R,,,, = 0 holds for any orthonormal
triple x, y, z € T,,M. The required result follows from Cartan’s lemma.
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