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In this paper the basic theory of Volterra integral equations is developed in the
case when the generalized Perron integral is used. The generalized Perron integral
was introduced in 1957 by J. Kurzweil in his fundamental paper [6] and it was used
in the theory of ordinary differential equations, especially for considerations con-
cerning continuous dependence of solutions of an ordinary differential equation
on a parameter. The concept of a generalized ordinary differential equation was
also useful for deriving results from topological dynamics (see e.g. the paper [2]
of Z. Artstein). Generalized ordinary differential equations are used for the descrip-
tion of systems with discontinuous solutions, systems with impulses, etc.

In the present work we define the concept of a generalized nonlinear Volterra
integral equation. The way in which this is done follows the original work of J. Kurzweil.
The results concern basic equations as existence of solutions, continuous dependence,
connectedness of the solution funnel, conditions for uniqueness. The results are
compared with recent ones for the classical theory as they are presented in the works
of R. K. Miller [10], W. G. Kelley [5], Z. Artstein [1].

We are interested in Volterra integral equations having continuous solutions
although it is possible to obtain results also for discontinuous solutions similarly
as in the case of ordinary differential equations.

1. THE GENERALIZED PERRON INTEGRAL

In this section we give a short survey of the generalized Perron integral which will
be used for our theory of Volterra integral equations. This concept of integral was
developed by J. Kurzweil to a great extent in the middle of fifties in connection with
his theory of generalized ordinary differential equations. The Kurzweil theory of
integral is very interesting also from the viewpoint of integration theory. It represents
a self-contained theory of a simply defined general integral.

This type of integral was discovered independently by R. Henstock (see [4]). It
was used e.g. by J. Mawhin in his university course of analysis [9] and by many others.

The results needed for our purposes are mostly contained in the original paper
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of Kurzweil [6] and in his recent book [8]. A short treatise of this integral is given
also in the paper [2] by Z. Artstein.

Let a,be R, —o0 <a = b < +w be given. A decomposition of the interval
[a, b] is a finite sequence
A= {a03 O15 Xy eeny Xg—yq5 O, ak}
such that

a=ay <oy <..<ou=b, e ;=L0;Z0a;, j=1,.. k.

An arbitrary positive function é : [a, b] — (0, + c0) is a gauge on [a, b]. The decom-
position A = {0, 04, @y, ..., %y, 04, %} is subordinate to the gauge & (shortly
we write A € A(5)) if

[o;-1, 2] = [0 = 8(o), a,l +6()], i=1,...,k.

Assume that U : [a, b] x [a, b] > R". Given a decomposition A = {«, 04, ;, ...
<o 04—y, 04 0} Of [a, b] we associate with A the integral sum

5(4) = %[0 ) = Ulay-1. )]

The function U is integrable over [a, b] if there exists I € RY such that for every
¢ > 0 there exists a gauge 6 : [a, b] — (0, + o) such that for every decomposition 4
subordinate to 6(4 € A(d)) the inequality

IS(A) -1 l <e€
holds. I € RY is called the generalized Perron integral of U over [a, b] and will be
denoted by [ DU(x, s).
If {2 DU(z, s) exists we define [; DU(x, s) = — [ DU(, s) and we set [, DU(t, s) =
=0if a =b.
The set of all functions U integrable over [a, b] in the above sense is denoted by

K([a. b))

Remark. For the definition of the integral [, DU(x, s) it is not necessary to have
the function U defined on the whole square [a, b] x [a, b]. It is sufficient to know
the values of U(‘r, s) close to the diagonal T = s. Let us mention that if the function U
is of the form U(t, s) = f(s) g(t) where g € BV([a, b]), f : [a, b] - R then the in-
tegral {2 DU(x, s) exists if and only if the Perron-Stieltjes integral [, f dg exists and
both the integrals have the same value (see [6]).

We give a list of fundamental properties of this concept of integral. The reader
can find them in [6] or in the book [8].

(1.1) 1If UeK([a, b]), Be R then BU € K([a, b]) and
J :D[ﬂU(r, 9] - ﬁﬂDU(r, ).
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(1.2) If U, Ve K([a, b]) then U + Ve K([a, b]) and

r DU + V) (z,s) = J.b DU(z, s) + J': DV(z,s).
(1.3) If UeK([a, b]) then U eK([c, d]) for every [c,d] < [a, b].
(1.4) If ce(a, b), UeK([a,c]), UeK([c, b]) then UeK([a, b]) and

.[ :DU(” $) + -EDU(T, 5) = J :DU(T, ).

(1.5) If U:[a, b] x [a, b] - B is such that UeK([a, c]) for every ce(a,b)
and the limit

c—b a

lim [ j DU, 5) — U(e, b) + U(b, b)] - L
exist, then U e K([a, b]) and [, DU(t,s) = L.
(1.6) If UeK([a, b]), ce[a, b], then

lim U:Du(f, $) = Ulr, &) + U(e, ) = JjDU(‘L', ).

ae[a,b]

For some estimates of the integral the following result is useful (see [7]).

(1.7) Let U:[a, b] x [a,b] > R be such that [, DU(z,s) exists and let V:
:[a, b] x [a, b] > R be a real function for which [, DV(x,s) exists. If for
every se€[a,b] there is (s) > 0 such that ]r - sl lU(t, s) — U(s, s)| <
< (s —1)(V(x,s) — V(s,5)) for te[a,b] n[s — &(s), s + &(s)], then

|rDU(r, s)’\ < ﬁDV(r, 5).

lJa
A fundamental statement used in the theory of generalized nonlinear Volterra
integral equations is the following theorem which replaces the well-known Lebesgue
dominated convergence theorem in the case of generalized Perron integral. For the
proof see [8].

(1.8) (Dominated convergence theorem.) Assume that Uy, | = 1,2, ... are such real

functions that U, e K([a, b]) and that there exist functions V, We K([a, b])
such that

V(ty, s) — V(ty, s) £ U1z, 5) — Uyty, 5) £ Wty s) — W(ty, s)

for every 1=1,2,...,s€[a,b] and [t,,7,] = [s = &(s), s+ &(s)], 7y £ s £
< 1, where §:[a, b] > (0, +©) is a suitable gauge on [a,b]. Let U:
:[a, b] x [a, b] > R be such a function that for every &¢ > 0 there exists
a nondecreasing function p:[a, b] > R, a gauge ¢ :[a, b] - (0, +o0) and
p:la, b] > N (N stands for the natural numbers 1,2,...) such that
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u(b) — p(a) <&
and |U(ty,5) — Ufty, s) — U(zy, 5) + Uy, s)| £ u(zz) — wlxy)

‘for 1, £ s £ 1y, [t 1] €[s = &s) s + &(s)], 1 = p(s)
Then U e K([a, b]) and

b b
J DU(z, s) = lim J DU((z, s).

I Ja

2. GENERALIZED VOLTERRA INTEGRAL EQUATIONS. EXISTENCE
OF SOLUTIONS AND THEIR CONTINUATION

We consider the nonlinear Volterra integral equation

(v) x(1) = f(t) + J.; DG(t, 7, x(s)) ,

where tel = [0, ¢),0 < ¢ £ + o0, the values of x, f, G belong to the N-dimensional
Euclidean space R and the integral occuring in (V) is the generalized Perron integral.
We assume that the function f is continuous and our effort is directed to obtaining
results for continuous solutions of the equation (V).
The function G : I x I x RY — R" satisfies the following assumptions.
(Gy) G(1,0,x) = 0 for every (t,x)el x R". If (t,7,x)el x I x R" and © > t,
then G(t, 7, x) = G(1, t, x).
(G) For each bel and each K > 0 there exists M : [0, b] x [0, b] — R, M(t, -)
nondecreasing in [0, t] such that
lG(t, 15, %) — G(t, 74, x)| < M(t,1,) — M(t, 14)
for xe RY, 'x‘ <Kand0=£1, <1, St<bh
(Gs) For every bel, K> 0 and & > 0 there is a function u(t, ), p(t, *) non-
decreasing in [0, 1], u(t, 1) — p(1,0) < & and o(t) > 0, te[0, b] such that
lG(t, 5, %) — G(t, 74, X) — G(t, 75, ¥) + G(t, 74, y)l <
< (o) = a6 7,)
provided 0 <1, 1, St < b, |x| 2K, |y £K, |[x - y| < o().
The first question which has to be dealt with is the question of the existence of the
integral [} DG(t, 7, x(s)) from (V) when some information about the function x :
: [0, t] > R" is available. In order to be able to solve (V) in the space of continuous

functions we need the existence of this integral for continuous functions x : [0, 1] —
- R,

2.1. Proposition. Suppose that G:I x I x R¥ — RN satisfies the assumptions
(Gy), (G,) and (Gs). Let tel be given and assume that the sequence of functions
@ [0, 1] > RY, k= 1,2,... is such that lqpk(s)l <K, sel0,t], k=1,2,... for
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some K > 0 and
lim @,(s) = ¢(s) e RY
k=

for all se[0, ], i.e. the sequence of functions ¢, converges on [0, t] pointwise to
a function ¢ : [0, t] - R". Assume further that [§ DG(t, t, ¢(s)) exists for every
k = 1,2,.... Then the integral [, DG(t, 1, ¢(s)) exists and the equality

t t
lim J DG (1, 7, gi(s)) = J. DG(t, 1, ¢(s))
k=w JO 0
holds.

Proof. By (G,) for every component G, of G we have

—(M(t, 7)) — M(t,71)) £ G(t, T2, @u(5)) — Gi(t, 715 @uls)) <
< M(t, ) — M(t, 1)

for any se[0,¢], k=1,2,..., 0 <1, <1, £t and the integral [ DM(t, ) =
= M(t, t) — M(t, 0) evidently exists. Let ¢ > O be given. Let us mention that for
every s € [0, 1] we have |¢(s)| < K and that there exists p(s) e NV such that for every
ke N, k = p(s) we have |py(s) — ¢(s)| < o(t) where o(f) > 0 is given by (Gs). By
(G;) there exists p:[0,¢] x [0, f] - R, u(t, -) nondecreasing in [0, t], u(t, 1) —
— p(t,0) < ¢ such that
|G(t, T2, @i(s)) — G(t, 14, @i(s)) — G(t, 72, @(s)) + G(t, 7y, (p(s))l <
< ult,2) = plt 1)
for every se€ [0,¢],0 £ 7y < 7, < tand k = p(s).

All the assumptions of the dominated convergence theorem (1.8) being satisfied
for the integral [; DG(, 7, ¢(s)), we immediately get the result stated in the Proposi-
tion.

2.2. Corollary. If G satisfies the assumptions (G, ), (G;) and (Gs), tel is given
and the function ¢ :[0,t] - R" is the limit of a sequence of uniformly bounded
piecewise constant functions on [0, t], then the integral [ DG(t, 7, ¢(s)) exists.

Proof. By Proposition 2.1 it is sufficient to show that the integral [ DG(z, 7, Y/(s))
exists for any piecewise constant function V¥ :[0,t] - RY. If ¥ : [Ty, T,] - R",
0 < T; £ T, £ tissuch a function that y(s) = c € R" for s € (T}, T) then by defini-
tion the integral

j DG(t, 7, ¥(s)) = G(t, 12, ¢) — G(t, 11, 0)

exists for every ¢;,¢, such that T, <, <t, < T,.
Since the limit

lim Ut DG(t, 7, ¥(s)) — G(t, t,, YW(T5)) + G(t, T, !//(Tz))] =

12Ty —
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=G(t, T,—, c) — G(t, to, ¢) + G(t, Tp, Y(T3)) — G(t, T,—, ¥(T))

exists for every fixed t, € (T1, T,) and similarly

Jim [ J’ DG(t 7, ¥(s)) — G(t, tr, W(T,)) — G, T, l/,(rl))] -

t; =T+ t
= G(t, to, ¢) — G(t. Ty +, ¢) + G(t, Ty +, Y(Ty)) — G(t, Ty, ¥(T))

exists for t, € (T}, Tp) we can use (1.5) and the additivity of the integral (1.4) for
obtaining the existence of the integral |72 DG(t, 7, Y/(s)) and also the equality

f " DG(t, % U(s) = G(t, Ty=, ¢) = G(t, T+, 0) + G(t, To, Y(Ty) —

- G(t, T, —, ¥(Tr)) + G(t, T, +, ¥(Ty)) — G(t, Ty, ¥(T7)) -

Using again the additivity of the integral (1.4), we get immediately the existence of
the integral 5 DG(t, 7, Y(s)) for every piecewise continuous function y : [0, ] - R".
Let us mention that the existence of the limits used above easily follows from (G,).

2.3. Corollary. If G satisfies (G,),(G;) and (Gs), tel and Y :[0,t] - R is
continuous, then the integral (o DG(t, 7, Y(s)) exists.

Proof. The result follows immediately from Corollary 2.2 and from the well-
known fact that every continuous function on a closed interval can be uniformly
approximated by piecewise constant functions which are uniformly bounded.

Remark. Corollary 2.3 makes it possible to consider the generalized Volterra
integral equation in the space of continuous functions on [0, b] = I since under
the conditions (G, ), (G,) and (G;) the existence of the integral [ DG(t, 7, x(s)) for
every ¢ € I and every continuous x : [0, 1] — R" is ensured. On the other hand Corol-
lary 2.2 shows that the integral (i DG(t, 7, ¢(s)) exists for every function ¢ : [0, ] —
— R which is the (pointwise) limit of piecewise constant and uniformly bounded
functions; this property has e.g. any bounded regulated function and in this way
also the consideration of Volterra integral equations for such functions is possible.

Now we introduce an additional assumption, which is essential for the forth-
coming considerations.

(Gy) For each bel and K > 0 the e.xpression
b b
sup { J DG(t, 7, x(s)) — J DG(ty, 1, x(s))
xeC([0,b]) o °
[Ix]lesK

We are naturally forced tc introduce this assumption by the requirement of con-
tinuity of solutions of the equation (V). The integrals occuring in (G,) exist by Corol-
lary 2.3 provided the assumptions (G,)—(G,) are satisfied.

Summarizing these preliminary results we can conclude that if the function G,

tends to zero for t — t, provided tyel.
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G:IxI x RY— RV, satisfies (G,)—(G,) and the function f : I — R" is continuous
then we can ask for continuous solutions of the generalized Volterra integral equation

V)-

2.4. Theorem. (Existence of a continuous local solution.) If f: 1 — R" is conti-
nuous and if G:1 x I x RY — R" satisfies the assumptions (G,)—(Ga) then there
exists a positive number del and a continuous function x : [0, d] — R which
for every t e [0, d] satisfies the equation

x(1) = 1) + [ 0 DG(1, 7, x(s)).

Proof. The basic tool for proving this theorem is the known Schauder-Tichonov
fixed point theorem.

Let be(0,c) be given. Denote K; = sup |f()| and set K = K, + 1. Since by
(Gs4) we have ¢=L0.E]

lim sup j " DG(t, 7, x(s) f : DG, 7, x(s))

t—0 xeC([0,b]) |J O
lIxlle=k

= lim sup
t—0 xeC([0,b])
lIxllc=K

=0’

j Z DG(1, 7, x(s)

there exists d € (0, b] such that for any ¢ € [0, d] the inequality

(2.1) U: DG(t, , x(s)){ <1
holds for every x € C([0, b)), |x]lc = K.

Denote
A={xeC(0,d]); |x = fllcqo.ay < 1} 3

A is evidently a closed convex subset of the convex F-space C([0, d]). For x € A and
t € [0, d] define the mapping

t
Tx(f) = f(t) + J' DG(1, 7, x(s)) .
0
Since f is continuous on [0, d] and by (G,) the function
t
te [0,d] HJ‘ DG(t, 7, x(s)) € RY
.JO

is also continuous for every x € A we conclude that Tx(f) is a continuous function,
ie. Tx e C([0, d]). If x € A then

Ixle 2 flc + Ix = fle £ K, +1 =K.
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Hence by (2.1)

|Tx(t) — £(1)| = ‘ j 0 DG(t, 7, x(s)! - ’ j : DG(1, 7, x(s))

<1

for every te [0, d], i.e. we have Tx € A for every x € A or T(A) = A and moreover
|Tx(1)] < |£(1)] + 1 £ K, + 1 = K for every x € 4 and € [0, d]. This means that
the set T((4) consists of equibounded functions belonging to C([0, d]). Since for every
ty,1,€[0,d] and x € A we have

|Tx(t2) = Tx(ty)] < |f(t2) = £(t1)] +
L DG(ty, =, x(s)) - L DG(t, =, x(s)

+

1 +
[

= 1#e) = 7] + | J : DG(ty, 7, x(s)) — J : DG(t,, =, x(s))

=

< |f(t;) = f(t)| +  sup ‘j‘b DG(t,, 7, x(s)) — J: DG(t4, 7, x(s))

xeC([0,b]) |J O
lIxllc=K

we obtain that all functions belonging to T(A) are equicontinuous. Hence the set
T(A) is precompact in C([0, d]). It remains to show that T: A — A is a continuous
mapping. Assume that x,e 4, k=1,2,... and x, —» x in C([0, d]) for k — co.
Since A is closed we have x € A and by Proposition 2.1 we have

J; DG(t, 7, x,(5)) - J ; DG(t =, *(5)

for every te[0,d] if k — oo. Since all the functions belonging to T(A) are equi-

continuous and T'x,(t) - Tx(t), k — oo for any t € [0, d], we conclude that lim Tx, =
k-

= Tx in C([0, d]) and the mapping T: A — A is continuous. All the assumptions of

the Schauder-Tichonov theorem being satisfied, we obtain that there exists at least

one x € A such that x = Tx, i.e.
) t
x(1) = f(t) + J DG(t, 7, x(s))
o
for all 1€ [0, d] and this is the result stated in the theorem.

2.5. Theorem. (Continuation of bounded solutions.) Let f:I — R" be a conti-
nuous function and let G:1 x I x RY — R satisfy the assumptions (G,)—(G,).
If x:[0,d) > R", 0 < d < ¢ is a bounded (continuous) solution of the equation
(V) then x can be extended to a continuous solution of the equation (V) on an interval
[0, d] where d > d.

Proof. Assume that |x(t)| < K for every te[0,d). Let t, k=1,2,... be an
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arbitrary sequence such that 7, € [0, d), t;,; = 1, and lim #, = d. Since x is a solution
of (V) we have for m = n, m,ne N k=>o

[%(tn) = x(8.)] < [ /() — 1)
+ U:m DG(t,, 7, X(5)) — I:n DG(t,, 7, x(5))

o

+

=

= f(t) — F(t)] + i J‘ ;” DG(t,,, 7, X(s)) — J ;’" DG(1,, 7, x(s))

Jz DG(t,,, 7, ¢(s)) — J.: DG(t,, 7, ¢(s))

< |f(tw) = f(t)| +  sup
I

C([0,d])
ellcsK

Using (G,) we obtain from this inequality |x(t,,) — x(t,)| = 0 for m, n - co. (It is

apparent that the assumption of monotonicity of the sequence t,, k = 1,2, ... is
done for technical reasons only.) This means that the limit lim x(¢) exists. If we
td—

define x(d) = lim x(f) we obtain a continuous function x(t) defined on the closed

t—d—
interval [0, d], which satisfies equation (V) on the closed interval [0, d].
Using the continuity of f and (G,) we obtain that the function

d
te[0,c —d)—f(t + d) +J DG(t + d, t, x(s))
0]
is continuous on [0, ¢ — d).

It is a matter of routine to show that the function G(t, 7, x) = G(t + d, T + d, x)
defined for (¢, 7,x)e[0,c— d) x [0,c —d) x BV satisfies the assumptions
(G4)—(G,). Hence by Theorem 2.4 for h : [0, ¢ — d) —» R" continuous there exists
a local solution of the Volterra integral equation

(22) W) = h(r) + L DE(1, 7, 3(s)

i.e. we can find d, € (0, ¢ — d) such that on [0, d,] there exists a solution y of the
equation (2.2) where h(t) = f(t + d) + [3 DG(t + d, 7, x(s)). Let usputd = d + d,
(evidently d < d < c) and set x(s) = y(s — d) for s € (d, d]. This gives a continuous
extension of the function x : [0, d] — R" onto the interval [0, d] with 0 < d < d <
<ec

For t € [0, d] the function x(?) satisfies (V). For 7 € (d, d] we have for the extension

x(1)

t—

! DG(t — d, 1, ¥(s)) =

x(t) = y(t — d) = f(t) + J-: DG(t, 7, X(s)) + J.

0

t—

’ DG(t, © + d, y(s)) =

o

=f(t) + J: DG(1, 7, x(s)) + J
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¢ —

4
DG(t,t + d, x(s + d)) =
0

= f(t) + J‘: DG(1, 7, x(s)) + J'
_ 1) + j: DG, 7, x(5)) + J DG(1, 7, x(s)) = £(1) + L DG, 7, x(5)).

Hence the extended function x : [0, d] — R" satisfies the equation (V) and the state-
ment is proved.

2.6. Corollary. If x : [0, b) — R" is a continuous solution of (V) which cannot be
extended, then either b = ¢ or

lim sup |x(f)| = + .
b

3. COMPARISON OF THE GENERALIZED VOLTERRA INTEGRAL
EQUATION WITH THE CLASSICAL ONE

We consider the classical Volterra equation

(3.1) x(f) = f(1) + Jt) g(t, s, x(s))ds, tel=[0,c)

where the function g will be assumed to satisfy the following assumptions:

(81) The function g(t, -, x) is measurable for every (t,x)el x R, the function
g(t, s, *) is continuous for every (t,s)el x I and g(t,s,x) =0 if t <s.

(82) For every bel and K > 0 there is a function m(t,s), m(t, +) Lebesgue in-
tegrable for every teI such that

lg(t, s, x)| < m(t, s)
iflx!éK and 0 £t £ b.
For every bel and K > 0 the expression
(g2) y p

J: (g(t, 5, x(s5)) — g(to, s, x(s))) ds

sup
xeC([0,b])
lIxlle=K

tends to zero when t tends to t,, ty € l.

The assumptions (g;)—(g3) are the basic assumptions under which the equation
(3.1) was studied by Arstein in [1]. In [1] Artstein gives also a comparison of these
assumptions with the assumptions given by R. K. Miller in the book [10].

Let us define
(3:2) G(t, 7, x) =f g(t, s, x) ds
0

for (t,7,x)el x I x R".
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The measurability of g(¢, -, x) stated in (g,) and (g,) ensures that the function G
can be defined in this way.

For (t,x)el x RY we clearly have G(t,0,x) = 0. If 7>t then G(t,7,x) =
= [6 g(t, s, x) ds = G(t, 1, x) since g(t,s,x) = 0 for s > r. Hence G satisfies the
assumption (G;).

Let bel, K > 0. Using (g,) we have for te[0,b), 0 <7, <7, £ b, |x| <K

|G(t, 15, %) — G(t, 74, x)[ = U ’ g(t, s, x)ds| <

< J ' !g(t, s, x)l ds < jz m(t, s)ds = M(t, t,) — M(t, 7;)

where M(t, 1) = [§ m(t,s)ds, M(t, *) is nondecreasing in [0,¢] and M(t, t) —
— M(t,0) = [§ m(t, s)ds < 0.

Hence G satisfies the assumption (G,).

Let us prove that the function G given by (3.2) satisfies the assumption (G;). Let
bel, K> 0 and ¢ > 0 be given. By (g,) there is a function m(t, s): [0, b] x
x [0, b] - [0, + o0) such that m(t, -) is integrable and Ig(t, s, x)[ < m(t, s) provided
|x| <K +1, t,5€[0, b].

For ke N, t,se[0, b] define

at:s) = sup  g(t;s,x) = g(t, s, y)5
1K Dl 5 17k

for every fixed t [0, b] the functions g,(t, *) are measurable, gy+(t, 5) < gu(t, 5)
and 0 < g,(t, s) < 2m(t, s) for k e N. Since for every fixed (z, s) eI x I the function
g(t, s, x) is uniformly continuous on compact sets in the third variable x, we have
lim g,(t, s) = O for every t, s € [0, b]. Hence by the Lebesgue dominated convergence
ko0

theorem for every te[0, b] we get lim [5 g,(t, s)ds = 0 and consequently there
k-

exists ko € N (depending on ?) such that [ gs,(t, s) ds < e.
Let us set ¢ = 1]k, and p(t, 1) = [§ gi(t, s) ds. For ye R",
<1, =1, =t=b we have

|G(t, 12, ¥) — G(t, 74, ) — G(t, 72, x) + G(t, 74, x)| =

[ 6tts0) - st sy o < f 065, 3) — g6, 5,9)| ds =

y—x1<g,0§

=< j gko(t, S) ds = #(ta 72) - .“(t, Tl) .

T

Since by definition we have u(t, ¢) — p(t, 0) < &all the requirements of the assumption
(Gs) are satisfied for the function G. In this way we have obtained the following result:

3.1. Proposition. Assume that the function g :I x I x RY — R satisfies (g,),
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(82)- If the function G :1 x I x RY — R" is defined by the relation (3.2) then it
satisfies the assumptions (G,), (G,) and (Gs,).
Further, let us prove the following statement.

3.2. Proposition. Assume that the function g:1 x I x RN — R" satisfies (g,),
(82); let G:I x I x RN — R" be defined by (3.2). If tel and ¢ : [0, t] > R" is
a continuous function, then both the integrals [§ g(t, s, ¢(s)) ds, [6 DG(t, 7, ¢(s))
exist and have the same value.

Proof. Since the function ¢ is uniformly continuous on [0, f], there exists a se-
quence of piecewise constant functions ¢, : [0, f] > R such that lim ¢,(s) = ¢(s)
k= o

uniformly on [0, ¢]. Evidently the integrals [, g(¢, s, ¢,(s)) ds and [§ DG(t, 7, @i(s))
exist and are equal for every ke N.

It is easy to check that if (g;) and (g,) hold, then the sequence of functions
(1, s, @i(s)) satisfies all the required assumptions of the Lebesgue dominated con-
vergence theorem; the sequence G(t, 7, ¢,(s)) similarly satisfies the assumptions
of the theorem (1.8). Hence the integrals [ g(t, s, ¢(s)) ds, [6 DG(1, 7, ¢(s)) exist
by the corresponding convergence theorems and by the same theorems they equal
each other.

Now we can state the following simple result.

3.3. Proposition. If g:1 x I x RY —» R" satisfies (g,), (g,) and (g;) then the
function G:I x I x RN — RY defined by (3.2) satisfies (G,). Moreover, every
solution x(s) of the equation (3.1) is also a solution of the generalized Volterra
integral equation

(v) | x(t) = f(1) + ﬁ) DG(t, 7, x(s))
and vice versa.

Proof. The condition (G,) for G follows immediately from (g;)-and from the fact
stated in Proposition 3.2. Since every solution of (3.1) and (V) is a continuous function
(this is apparent in the case of (3.1) and can be shown in the case of (V) by an approxi-
mation argument and by the convergence theorem 1.8), we obtain the required equi-
valence of the equations again by Proposition 3.2.

In this way we obtain that the classical theory of Volterra integral equations (3.1)
with g satisfying the (probably weakest) conditions (g,)—(g5) is covered by the theory
of generalized Volterra integral equations described in this note.

In particular, by Theorem 2.4 we obtain the local existence of solutions of the
equation (3.1) and the existence of maximal solutions of this equation together with
their properties described by Theorem 2.5 and Corollary 2.6.
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4. CONTINUOUS DEPENDENCE RESULTS

In this section we will consider the dependence of solutions of the equation (V)
on the functions f and G, where f belongs to C(I) — the space of continuous R"-
valued functions on I equipped with the usual topology of uniform convergence on
compact sets and G :1 x I x RY — R" satisfies the assumptions (G,)—(Gy,).

The main result is an Artstein-type theorem which was stated for the classical case

“in [1] In the same way as Artstein did, we restrict our considerations to a subspace
of functions G satisfying (G;)—(G;) and a uniform version of (G,).

Let U(t, to, b, K) be a function defined on I x I x I x (0, +c0) with values in

(0, +c0) such that
lim U(t, to, b,K) = 0.
t—1o

The set %(U) associated with the function U consists of all functions G : I x I x

x RY — RY that satisfy (G,)—(G;) and

(G4, U) If xe ([0, b]),
| J : D[G(t, %, x(s)) = Glto, <. x(s))]; < U(t, 10, b, K).

(The function U(t, to, b, K) represents a common “modulus of continuity” for all
functions of the type

x“C([O,b)] < K then

b
tel |—>J‘ DG(t, 7, x(s)) e BV
0

where x € C([0, b]), |x||c £ K and G e 4(U).
A topology J on %(U) is called jointly continuous if for every fixed tel the
mapping

(G, x) e 9(U) x C([0, 1]) J' 0 DG(1, 7, x(s)) € R

is continuous with respect to the product topology on 4(U) x C([0, t]) given by 7
and the sup — norm topology on C([0, t]).
Let 7 be and arbitrary topology on %(U). Let us define the property of continuous
dependence (C) for 9(U) with the topology 7.
(C) Suppose that the net G, converges to G in the topology 7. Then for every
net f, converging to f in C(I) the following assertion holds. Let x,(t) be a maxi-
mally defined solution of

A x(1) = filt) + J: DG, 7, x(5)) .

Then there exists a maximally defined solution x(t) of
t
V) x(f) = f(1) + J. DG(t, 7, x(s))
0
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with domain [0, «) and a subnet x,, of the net x, such that x,, converges to x
uniformly on compact subintervals of [0, a). (In particular if [0, a,) is the
domain of x,, and 0 < d < a then for m sufficiently large we have d < a,,.)

The main result is the following

4.1.a. Theorem. (Artstein’s continuous dependence theorem.) Let 7 be a topology
on 4(U). Then I has the property (C) if and only if it is jointly continuous.

The detailed proof of this theorem is given in [1] by Artstein for the classical
Volterra equation and it can be used with slight changes for our case too.

Let us mention that if we are speaking generally about a topology .7, then general-
ized sequences (nets) with the Moore-Smith concept of convergence are to be used.

Here we give a weaker sequential form of Artstein’s theorem where we are speaking
about convergence of ordinary sequences instead of topologies.

For an (ordinary) sequence Gy, k = 1,2, ... of functions in 4(U) we say that it
converges jointly to a function G e Q(U) for k — oo if for every fixed ¢ eI and every
uniformly convergent sequence ¢, € C([0, t]), ¢, = ¢ in C([0, {]) for k - o we
have

t t
lim J DG(t, 7, pi(s)) = j DG(t, 7, ¢(s)) .
k= JO 0

4.1.b. Theorem. Suppose that the sequence G,, k = 1,2, ... converges in some
sense to G for k —> o (G, G, e 9(U), k =1,2,...). Then the following property
(C,) holds if and only if G, converges jointly to G for k — oo.

(C,) For every f,e C(I), k = 1,2, ..., f, > f in C(I) the following assertion holds.
If x, is a maximally defined continuous solution of the equation (V) then
there exists a maximally defined solution x of the equation (V) with domain
[0, o) and a subsequence x,, of x, such that x,, converges to x uniformly on
compact subintervals of [0, oc).

Proof. Sufficiency. Let us define « by
a = sup {d; x, are defined and equicontinuous on [0, d] for k sufficiently large} .

Let b e I. Since f, — f for k — oo in C([0, b]) there is K > 0 such that [f,(¢)| < K
for t € [0, b] and f, are equicontinuous on [0, b]. Assume that d > 0 is such that
U(t,0,b,K + 1) < 1 for te [0, d]. The solutions x, exist on [0, d] and |x(f)| £
< K + 1 for t€ [0, d]. Assume that [0, a,,) = [0, d]. If we assume that the estimate
[xi(t)] < K + 1 does not hold, then there exists a t, € [0, %,) such that [x(f)| <
S K +1 for 1[0, 1,) and [x(t,)| = K + 1. In this case we get a contradictory
inequality

to
[xu(t0)] < |Ailto)] + Uo DG(ty, 7, %(s)) < K + U(t,0,b, K + 1) <K + 1.
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Hence |x(t)] < K + 1 for all t€ [0, %) = [0, d] and this contradicts by Theorem
2.5 and Corollary 2.6 the maximality of X;. This implies d < a.
By (G., K) we get further
xi(t) = xi(to)] =

= 50 = 50| + || PLGG 5 56) = Gulto 5. 50)] =

< |o(t) — ofto)] + U(t, to, d, N + 1).

where w is the modulus of continuity for the sequence f; on [0, b]. Hence the sequence
x, is equicontinuous on [0, d]. This yields « > O. -

Assume that « < ¢ (I = [0, ¢)). We prove the following statement:

(S) There exists a subsequence {x,} of {x,} such that either for every I the function
x, is not defined on [0, o] or no subsequence of {x,} is equicontinuous on [0, «].

Assume that this statement is false, i.e. x, is defined on [0, «] for every k and x,
are equicontinuous functions on [0, «]. Since f, are equibounded and x,(0) = £,(0),
the sequence {x,} is bounded by a constant K > 0. Let b € («, c); we can assume that
[/(1)] < K for te[0,b]. Let de(x,b) be such that U(t, o b,3K + 1) < 1 for
te[o d].

In the same way as above we can show that x,(r) is defined on [0, d] and |x,(1)| <
< 3K + 1 for te[0,d]. If we assume that there is a value t, € (a, d] such that
[x()] < 3K + 1 for te [a, t,) and |x(to)| = 3K + 1 then :

|xk(t0) - xk(d)l = ]fk(to) "fk(‘x)] +

b |
f D2Gy(t, 7, x,(s)) — Gila, 7. xk(s))]i S 2K + Ulty, 0, b,3K + 1) < 2K + 1
0 |

+

and we get a contradiction |x(to)| < |xi(«)| + 2K + 1 < 3K + 1. The boundedness
of x,(t) on [0, d] implies by (G4, U) the equicontinuity of the sequence {x,(t)} on
[0, d] and by the definition of a we sould have d < « which would contradict d e
€ (o, b). Hence the statement (S) holds. »

Let now {x,(t)} be a sequence with the properties given in (S). For every d € (0, «)
the sequence {x,} is bounded and equicontinuous on [0, d]. Let us assume d,, — o —.
Let {x,(r)} be a subsequence of {x,(t)} which converges uniformly on [0, d,] to
a certain x(¢); let further {x,(f)} be a subsequence of {x,(f)} which converges
uniformly to x(f) on [0, d,]. Continuing in this way we get by the usual diagonaliza-
tion a subsequence {x,,} of {x,} which uniformly converges on every compact ihterval
[0, d] = [0, a) to a function x(r) defined on [0, «).

For 1€ [0, «) we have

%) = £,(0) + L DG, (1, 7, %)) -
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Since x,, —» x in C([0, 7]) and G,, > G jointly we obtain

t t
lim J DG, (1, T, X,(s)) = J‘ DG(t, 7, x(s))
m—ow JO V]

and consequently — passing to the limit m — oo — x(¢) is a solution of (V) for every
1€ [0, «) because f,, — f in C([0, t]).

Finally we have to show that the solution x(#) cannot be continued to a solution
on [0, B] where > «. Assume that o < ¢ (if « = ¢ then x is a maximal solution
and we have nothing to prove). Let us suppose that the solution x(r) of (V) can be
continued to [0, 8] with 8 > a. Then |x(1)| < K for t & [0, «) and let also |f,(f)] < K
hold for t € [0, «]. Further, let f, < a be such that for ¢ € [¢,, «] we have

U(t, ty, 0, 3K + 3) < 1.

For sufficiently large m we have Ix,,,(t)l < K + 1 for 1e[0,t,). By definition of
a solution we have

|x"‘(t) - xm(to)‘ < |
= Ifm(t) - fm(to)l + !J: D[G, (1 7, x,(s)) — Gu(to, T, x”‘(s))]i

for ¢ > t,. Assume that there exists a te(fo, «] such that se[0, 1) = |x,(s)| <
< 3K + 3 and |x,(t)] = 3K + 3 then

[xn(t) = xu(to)| £ 2K + U(t, 1, 0, 3K + 3) < 2K + 1

and |x,(1)] < 3K + 2. This contradiction yields [%m(t)] < 3K + 2 for every te

e [0, «]. :
Hence '

[%(t) = Xu(t0)] = | flt) = fulto)| + U, to, 2, 3K + 3)

for t, t, € [0, o] and consequently {x,,} is equicontinuous on [0, o] since the sequence
{fm} is equicontinuous on [0, «]. But this contradicts the property of the sequence
{x,} stated in (S).

Necessity. Assume that there exists ¢ €I and a sequence ¢, € C([0, t]) such that
@ = ¢ in C([0, £]) and such that [} DG,(t, 7, ¢,(s)) does not tend to f5 DG(t, 7, ¢(s))
for k —» o0, i.e. we assume that the sequence G, € ?(U), k =1,2,... does not con-
verge jointly to the function G e %(U). This means that there exists a fixed ¢ > 0
and a subsequence {G,} of {G,} such that

(+) }Jﬂ DG(t, 7, ¢/(s)) — J: DG(t, 1, ¢(s))

0

= €.

i

Let us set

. ft(’) = ‘Pz(’) - J: DGt(", T (01(5))
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for r € [0, ¢]. Evidently f; € C([0, {]). It can be easily shown that the sequence {f,}
is bounded and equicontinuous on [0, 1] (to this end (G4, U) and the uniform con-
vergence of ¢, to ¢ is used together with the equality f,(0) = ¢,(0)). Hence there
exists a subsequence {f,,} of {f,} which converges uniformly on [0, f] to a certain
function f. The functions ¢, are solutions of the equation (V,,) and by the continuous
dependence property (C) there exists a subsequence of ¢,, which converges uniformly
to a solution of equation (V). Hence ¢ is a solution of (V), but by (+) we get

j«’(t) - f(t) - .[ ; DG(e. 7. 9(5) )} -

= lim !%(z) — fult) = J' o DG(t, 1, <p(s))i =

= lim

m— o

J; DG,(t, 7, u(s)) — _[; DG(1, 7, (p(s))! > e, .

i.e., ¢ cannot be a solution of (V) and this is a contradiction. The property (C) does
not hold under these circumstances.

In the general case of assumptions given for the validity of Artstein’s theorem 4.1.a
it is not easy to give suitable sufficient conditions for the joint continuity of the topo-
logy 7 on the space %(U). ‘

If the assumption (G;) is replaced by its “uniform” version which will be exactly
formulated below, then the topology of uniform convergence on compact sets in
the space of functions G is jointly continuous.

Let p(t,7,b,K,8):1 xI xI x (0, +0) x (0, +0) > R be such a function
that p(t, *, b, K, &) is nondecreasing in [0, ] and u(t, 7, b, K, &) — p(t,0, b, K, €) <
<e

The set %(U, p) associated with this function u consists of all functions from %(U)
that satisfy the condition (G;) with the given function y and with the same o(t)
from (Gs).

On %(U, p) let us define the well-known topology 7, of uniform convergence on
compact sets. This topology is given by the following seminorms. '

Foreach bel, K > 0 let

P(G; b,K) = sup {|G(t, 7, x)|; 0St b, 0Lt < b, |x| SK}.

The collection of sets s(¢; b, K) = {G; p(G; b, K) < &} defines a subbasis of neigh-
bourhoods of the origin. It is known that if we set b, > ¢—, K,, > + oo and define
p.(G) = p(G; b,, K,), then the countable subsets s,(¢) = s(e; b,, K,) generate the
same topology and the space in question is a metric space.

4.2. Proposition. The topology 7 | (of uniform convergence on compact sets)
is jontly continuous on 9(U, p).
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Proof. By definition we have to show that for every t e I the mapping

(G, %) J 0 DG(t, 7, x(s))

from 9(U, ) x C([0, {]) into R is continuous with respect to the product topology
of J; and the sup-norm topology on C([0, f]). Let tel be fixed. Assume that
(G x») = (Go, xo) Wwith respect to the product topology on %(U, u) x C([0, ]).

Let us consider the difference

f 0 DG,(1, 7, x(s)) — J 0 DGo(t, 7, xo(s)) =
_ J'O D[Gi(t, 7, %.(5)) — Gult, 7, xo(s))] +

+ L D[Gy(t, 7, %0(5)) — Golts % o&)] = I + I -

Since lim x,(s) = x,(s) uniformly on [0, ¢], there exists K > 0 such that |x,,(s)| <K
for every n =0,1,....

Let ¢ > 0 be given and let o(t) > O correspond to this ¢ > 0 by the assumption
(Gs)- To this g(f) > 0 there is n, € N such that for n > n, we have |x,(s) — xo(s)| <
< o(t) for se [0, {]. By (Gs) used for n > n, we get for every se[0,¢] and 0 <
< 7, £ 1, < t the inequality

|Ga(t, 72, x,(5)) = Gt 71, %,(5)) — Gilt, T2, %o(5)) + Gt 1 xo(s))| <
Sult, 1K, €) — p(t, 14, 1, K, 8) .
Hence for n > n, we get by (1.7) the inequality
|Il| Sutt,,K,e) — pt,0,1,K,¢) <e.

Since x, : [0, ] » R" is uniformly continuous, there exists a piecewise constant
function ¢ : [0, f] - RV such that |p(s) — xo(s)| < e(t) for every se [0, t]. Using
(Gs) we have

o(s)) = G,(t, 1, 0(5)) — G(t, T2, Xo(s)) + G(t, 71 xo(s))l <
<ty tg, ) — ult Ty, L)
for every se[0,1],0<1, <7, <t,n=0,1,....

Hence
U'; D(G,(t, 7, x4(5)) — G(t, 7, (p(S)))f e
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for n =0,1,... and this yields

1

I, = ,L D?Gy(1, , xo(s)) — Golt, 7 xo(s))] <
S+ ’J;D[Gn(t, 7, ¢(s)) = Go(t, 7, rp(S))]i-

Since ¢ : [0, {] » R is piecewise constant, the last term (by definition of the
integral) is a finite sum of terms of the form G,(t, 7, ¢c) — Go(t, 7, ¢), G,(t, T+, ¢) —
— Go(t, 7+, ¢) or G,(t,7—, ¢c) — Go(t,7—,c) where 0 < t < tand ce RY, || S K
for a suitably chosen constant K.

Since G, — G, in the topology J; of uniform convergence on compact sets, there
is an n, € N such that for n > n; we have

L D[G,(1, 7, ¢(s)) — Go(t, 7, ¢(s))]

In this way we have shown that for every ¢ > O thereis an n, e N (n, = max (no, n,))
such that for n > n, we have

<eé&.

U: D[G,(t, 7, x,(5)) — Go(t, 7, xo(s))]1 < |Ill + L] <&+ 3e=4e,

i.e., the topology 7, on %(U, p) is jointly continuous.

5. SOME RESULTS WITH A LIPSCHITZ-TYPE CONDITION

For functions G : I x I x RY — R" determining the integral term in the equation
(V) the assumptions (G,;)—(G,) played an essential role for deriving basic results
concerning the solutions of (V).

In the assumption (Gs) the type of continuity of the differences G(, 7, x) —
— G(t, 74, x) in the variable x is specified. Let us now replace the condition (G;)
by a stronger condition which reads as follows.

(Gs3+) For every bel, K > 0 there exists a bounded function L(t,t), L(t, *)
nondecreasing in [0, {], such that
lG(t, 75, X) — G(t, 74, x) — G(t, 75, ¥) — G(t, 14, y)l <

< Jx = | (Lt ) — Lt 7))
whenever

(t, T4s %), (1, 725 %), (1, 71, ¥), (8, 72, ¥) € [0, b] x [0, b] x RV
such that 0 <1, <1, £t < band xl, ly| < K.

It is easy to see that (G5 +) implies (G3).
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Remark. If a function g : I x I x RV — R satisfies (g,), (gz) given in Section 3
and the Lipschitz condition:

for every bel, K > O there exists a real valued function l(t, s) defined for
0<s=<t=b, It ) integrable on [0, t] such that

[g(t, s, x) — g(t, s, y)| < It s) |x - yl
if0ssst=b x|y K

then the function G : I x I x R¥ — RN can be defined by

G(t, 7, x) =J. g(t, s, x) ds
0

and it can be easily shown that the function G satisfies (G;+) with the function
L(t, 7) given by

w@=£m@m.

A fundamental result using (G, +) is a uniqueness result for the equation (V).

5.1. Theorem. If f:I — R" is continuous and if G:I x I x RY — R" satisfies
the assumptions (Gy),(G,),(Gs+),(G,), where the function L from (Gs+) satisfies

(5.1) lim [L(t + h,t + h) — L(t + h,1)] =0
h—0+

for every te[0, b], then the integral equation (V) has a uniquely determined
continuous solution.

Proof. The existence of a continuous solution of the equation (V) is an immediate
consequence of Theorem 2.4. Assume that we have two continuous solutions x, y
of the equation (V) both defined on the interval [0, d). Let us define

d = sup {te [0, d); x(s) = y(s) for s <t}

and assume that d < d. Evidently d = 0 since x(0) = y(0) = f(0) by definition of
a solution. From the continuity of solutions y, x we have x(f) = y(t) for every
t € [0, d]. Further we have also

«) = (0 = [/ Dlo(t 7 5() - 665 0] =

=£Dmunm»~qu@n
for te[d,d + h], h>0,d + h < d.
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Using (G3+) and the estimate (1.7) we get
(52) ) = 500] 5 |[, DL6C 2 x60) = 607 0] =

= sup ] |x(s) — y(S)IJ: DL(t, 1) = ¥ = ¥]cqaasn) (Lt 1) = L(1, d))

seld,a+h
for te[d,d + h].
By (5.1) we can assume that h > 0 is such that L(t, t) — L(t, d) < 4 for every
te[d,d + h]. By (5.2) we obtain

Ix = yleqaarm < Hlx = Vlcqaasn -
Hence x(s) = y(s) for se [d, d + h], consequently d = d and the theorem is proved.

Remark. Theorem 5.1 generalizes the known classical uniqueness result for
Volterra integral equations as stated e.g. in Miller’s book [10].
In fact if we restrict ourselves to the classical Volterra equation

t
x(t) = f(1) + J g(t, s, x(s)) ds
0
then by the above remark the additional condition (5.1) has the form

t+h
limJ I(t + h,s)ds = 0
h=0 Jt

for 1€ [0, b], i.e., we obtain exactly the condition for uniqueness stated in [10] by
R. K. Miller.

Let %(U) be the space given in Section 4. Let %(U, L) be the subspace of functions
belonging to %(U) which satisfy (G;+) with a given function L(t, 7, b, K). Then in
the considerations in Sec. 4 the subspace %(U, ) can be replaced by (U, L).

Moreover, in a similar way as Artstein did in [1], it can be shown that a topology 7~
on %(U, L) is jointly continuous if and only if for every  and every continuous func-
tion x : [0, t] » R the expression

J 0 DG(1, 7, x(s))

is continuous in G.
6. A KNESER-TYPE THEOREM FOR GENERALIZED VOLTERRA EQUATIONS
In the paper [5] W. G. Kelley has shown that for the solution funnel of the classical

Volterra integral equation the Kneser theorem holds. Here we prove the same theo-
rem for generalized Volterra integral equation (V).

For any [a, b] = I let B([a, b]) be the metric space of bounded runctions x :

265



:[a, b] > R™ with the supremal metric
o(x,y) = s{u;;llx(t) - y(t)l for x,yeB([a,b]),
[x]ls = S[l'lI;]Ix(t)l for xeB([a,b]).
tela,

"B,([a, b]) will denote the subspace of piecewise constant functions belonging to
B([a, b]). Clearly, C([a, b]) is a subspace of B([a, b]).
Let us observe the following. If a function G : I x I x RY — R" satisfies (G 1)—(64)
then for each b € I and K > 0 the expression

sup j j DG(t, 7, 9(s)) — Gltor 7, 9(s))]

lPEBc( [ﬂ b])

tends to zero for t — ¢, pr0v1dcd toel.
This can be shown as follows. Let b e I, K > 0 be given. By (G,) for every ¢ > 0,
t, € I there exists 6 > 0 such that

: D[G(t, 7, x(s)) — G(to, 7, x(s))]; < €

for |t — to| < 3, xe C([0, b]), |x]c = K.
< K be given. Then there exists a sequence
x, € C([0, b]), [|x,|c = K such that lim x,(s) = ¢(s) for every s € [0, b].

By (G;)—(G;) we obtain that for the functions G(t, 7, x,(s)), G(t, 7, ¢(s)) the as-
sumptions of the convergence theorem (1.8) are satisfied. Hence for every tel
we have

b b
lim f DG(1, 7, x,(s)) = J' DG(1, %, o(s)).-
n—ow JO 0
If ty, t €I are fixed and such that [t - to| < 6 then

|, et 0660 = D06 5 [ DL6te . 00) ~ e x50 +

+ “’: D[G(to, 7, ¢(s) — G(to 7, x,:(s))]i + Uob D[G(t, 7, x,(s)) — G(to, 7, x,,(s))]i <
g} e+ UZD[G(t, 7, ¢(s)) — G(1, 7, x,,(s))]{ + U:D[G(to, 7, 9(s)) — G(to, 7, x,,(s))]i <2

if we choose a sufficiently large n. This yields our statement. Let us mention that the
integral [ DG(t, 1, x(s)) exists for every x e B,([0, b]). This can be verified easily
by the definition of the generalized Perron integral (see the proof of Corollary 2.2).

Now we prove the generalized Kneser theorem for integral equations of the form

(V).

266



6.1. Theorem. Assume that G:I x I x RY —» R" satisfies (G,)—(G,). Let
f:1 - R" be continuous. Suppose all solutions of

14
(V) x(t) = f(r) + J. DG(t, 7, x(s))
0
exist on [0, d], where d € I. Denote
= {x e C([0, d]); x is a continuous solution of (V) on [0, d]}.
Then S is compact and connected in B([0, d]).

Proof. a) There is a K > 0 such that [x(s)l < K forevery xe Sand se [0, d], i.e.,
S is uniformly bounded. Assume that this statement does not hold. Then there exists

a sequence x,€S, n =1,2,... such that sup |x,,(t)| > n. Using the continuous
te[0,d]
dependence theorem 4.1.b in this special case we obtain that there exists a sub-

sequence {x;} of {x,} which converges uniformly on [0, d] to a solution x, of (V);
the continuous function x, is defined on [0, d], hence {xk} is a bounded sequence
but this contradicts the properties of the sequence {x,}.
Let us set
U(ty, t,) = Ulty, 1,,K) =

J' " DLG(1s, 7, %(5)) — Glta, 7, 5(5))]

= sup
xeC([0,d]) UB([0,d])
Ixlls=K

for ty, t, € [0, d] where K > 0 is the uniform bound for S.
Let x € S be arbitrary. Then by the definition of a solution of (V) we have

[x(12) = ()] = |f(12) = f(t)] +
+ U’Z D[G(t, 7, x(s)) — G(t4, 7, x(s))]I = |f(t2) _f(tx)l + Uty ty) .

Hence S is a set of equicontinuous functions.
Let x,€ S, n = 1,2,... be such a sequence that x, — x, in B([0, d]). Evidently
xo € C([0, d]) and by Proposition 2.1 we have

lim j o DG(1, 7, x,(s)) = J' 0 DG(1, 7, xo(s))

for every te[0,d]. Using this and the equality x,(f) = f(t) + [4 DG(t, 7, x,(s))
which holds for every n = 1,2, ... and € [0, d] we obtain that x, is a solution of (V)
and consequently x, € S. This ylelds the closedness of S in B([0, d]) and also in
C([0, d]). Hence S is compact in B([0, d]).

b) Let us prove that S is connected in B([0, d]). Without loss of generality we can

assume that
G(t,.x)=G <t, T, Q)

x|
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for x e RY, |x| > K because any solution x € S remains in the ball |x| < K, and the
values of G for |x| > K do not affect the solutions of (V) belonging to S.

By (G,) we obtain the existence of M : [0, d] x [0, d] » R, M(t, ) nondecreasing
in [0, 7], such that

lG(t, 75, x) — G(t, 74, x)| < M(1, 1) — M(t, ty)

for every xe RY and 0 < 7, < 1, <t < d. Similarly, by (G;) we have for every
¢ > 0 a function u(t, t), u(t, -) nondecreasing in [0, ], u(t,t) — p(1,0) < &, and
o(t) > 0, t € [0, d] such that

]G(t, 75, X) — G(t, 14, x) — G(t, 15, ) — G(t, 14, y)l <
= ,u(t7 72) - ﬂ(t’ Tl)

for all x, y € RV, ]x - y] <o(t)and0 <L, S 1, 2t = d

Assume that S is not connected in B([0,d]). Then S = AU B where 4, Be
e B([0, d]) are nonempty compact sets such that ¢(4, B) = y > 0. For x € B([0, d])
we define

F(x) = o(x, 4) = o(x, B) ;
F is a continuous real valued function. Let x, € A and xze B. Then F(xz) = y,

F(x,) £ —y.
For k = 1, 2,... we define t,, = jd[k,j = 0,1, ..., k and define x : [0, d] - R"
by the relations

xpu(t) = xp(ty) for te(t,t,,], j=01,...,k—1,
xp4(0) = x5(0) = f(0),

and similarly for x 4 [0,d] - RN,
Evidently x5, — x5 and x,, — x, in B([0, d]).
For ue[0,1] and k = 1, 2, ... define further

x,1(0) = £(0),
x () = f(1,) + ﬁ)"f D {G(t; , 7, x,4(5)) +

+ (1 = u) [G(te, 7 x5(5)) — Gt 7, x,4(5))] +
+ u[G(te,» T, x4(s)) — Gl T x A,k(s_))]}-

for te(t, t,,,, j=0,1,...,k — L

By definition we have X, Xp X, € B([0, d]) for every k =1,2,... and
ue[0,1]. It can be easily checked that the equalities Xo, = Xp, and x; , = x,,
hold for every k = 1,2,....

By an induction argument using Proposition 2.1 we can show that if u;, — u,,
I - o is a sequence of points in [0, 1] then x,,; = X,ox [ = o uniformly on
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[0, d] for every fixed k = 1,2, ... . Hence the function F(x, ;) : [0, 1] - R is a con-
tinuous function of u for every fixed k.

Since X4 — xp and x,, — x, in B([0,d]) for k- o and F(xz) 2y >0,
F(x4) £ —y <0, there is ky € N such that for k > k, we have F(x,,) > 0 and
F(xy) < 0. By the continuity of F(x,,) for every k > k, there exists u, (0, 1)
such that F(x,, ;) = 0.

Let us now define
(*) x(1) = f(t) + L D{G(t, 7, X, 4(5)) +
+ (1 = w) [G(t, 7, x5(s)) — G(1, T, x5 4(s))] +

» + w [G(1, 7, x4(s)) — G(t, 7, x04(5))]}
for te[0,d] and k > k.
Since X, x» Xpx> X4 4 X5, X4 € C([0, d]) U B([0, d]) and all these functions are
bounded by the constant K > 0, we obtain the inequality

(% %) [xltz) — xi(t)| < |£(t2) = f(@)] + 3U(t2 1)
for every k > ko and ty, t, € [0, d]. Since lim U(t,, t;) = 0 the functions x, : [0, d] —
21,

— RY are equicontinuous. We have x,(0) = f(0) for every k = 1,2,... and this
yields by (, *)
()] = [£©)] + |f(1) = f(O)] + 3U(1, 0) =

< [7(0)] ﬁ;‘éﬂﬁ' £(1) = £(0)| + 3U(1, 0)},

i.e., the functions x, are equibounded.

Hence there exists a subsequence of {x,} which uniformly converges to a function x
on [0, d]. We denote this subsequence again by {x,}.

Further x,(0) = x,, 4(0) and for te (4, t,,,] we have

ka(t) - xuk,k(t)l = ’f(t) - f(th)[ +
L DG(t, 7, %, 4(5)) — J 0 DG (1, % xu,“k(s))i +

|

o+

+ (1~ u)

J 0 D[G(t, 7, xs(s)) — G(t, %, xp(s))] —
_ J;kj D[G(ty > 7, x5(5)) = G(t, T xB,k(s))]‘ +

+ Uy

[/ D6t 7 56 = 7506 -
_ J‘;“’D[G(tk,, 0 x4(5)) = Gt xA,,‘(s))]i < () = f(t)] + 3U(t, 1)
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and this yields easily lim |x, — x,, 4] 80,45y = 0. Hence x,, , - x in B([0, d]) and
k- oo

F(x) = 0 because F(x,, ,) = 0 and F is continuous in B([0, d]). Passing to the limit
k — o0 in (*) and using Proposition 2.1 we obtain that the function x belongs to S but
at the same time x ¢ S because F| (x) = 0. Hence S is connected and the theorem is
proved.
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