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0. INTRODUCTION

Let M be a Riemannian manifold and M,, the tangent space at each point m € M.
The sectional curvature r(P) of a plane P = M,, is defined, [13], as the Gauss curva-
ture at m of the surface Exp,,(P). So. r can be considered as a function on the Grass-
mann manifold of all planes of M,,, G(2, M,,), and the Riemannian curvature tensor R
can be defined in terms of the Pliicker coordinates of G(2, M,,) by polarization of r,
[10]. The purpose of this paper is to determine R by analizing the critical point
behaviour of the sectional curvature function rp for a special class of curvature
operators.

If S: R" > R"is a symmetric operator, one can define g4 : S"~! — R, by os(w) =
= {Sw, w), which is projected at &5 : RP"~' — R. It is well known that w is a critical
point of g if, and only if, w is an eigenvector of S; and its critical value ag(w) is exactly
the correspondent eigenvalue. Algebraicly, if ¥ is a real metric vector space, by
a curvature operator on ¥ we mean a symmetric operator R on A*(V) and the function
attached according to the above way is the sectional curvature function rp. Now,
the points and critical values of rg play the rdéle of the eigenvectors and eigenvalues
of S. The fundamental question is: “How and at what rate do the critical points and
values of rg determine R?”.

On the whole, if R is a curvature operator verifying the first Bianchi identity, it is
said that R has a normal form if the critical points and values of rp determine R.
In [11], it is shown that any Einstein curvature operator in dimension four has
a normal form and this fact depends strongly of the existence of a determined number
of critical points of the sectional curvature function. For Kaehler curvature operators,
that is, curvature operators verifying the first curvature condition, it is possible to
consider those for which the curvature function is a Morse function; this allows to
establish lower bounds on the number of distinct critical points, [6], [7].

Since the abstract treatment of the curvature operators has take geometric sense
when Vis, at each point, the tangent space of a Riemannian manifold, the question
naturally arises when V'is identified with the tangent space at each point of a Nearly
Kaehler manifold, [5], [7]. Since the Riemann curvature tensor of such manifolds
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verifies the second curvature condition, one can define the space of all curvature
operators on V verifying the above condition of curvature. Using similar technics
to [7], one determines normal forms in dimensions four and six. All geometric objects
will be considered of class C*.

1. PRELIMINARIES

(V. J, (., >) is an hermitian complex vector space of real dimension 2n, by
a curvature operator on ¥ one refers to a symmetric operator R on /12(V). If, also,
R verifies the first Bianchi identity, it is said that R is a Riemann curvature operator
and it is denoted by #{(2n) the metric vector space of all curvature operators on V.
It is defined an element of %(2n), also represented by J, by J(x A y) = Jx A Jy,
for all x,yeV.

Identifying the Grassmann manifold G(2, V) of the planes of V' with the space of
the unitary decomposable bivectors of A*(V), for each R of %(2n), one defines the
curvature function associated to R, 1 : G(2, V) = R, by rg(P) = (R(P). P). Since V
is isomorphic to C", by abuse of notation, when it is convenient, it will be written
A*(C") by A*(V) and G(2, C") or G(2,2n) by G(2, V). Furthermore, by G(2, 2n)’ we
denote the holomorphic planes of G(2, 2n). We shall frequently identify A*(}) and
o(2n). As u(n) = {M e o(2n)|JM = M}. if I € u(n) is such that JI = I and {v;, v,
is an unitary basis of C", I = ) v; A v;., Where v = Ju. If P e G(2, 2n), choosing

i=1

an orthonormal base {v,} of C", P is holomorphic if, and only if {<P,I) = +1.

Definition 1.1. R € #(2n) is called a Nearly Kaehler curvature operator or NK-
curvature operator if it satisfies the second curvature condition; that is,

ny'zw = R.lx.lyzw + RnyJ:w + RnyJ:w

for x, y, z, we V. It will denote by A" (n) the set of such curvature operators,
which with the restriction of the inner product is a metric vectorial subspace of Z(2n).

Like [4], it will be useful to consider the tensor A* = R — RJ, such that if 2* = 0,
the space .4".#°(n) is reduced to the space of Kaehler curvature operators.

2. TYPES OF CRITICAL PLANES

Next, one can think about G(2, V') as a complex hypersurface of CP"~'. This fact
allows, using the Lagrange multipliers, to give an algebraic characterization of the
critical points of the curvature function r, for a curvature operator R e Z(2n).
In this way we have the following

Proposition 2.1. If Re.xV]/(n), any critical plane of FRig,md 1S @ critical
plane of rg.
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Proof. Choosing an unitary basis {Da}3 o =1,1% ..., n,n*, such that P =
= v; A Uy« is a critical plane of rp | 1yd» ONE gEtS
d|

0=
d':r=0

r((cos 1oy + sin 1,) A (cos tv,. + sin 10,.))
for o = 2.2% ..., n, n* It follows that Rije1pe =0, a=2,2% ... n,n* and
R+, = 0. By Proposition 2.2 in [7], P = v, A v,.is a critical plane of ry.

In [2] it is shown that if S is a Kaehler curvature operator, its curvature function rg
achieves the maximum value on the holomorphic planes. It seems reasonable to
establish the following

Conjecture. If the holomorphic sectional curvature of a Nearly-Kaehler manifold
is non-negative, then at each point the sectional curvature achieves the maximum
value on the holomorphic planes.

First, one gives an example where this conjecture is verified. We denote by M
the naturally reductive homogeneous space U(3)/(U(1) x U(1) x U(1)). It is known,
[1]. with the complex structure given by

0 dyz g3 0 ia;, —iay;
x=\|—-a;, 0 a,|—~>Jx =[iag;, O id,5 |,
—d;3 —dy3 0 idyy idy3 0

M is a Nearly Kaehler manifold non-Kaehler, [5]. From [8],
nyxy = JZ<[X’ y]m’ [X, y].n> + <[X, y]k‘ [X, .V]k> .

An easy calculation shows that [x, Jx],, = 0 and
2i(Ay, — Ays) 0 0

[x, Jx], = 0 2i(— Ay, — Ay,) 0

0 2i(A;, — As3)
;€ R*. Hence the function

H(x) = Rapxrx 5 _ 6(A12A 5 + Ay Ass + A13453)

HX A JX”Z (A12 =+ A13 + A23)2
is bounded by 0 < H(x) < 2.
Choosing the orthonormal base of M,,

where A4,; = a;;a

010 001 0 00
oy =12 [-100) v, =1/y2| 000) vs;=1/J2 (0 01
000 -100 0-10
010 00 —i 000
0o =1//20100) vu=1/J2( 00 0] vy=1//2({00i
000 -i0 0 010
it is easily proved that R;;;; = £(j # i) and R,;.;;0 = 2.
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It can be checked directly that, for any given vectors x, ye M,,, rR(,\' A y) < 2.

Next, one analyzes the non-holomorphic critical planes, because they provide the
greatest information about R. We shall denote by G(2, C") — G(2, C")’ the manifold
of such planes. For any non-holomorphic plane Q one can choose an unitary base
{v,} of Vsuchthat Q = av; A vyu + bv, A vy(b +0)andU = Q + JQ/!Q + .IQ]e
€ u(n).

Proposition 2.2. Given the set
> = {Ueu(n)/lU! = 1, ranky U = 4, detc U > 0},
it is defined a map F : G(2,C") — G(2,C") - X by F(Q) = (Q + JQ)/|Q + JQ|.

Then, (i) F is a submersion; (i) if Q, Q,€ F"'(U) and Re N # (n), rg(Q,) =
= 7'R(Qz)-

Note that, from (ii), Fg g o - oe.cns PrOjects to og 1 X — R. As rp and F are
both real differentiable, so is og.

Using similar techniques to those in [7], the main result follows from Lemma (4.4).

Corollary 2.3. Let Re /4 (n) and PeG(2,C"). If P is a non-holomorphic
critical plane of rg, so is any Q € F~' F(P). Moreover, P is a critical plane of rg
if, and only if, F(P) is a critical plane of og.

In low dimensions a critical point of a Nearly-Kaehler curvature function has
a behaviour very close to an eigenvector of R as it is shown at the following

Theorem 2.4. ([3]). Let R e UV,%/(n) be Riemann, let P be an holomorphic critical
plane of rg with critical value A and let Q be a non-holomorphic critical plane
with critical value B. Then,

(1) If n =2, R(P) = AP + A" % P;
R(Q) = B(Q + JQ — <0, Iy I) + 28 «(0Q).

(2) If n = 3, there are holomorphic planes P’, P" such that P, P’, P" are mutually
orthogonal and R(P) = AP + A'P' + A"P"; and

R(Q) = B(Q + JQ — Q. 1) Ig) + A§ %o (Q) + B(I — I),
where * is the Hodge operator, g = * 4209 » 59y and

o144 2092

|0 A JO|

Remark 2.5. One writes ;tg to mean the above mentioned tensor AR = R — RJ
when we take Q = av; A vy« + bv, A vy, which will be very useful through this

paper.
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3. CRITICAL POINTS OF A NK-CURVATURE FUNCTION

It is known that the normal forms of a curvature operator depend strongly on the
number of critical points of the associated curvature function. Thus, we will establish
lower bounds on the number of distinct critical points of the sectional curvature.

Definition 3.1. For R e A # (n), the function ry is said non-degenerate if all
holomorphic critical points of r; and all critical points of o, are non-degenerate.

Theorem 3.2. Let A = {R e N A (n)[rg is non-degenerate}. Then there exists an
open dense subset S of A" A (n) such that S = A.

The proofis similar to that of the Kaehler case [7]. See [3] for a detailed account.

In [3], it is shown that such critical planes exist satisfying Theorem 3.2. Using this
theorem one can give lower bounds on the number of critical points of r. By similar
calculations to [7] it is obtained the following

Theorem 3.3. If R € A" A '(n) is non-degenerate, then

(1) if n =2, rg has at least four distinct critical planes, at least two of which are
holomorphic.

(2) if n = 3. rg has at least nine distinct critical planes, at least three of which
are holomorphic.

Now, we shall try to give additional conditions to R € A"#°(2) such that the mini-
mum number of critical points can be fixed more exactly and, also, to locate such
points. So, for each non-holomorphic plane Q, according to Theorem 2.4, one can
consider the curvature operator R2 = R — A§ *, where  is the Hodge operator. It
is easy to show that R? is a Kaehler curvature operator and b(R?) = 0. Considering
the set

4 = {QeG(2,2n) — G(2,2n)'1<Q, RYI)y = 0}
one gets the following

Theorem 3.4. Let R e A A'(2), such that b(R) = 0 and (R%(I),I) # 0, for each
non-holomorphic plane Q. Then Q is a non-holomorphic critical plane of ry if,
and only if, Q € 4 and Q is a critical point of rg,,.

Proof. By Theorem 2.4, (R%(I),I> = 0 if Q is critical; so, such critical planes are
in 4. Let Q = av; A vyx + bvy A v,. If Q is a critical point of rg, then R%(Q) =
= AQ + B Q + T, for appropriate coefficients 4 and B, and T tangent to G(2, 2n)
at Q. But T can be written as

T= Cvy A vye + Dvy A vgs + E(avy A vy — bog A vgs) +
4 F(avy A vge + buy A 034) .
Since R%(Q) e u(2) and (R%(Q),Iy) = 0, E = F and B = —A. If I1 is the projection

To(G(2, 4)) = {Pe A¥(C?)[P A Q = 0 = (P, O},
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I1(R9(I)) spans the normal space to 4 at Q. As Q is a critical point of rg,,, [T(R%(I)) =
= AT and with the above expression for T, T = 0.

Theorem 3.5. If Re A A4 (2) such that b(R) =0 and {(R%(I),I) 0, for all
non-holomorphic plane Q, then ry has at least two non-holomorphic critical
planes.

Proof. Since each o € X has two eigenvalues ia, ib with ab < 0, one can choose
a unitary base of C" such that
0 = av; A vy. + bvy A v,
and
z = {o‘eu(?.)/[a| =1, l(a, Dl <1}.
For each non-holomorphic plane Q it is now defined the subspaces
I* = {oeu(2)/<s,I) = 0}

and
RY(I}* = {0 € u(2)[<o, RY(I)) = O} .

One can also define a map f : RY(I)* —» I* by f(6) = ¢ — 3<0,I). Thusif Qe 4, Q is
a critical point of rg, with critical value B, if, and only if f(Q + JQ)is an eigenvector
of R%-f~!. A direct computation yields likewise to show that there exist at least
two eigenvectors v,, v, of R%of ™! such that f“(ul)/lf_‘(v;)lez, i =1,2; this
completes the proof.

Corollary 3.6. Theorem 3.5 holds even though (RQ(]), Iy =0.
Definition 3.7.
N AH(2)" = {Re N/ AH(2)[b(R) = 0; <RO(I), v, A vy > 0}.
The next proposition extends to A #°(2)* the above results improving the

knowledge of the set where the lower bounds on the number of critical points are
achieved.

Proposition 3.8. If Re N/ #'(2)*, rg has at least three distinct non-holomorphic
critical planes. If rg is non-degenerate, F(Q;) are mutually orthogonal.

For the proof suffice it to show that R%(I)* < X.

In higher dimensions the situation is more complicated, however we can use the
results above obtained in dimension two. For any non-holomorphic plane @, it is
considered the space G(2, Q A JQ) and, similar to the case n = 2, it is defined

NAHB)" ={Re ¥ H(3)b(R)=0;
o(R 0 nsgy) > 0, forall QeG(2,6) — G(2,6)} .
Also, for each non-holomorphic plane Q and R e A #'(3)" let
4o = {P€G(2,Q A JQ)KP, RYI,)> = 0}
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and

A = UA() 3
o ¢
that is,

4 ={PeG(2,6)[P + JP, {(P,R"(I;)> =0} .
Proposition 3.9. 4 is a compact, locally trivial fibration over CP?, such that the
projection Il : A — CP? is given by
. Q9 AJO
]Q A JQ!
Proof. If one considers the map f: G(2,6) — G(2,6) > R given by f(Q) =
= <Q, RI,)>, then 4 = f~'(0). The rest of the proof is straightforward, [3].

ne) = -

Proposition 3.10.If R e A" (3)", any critical point of rg, , is a critical plane of rg
and any non-holomorphic critical plane of rg is on A. .

Suffice it to say that Tp(G(2, C*)) = TH(G(2, Q@ A JQ)) + Ty4.

The following main fact shows that the above obtained lower bounds are achieved
on A #'(3)*. From [7], through the Z,-cohomology of the space 4 = F(4)/c = —o,
one gets

Proposition 3.11. If Re A" #(3)" and rg, rg|, are non-degenerate, ry has at least
three distinct holomorphic critical planes and nine distinct non-holomorphic critical
planes.

4. NORMAL FORMS OF THE NK-CURVATURE OPERATORS

If Re /A (n) using the above mentioned tensor A® = R — RJ, we can define,
[9], a new tensor given by

=13 1R 1R
xyzw 2/"xyzw + Zszyw 4,’1xwyz N

Let R, S & A" (n), with b(R) = b(S) =: 0, such that R,j.jx = Sisxesx Then
.

xyzw xyzw

Reyew — I'Sow =S

xyzw xyzw

This fact shows that two Nearly-Kaehler curvature operators having the same
holomorphic sectional curvature do not coincide everywhere, against the well-
known property for Kaehler curvature operators. That justifies the following

Definition 4.1. Let & < A" '(n) a subspace. Let Re & with b(R) = 0 and let
{(P;, A;)} be a set of critical points P; of the sectional curvature rp with critical
values A;. It is said that {(P;, 4;)} is a normal form of R relative to & if
for each Se &, with b(S) = 0, such that rg_ps, = has critical points {(P;, 4;)}
with rg_ps,rr(P;) = A; = rg(P;), then R = S — I'¥ + I'*.

This definition is not manageable to checking normal forms for a given curvature
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operator R and for this reason one will establish an algebraic condition such that
when this condition is verified one gets the existence of a normal form of R.

Definition 4.2. For any plane Pe G(2, 2n), P = av, A bgvg = a,zv, A vp, it is
defined a map
Q(P): ¥ H (n) - C*
by
Q(P) R = (aaa,,,(R - FR)JIVB - ibﬂaré(R - FR)rﬁvﬁ)

where t = 1, 1%, ..., n, n*.
In general, if Py, ..., P, e G(2, 2n)

QPy, .. P)R = (QP) R, ..., (P, R) € C"*

Let R, R" € A" A (n), such that rg and rg._ =, r= have the same critical points P;,
1 £i =<k and the same critical values A;. Then, by (7), @(P;)R = Q(P)) R,
1 £i < k; that is, R — R" € Ker Q(P,, ..., Py).

Conversely, given R € A A '(n), let K € .44 (n), such that K € Ker Q(P,, ..., P;).
It is considered R’ = R 4 K. A direct computation shows that rg and rg._rr 4=
have the same critical points P, ..., P, with the same critical values 4,, ..., 4,.

So. to show that {(P,, 4,), ..., (P, 4;)} is a normal form of R it will be suffice
to prove that

Ker Py, .., P)lkery = {S€ N H (n)[S = I'*}.

Thus, to determine normal forms of curvature operators in A" % (n) suffice it to
look over the kernel of Q(P;).

Theorem 4.3. Any Re & A (2), b(R) = 0, has a normal form relative to N A (2).

Proof. We shall give a sketch of the proof, which can be found in [7], since it is
not substantially different from Kaehler case.

From the above paragraph one can suppose that r; has two distinct holomorphic
critical planes P, and P, and two distinct nonholomorphic Q, and Q,. One takes
P, = v, A vy.and K € Ker Q(Py, P,, 0y, Q,), with b(K) = 0. PuttingK’ = K — I,
it will be sufficient to prove that K’ = 0. As P, is critical of rg, K;y+, = 0, & =
=1, 1% 2, 2%

Also, one can choose v, such that K;,,,« = 0. Next, one considers the possible
elections of P,, Q,, Q,, which form the matrix of Q(Pl, P,, 04, Qz). Looking over
the kernel of this matrix one can easily compute the others components of K'.

One could hope for direct generalization of the preceding theorem, however the
functions and spaces involved, as we can deduce from § 3, are very complicated.
Since the normal forms of a curvature operator depend strongly on the number of
critical points of the curvature function, we shall restrict to A A (3)+, where one can
use the result of § 3.

Lemma 4.4. ([3]). There exists an Re A A (3)* such that rg has three distinct
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holomorphic critical planes and nine distinct non-holomorphic. Also, ry is non-
degenerate and R has two distinct types of normal form.

Proof. From Theorem 4.3 in [4], there exists an A€ J such that S = o(A4)€
e A A (3)* and for each non-holomorphic plane Q, 4(S?) = I* n G(2, 6). Indeed,
if 0 = av; A vy« + bvy A v, one considers @ A JQ as a real subspace of dimension
four of C*. Then, there is an A € 7 such that 6(4) = S = aRps + A3 *o, Where Rpg
is the curvature tensor of CP" with the Fubini-Study metric; it is sufficient to observe
that

Siwie = 2Av, 0 + 2,
4
a
Siinje = %{(Avb vy + <Al’j, U_,'>} - —

Sijij = Sijrige = HcAv, 0 + (Avj, v;p} + T_Z
and
35 =03, = Si212 — Sizgere = =
Then, S¢ = aR,; and
A(S) = {0 e G(2,6) — G(2,6)'[<Q, S%Iy)y = 0} =
={0eG(2,6) — G(2,6)[KQ, aRps(Iy)y = } =
=I* G(2,6).

Hence, for this S, v A we 4 if, and only if, (v A w,I) = 0; equivalently, v A w
is an antiholomorphic plane; that is {v, Jwy = 0. So, one can choose the eigen-
vectors of A such that ](b Jw>| <3

If v A wis a critical point of rg w1th critical value C, then v and w can be choosen
eigenvectors of A. Thus

Cw =S Awv= 11—0 ((CAv, wy w + Aw — 3<v, Jwy AJv — 3{Av, Jw) Jv} +

+ﬂw+§l‘—l<v,Jw>Jv;
160 160
So,
33a 6la
Aw = 10Cw — {Av,vdw + 3<v, Jw)> AJv + 3{Av, Jwd Jv — F w— %@JW)JU,
0

. - A A 61
Av = 1000 — {Aw, wd v — 3{v, Jw) AJw — 3{Av, Jw) Jw — ?20 + 1_a v, Jw) Jw.
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Solving for Av:
(1 = 9<¢p, Jw)?) Av = {(ffv, vy + 15¢v, Jw) (Av, Jw) +

33a 6la 183
+ 2=+ — (o, Iwyr = — (v, Iwyt +
160 160 < % 160 >}

+ {=30C<v. Jw) + 3<v, Jw) {Av, vy + v, Jw) — J{Av, Jw)} Jw.

Thus, Ave {v, Jv, w, Jw}.

Similary, Aw e {v, Jo, w, Jw}.

If {v,} is a base of V consisting of eigenvectors of 4, also are eigenvectors of A4,
and by diagonalization of 4, ,,,, if v A w is a critical plane of rs, we can choose v, w
such that {Av, w) = 0. Then v A we A*(v;, v, v}, v;s) and v A w is a critical point
or rg restricted to G(2, 6) N A*(v;, v, v}, U;4).

If v A w is holomorphic, that is, w = Jv, then v is also an eigenvector of A, there-
fore the unique holomorphic critical planes are those of the form v; A v;s.

If w % Jv, from Proposition 2.2 and Corollary 2.3

tAWELL; AUy U A Ujs, Ui A D}, Upe A Dja)
or
F(v A w) = a;(v; A o) + bij(v; A v,

where a;;, b;; are determined up to sign by the equation

(I,-j(Si,«;,-i* -+ Sil‘tjja) + b,'j(si‘-*jj* + SJ}:J]t) = O.

7

Similar arguments to those of [ 7] yield to conclude this critical planes achieve the
bounds claimed.

Next it will be proved that R has two distinct types of normal form: one cor-
respondent to the critical planes v, A v;s, v; A 0j, V; A Djs; another one using only
the nine distinct non-holomorphic critical planes.

First, let Re 4 A(3) such that K e Ker Q(u; A vis, 0; A vj, U; A V), With
b(K) = 0. Then. putting K’ = K — I'*, Kju;, = Kijiy = Kijuy, = 0, for all a. For

ij*ia

the other terms, by the Kaehler identities and the first Bianchi identity
Kx/'i‘jj‘ = :'jij = K;j‘ij"‘ =0

K;i'jk = “K;jik* + Kz"kij* =0
K:’j*jk" = K;jik + K;j*ik* =0.
Then K’ = 0.
Secondly, by the above argument Kj;, = Kju;, =0 and Kju« = Kjjoj =
= Kjsjee = 0. The other terms are of the form K. Let Q;; be the non-holomorphic

critical planes such that F(Q;;) = a;v; A vs + byv; A v But

a;(Kipwies + Kipnjje) + bi (K + K}j*jj*) =0
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is reduced to a;jKijux + bijKjjsjj» = 0. Therefore, K« = 0 unless
agy by, 0
det[a;; 0 by, =0.
0 a3 by

But one can make a generic choice of the eigenvalues such that this determinant
becomes non-zero. This completes the proof.
Now, assume that R € A4 #(3)* but does not have a normal form. By Theorem
3.2 one can suppose that 7, I'rige,,¢s and og, , are non-degenerate.
Note that
{R e /A (3)[rg degenerate}
contains

{Re /A (3)[rg has only a degenerate critical point with Null (rg..) = 1}

as an open dense subset.

Let aRpg be a multiple of the operator Ry, where a is large enough so that ry,. . >
> rg, which is possible as rz,, > 0. By perturbing R if need be, suppose that the
path R — A4 (3), given by 1+ R, = (1 — t) aRys + tR meets the set A =
= {R e /" H(3)[rg degenerated} in a finite number of points ¢;, j = 1, ..., I, for which
rg, has only one degenerate critical point with Null (r,m) = 1. In fact, the condition
to be rg, degenerate is determinated by a set of polinomial relations. If ry has two
distinct critical points of nullity 1, then R satisfies two distinct polinomial relations.
By Theorem 3.2 R can be perturbed to satisfy only one of them. Similary, if rz has
one degenerate critical point with nullity more than 1, R satisfies several polinomial
relations. R can be again perturbed does not satisfy one of them.

The proof is similar to that of the Kaehler case [7]. See [3] for a detailed account.

Theorem 4.5.
{Re ¥4 (3)*|R has a normal form relative to A" #'(3)}

contains an open dense subset of N A '(3)".
As one pointed out, this result can be extended to A #'(n)*, n > 3, by suitable
choice of the spaces and functions involved in the proof.

5. EXAMPLES

Theorem 5.1. If Re B@® D = A A (n), [3], for some unitary base {v,} of C"
and for all i,j < n, rg has critical points the planes v; A vy, V; A Vj, V; A Vju.
If n = 2, 3, these critical points and their correspondent critical values are a normal
form of R relative to & A (n).

Proof. Given Te 7, by [4], R = o(T) e B @ D. Applying the theorem of charac-
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terization of the critical points of r to the plane P, = v; A v,. One gets:

4 = Ri1*11*§ Ryjs12 = Rygezgs = 05 Ryjerze = Rijsangx = 0.
But
11t 4

N 9 25
A =R s+ = v, v,) — — = — {Tvy, v;) + — {Tv,, v, .
11*11 < 1 ]> 48 24< 1 l> 24< 2 2>

1 -
Ryysi2 = 5 {Togw, 03> = 0.

Likewise for the other components of R. Thus, P, is a critical point of rg. The same
argument can be applied to the other planes. From Theorem 4.3 and Lemma 4.4 it is
straightforward to see that these points constitute a normal form of R.

Theorem 5.2. Let R € A" °(2), with b(R) = 0, such that R has a normal form of
the type
{(vy A vy, Apge), (02 A Vge, Agaa)} .

Then, A1+ = A,,. if, and only if, Re B@® D.

Proof. As the plane v, A v,.is critical for rg, it is obtained the similar relations
of the preceding theorem. Furthermore,

AN
<a(R) vy, vy) = <A“: + Ryjxp2x — -éz—\ id
/

if, and only if, Re B@® D.

Let M" be a complex submanifold of a generalized complex space form P". The
curvature tensor of P" it is given by, [12],
R =”:3°‘x Ayt "4_‘E(Jx ATy + 2%, Jy) J)

xy

forallx,ye & (PN), where p and o are the holomorphic sectional curvature and the
type of PV, respectively.

Let s be the second fundamental form of the imbedding of M" in PY and (h’x, y) =
= (s(x, y), &, for a given unitary base {¢,} of ML, If R is the curvature of M,
the Gauss-Codazzi equations are written, [8],

R = IIR" + Y (h*),
]
where 1T is the projection on the tangent space of M and h,(x A y) = (hfx) A (K*y).

Proposition 5.3. Let s be the second fundamental form of a complex submanifold
M of a NK-manifold P". Then,

s(x, Jy) = s(Jx, y) = Js(x, y), forall x,yeZ(M).
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Corollary 5.4.

(i) hPJ = —Jh?,

(i) B = Jh',

(iii) If x is a eigenvector of h* with eigenvalue (necessarily real, since I’ is
symmetric), also Jx is an eigenvector of h* with eigenvalue — i; that is, if h*x = ix,
WP(Jx) = —2Jx.

oge 1 1% .
Proposition 5.5. If R = IIR' + h, + hy" is the curvature of a complex hyper-
surface M" of a generalized complex space form P"*1 for an unitary base {U,}
N . 1 (s
of M" formed by eigenvectors of h', the planes v; A v, v; A v;,v; A v;sare critical
of rg with critical values

30 ‘
n+ 3o +’:'i;'j’“+3y'

4 4

- /,’i/;~j9
respectively.
Proof. Developing the expression of R one gets

22
Rijeie = 1 — 247,

w4+ 30
ijij = 7 + Ak,
t+ 30,
Ryjeje = B30 50
4

where /;, 4; are the eigenvalues correspondent to the elements of the base, respect
to h'. A direct calculation shows that the given planes are critical for 7.

Corollary 5.6. Let R be the curvature tensor at a point m of a complex hyper-

surface M of a NK-manifold P"*' of constant holomorphic sectional curvature.

Then, if n = 3 R has a normal form relative to A" A (n) correspondent to the critical
points described in Proposition 5.5. '
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