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EQUIAFFINE DARBOUX MOTIONS WITH DOUBLE ROOTS
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In the present paper we consider equiaffine space motions of one type only. The
instantaneous motion of such a motion preserves a point P, a plane o and at least
two straight lines a and b, where P = an b, a < a, b ¢ . We find all equiaffine
space motions of this type which have only plane trajectories and all these trajectories
are affinely equivalent (as parametrized curves). We give also explicit formulas for
such motions.

Let us be given two equiaffine spaces 4 and A of dimension 3 with fixed frames
Ro = {0, f1, 2, f3} and &y = {0, f}, [5, f3}, respectively. Let G be the group of all
equiaffine transformations of 4 or A4, regarded as the Lie group of all matrices of
the form g = (;i 3), where y € Sl(3, R) and Tis a column with 3 entries.

The group G acts also as the group of equiaffine transformations from 4 to 4
by the rule g(%Z,) = %, . g. In what follows, a frame will mean an equiaffine frame
in A or A. An equiaffine motion is a curve in G, regarded as a one-parametric
system of equiaffine transformations from the moving space 4 into the fixed space 4.
In what follows we shall always suppose a sufficient degree of differentiability. By
a lift of an equiaffine motion g(f) we mean a set of pairs (%(r), %(t)) of frames,
R in 4, Z in 4, such that g(t) (%(1)) = 2(t). Let further (%(t), %(t)) be any lift of
a given equiaffine motion g(¢).

Denote Z' = Rp, & = RY, 20 = ¢ — Y, 2n = ¢ + Y. If 4 is a fixed point
in 4, then 4 = #X, where X is the column of coordinates of 4 in Z. For the trajec-
tory g(A) of 4 in A we have g(4) = #X. Denote by Q, the operator of the k-th
derivative of the trajectory of a point A expressed in the frame 2 and write g(4)® =
= 2%Q,X. By differentiation we get the following formulas:

® Q =0, Qi =(@+1)Q+ Qo —1n)+ Q.

An equiaffine motion is called a Darboux motion iff

a) the trajectories of all points are plane curves and not all of them are straight lines,
b) all trajectories are affinely equivalent in the kinematical sense (with respect to the
parameter ¢, see [1]).
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An equiaffine motion is a Darboux motion iff there are functions a,(t) and a,(t)
such that (see [1])

(2 Q3 =, Q; + 0,Q,.
Denote further

) (0 an(e)
@, @)’ Nos 1)’ * S Oy)°

where w, 1y, @, are 3 x 3 matrices, w,,,, %, are 3-columns. We have always
Tr @, = Tr w, = 0 because G preserves volumes. We shall also write o = (w;;),
n = (n;;), where i,j =0,1,2,3 and of course w,; =1#,; =0 for i =0,...,3.
Substitution in (1) gives

(3) Sevr = (@1 + 1) % + O (@ — no) + i,
Opyy = (w1 + '71) O, + @k(wl - ’11) + 0.

If the lift of the motion is changed, we gét new forms @ and 7 instead of w and 7.
The connection between new and old forms is

(4) & =h"toh, f=h""yh+ h N,

where h € G is the change of the lift. Denote
1, 0
n=(; y) |

(5) @o =7 (0o + 0, T), @, =y 'wy.

Then

Formula (5) says that w, can be changed to a certain canonical form (if the charac-
teristic roots of w, are real, we usually take the Jordan normal form as canonical).
In the following we shall classify all Darboux motions for which w; has a double
characteristic root. This means that after a suitable change of the parameter ¢ w,
will be one of the following matrices

L1, 0 1,0, 0
i) o, =(01, 0f, i) o, =[01 0
0,0, —2 0,0, —2

’

(We notice that 0 cannot be a double characteristic root of w,.) We see that in both
cases i) and ii) w; is a regular matrix and so we can choose Tin (5) in such a way
that @, = 0. This means geometrically that the motion has poloids. The instantaneous
motion was described above.

In the following we shall consider only lifts of g(t), for which e, is in the canonical
form i) or ii) and @, = 0. Let us start with the case i): Denote by H, the isotropy
group of lifts having the above mentioned properties. For h € H; we then have
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. B

o
h = <17j 0) with T=0, y=10, «
7 0, 0,

0
, 0 , o,feR, a%£0.
o

-2

Now we can change the lift of the motion using the elements from H, only. w remains
unchanged and » will change according to (4) in the following way:

(7) o =7""Mo, fiy=7""my+73"y.

Substitution in the second formula of (7) gives

N1y — o~ 'Bnay, X’x a3 (ny, — ﬂ“ﬂﬂzs)
(8) My = N2y, a” By + na,, a7y, +y7 .
5, o*(Bnzy + ans,). n3s

Substitution in (3) gives

2=y, 4+, — M22, =3My3 = Mas3
9) 0, =0, 0,=|0, 2+ 1y, =323 >
331, N31 + 3133, 8
(93)11 =4 — 6n21 + O6ny3nzy + npans, + N21(122 — Ni1) = N5y
(03)22 =4 + 6121 + 6M2313; + ny305, + n21(nyy — N22) + N3y s
(©3)33 = —32 — 61133 — 2033155 — 612332 ,
(03)21 = 6n23m31 — 2031,
(@3)12 =2+ M1~ ’722) (4 +n, - N22) + 4 + 201aM21 + Ny3nsy +
+ 6ny3isz + Maafas + (01 — n,,)
(03)13 = ms(m2s + 9 = 30 + 3033) = 30552 + myy + 1y,) —
— 3} — N2,
(03)23 = 523(3n33 — 32 + 9 = 2nyy) — 321113 = 35,
(@3)31 = y3:(3m33 = 311 — 9 = 2n3y) — 3nyum5, + 331,
(03)32 = 3n34(2 = 22 — M12) + 1323033 — 3y, + M21 —9) +
+ 3n52 T M1

—Hio — Ny
91 =0, 9 = —ny s
2130
'110('721 — M1 — 3) + 7120(7122 =211 — nyy — 6) +
+ M30(5m15 + N23) = Mo — N30
—nofl21 ~ M20(3 + 2135 + 15,) + SM30M23 — N3
—4n10M31 220(M31 + 213,) + 2M30(n33 — 6) + 217}
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Adding equations (2) for the coefficients with the indices ii, i = 1, 2,3, we get
o, = —2; further, we have 373131 — n31 = 0. The other equations from (2) are

(10)

8 + 3n1afs1 + M3ilas + 3M2sflsz = 01,

3MysMsy — 821 — astizz + Maa(Maz — 14y) = 21

(4 4+ 1y — M22)* — 4 + Nyaflan — 2003031 — N3a723 + O3tz —

— 235153 = (’122 - )

n13(3 = 31y + M2y + 3n33) = N23(8 + 3nyy + 3n12) = 3nis + a3,

'123(3'733 =3y +3 - 2131) = 3M21M1s = M3

3M21M32 + N31(3 — 3n33 + 311 + 2121) = 331,

M31(3122 — 3152 — 8) + M32(3 — 333 + 3nz + M21) = M31 + 3132,

nio = N10(2021 = N1y — 5) + 0202021 + 2132 = 214y — Myp — 3) +
+ 30(5n13 — 4M23) »

Myo = —MHiofz1 — M20(5 + 2Ma1 + M22) + StaoN2s

M10M31 + N20(M31 + 2132) + M30(4 — ’133)-

’
130

Now equations (10) must be solved. First we shall try to simplify them by specializing
the lift using the group H,. To do it, we have to consider various cases.

a) 1,1 # 0. Then also 173, # 0 and from (8) we see that the lift of the motion can
be changed in such a way that #3; = 1,4, 7132 = 0. Then also 3#,; = #5,;. Denote
#23 = s. Equations (10) will simplify to (15 = 137 = 35, 123 = 5, 13, = 0)

(11)

8 + 938 + 357 = oy, 5(3'713 — 8+ 1y — ’111) =5,

(4 + myy — nyp)? — 4+ 6155 — 6338 — 35> + (41 — 122) =0,
3is(L = nyy + M3 +5) = S8 + 301y + 3n12) = 3035 + 57,

s(1 = 3ny3 — 25 + 733 — N2) =5, s(1+ 25 — 33 +1y4) =5,
s(3ny2 + 31y, — 8) =5,

N10(6s — nyy — 5) + ’120(55 + 2155 = 2044 — N2 — 3) +

+ N30(5ny3 — 4s),

N0 = —3N108 — ’720(5 + 6s + ’722) + 51305,

N30 = 61105 + 3N208 + n30(4 — 733) -

r
1o

The sum of the second, fifth and sixth equation from (11) gives s’ = —2s. Sub-
stitution in the second, fifth and seventh equation in (11) gives 7y, = 2 — 1,5,
N11=—30 + 25 + n33), 113 = ¥9 — 25 — 3n,,). Substitution in the fourth and
third equation in (11) gives 3y5, = 3 — 101,55, + 3435, 73, = 417,, — 12. Hence we
have '7§2 — 615, +9 =0, so n,, = const., 73, = 0 and the only possibility for
N2 18 22 = 3. The result is
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Ny =—s—3,

The equations for 7, are

17
Mo = (75 = 2)ny + (85 + 10) 20 — — SN30»

20 —3shy0 — (65 + 8) N20 T 35130,

N30 = 6sHyo + 3snz0 + (4 —s)n30.
3
The solution for 5, can be written in the form n, = Y. C.u;, where C; are constants
i=1
of integration and

—s! —s5 — 10s*

—s? — 4s
By = 35'1 , My = 355 + 634 , Hy = 332
357+ 6572 3s° 352

Let now 5,, = 0. Then 7,313, = 0. The first two equations from (10) give 8 +
+ 6nyan3; = 8 + 6ny3nz, = op. I 73y # O, then 7,3 = 0 and «y = 8. If 13, = 0,

then also «, = 8. So in all the following cases we have o, = —2,0; = 8 and 1,373,
= N13M31 = Na3M32 = 0.

b) 721 = 0, 3, # 0. Then 5,3 = 1,3 = 0; we can specialize the lift of the motion
to get 55, = 0, 55, = 1. Equations (10) will now be

(4 +ny — ’722)2 + (11 — M2) =4, 3+ 3y =8, ms—nu=1.
Let u be any solution of the differential equation u’ + 3u? — 4u

= 0. Then either
u =41 — s?)"!, where s’ = —2s, or u = 0. Further, n,; —7,, = —6 + 3u and
SO Ny = — 2+ u N2 = 13—‘ —2u, 33 = —% 4+ u, 5, = —1+ 2u, the others
vanish. 5, can be written similarly as in a), where
4s* 253(1 + 55%) 0
pp=u'31 0 |, py= Wl 6s’(t = $7)), py = w0
-5’ —s*(1 + %) —s7?
for u # 0 and
4 -10 0
16
m=exp(-3)| O, m=exp(=F)| 6], um=exp(50)|0
-1 1 1
for u = 0.

) M21 = N3y = 0, 1,3 * 0. Then 7132 = 0 and we specialize to 23 = L,ns =0
Equations (10) will be

(4 + M — 7122)2 + ('711 - ’122)' =4, 3, + 3, = —8, M2z — M3 = 1.
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Let u be as in the case b). Then
Mi=—5+2U, Nyy=3—u, My=%—u, g,=1-2u,
Nio = %(4(:255 —4Cys® — Cy57% + Cis?) (1 — 57723,
f20 = %(CSS_Z +2C,8°) (1 = )12,y = Cas™?(1 — s7)'173
for u £ 0,
Mo = _%Cz exp ("233’) + Cyexp (——-‘;t) ’

1Cyexp (3t) + Crexp (—=3),

Il

M20
N30 = Czexp (gt)
for u = 0.

d) 7,1 =13y = N33 = 0. Let n;3 + 0, n3, % 0. Then we can specialize to 5,, =
= &ny3, 13 > 0, ¢ = *1. No further specialization is possible, so we put ,, = 0,
the lift is fixed up to a constant matrix. Equations (10) will be

(44 110 — 122)* + (141 — N22) + 6enty = 4,

’713(1 — N + '133) = ’113(—1 + N33 — 7]22) =3 -

First we obtain 733 = 0, 125 = —n11, Nianis = 1 — ny,. Denote ;3 = v~ Y2,
Then v must be a solution of v” + 12v" + 32v = —6e. Further, we get
Ny = 1 +-%U’U_1, Ny = —1 “%U’U-l, }]32=8U-_1/2,

Mo = —N10(6 + 1007 1) — ny0(7 + 2007 1) + Smae0” V2,
Moo = Mo =4 + 30'07Y), n30 = 2mee0™ % + An30 .
Denote H(t) = [, ¢** v(z) dz for a suitable ;. Then
Mo = (—3C,H — 20, — 5eCoe?t + 5C4e'% + Cy) e %™/,
Nao = Coe #0230 = — /4 Che™*" + Cie*'.
€) Ma1 = M3y = M23 = 32 = 0, 13 #+ 0. Then we get 7;, = 0, ;3 = 1 by spe-

cialization again up to a constant matrix only. Denote u as in the case b). Then

5 13 8
Ny = —3+ UMy =75 —21N3=—3+u

Hio = %(3C2516/3 — C, 51013 4 1C,s78/3 4 C157/3) (1 — 52)'1/3 R
oo = Co5'%3(1 — s2)213 | 30 = Cas™83(1 — 5°)717°
for u + 0 and
Mo = Cyexp (—51) — 5C; exp (=22) + 3Cy exp (B4), 720 = CoexP (=%,
f30 = Cyexp (321)

for u = 0.
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f) n;; = Ofori % j,i,j = 1,2, 3. Then we can also suppose 11 = 0,33 = —1,,:
Let u be as in the case b). Then 1,2 = 6 — 3u,
Nio = e [Cys* + §C2(335 - 57,

N0 = Czeilss(] - 52), N30 = C3S_3(l — sz)_l
for u #+ 0 and
Mg = Cie™ > = 3C,e 11, g = Coe™ M, myp = Cyet®

for u = 0.
This covers all subcases of i). In all of them we have a, = —2, «; = 8. This means
that the differential equation for the trajectories of points is X" = —2X” 4 8X'.

The solution is X = A, + e;e™* + e,e*’, where {4, e, e,} is a suitable frame in
the affine plane. All such curves are affinely equivalent to the curve y = 1/x2,

Differential equations for the Frenet frames # = {4, &, &,, ¢} in the moving
space and # = {4, e,, e,, e} in the fixed space of the motion are

(12) A=A — o), & =R+ w), respectively .

The Frenet frames # and Z are the canonical (or Frenet) frames of the moving and
fixed axoids of the motion respectively. This means that A(z) is the poloid, A(t) +
+ Aey(t), A(1) + 2 es(t) are two ruled surfaces, A(f) + A e;(t) + p ey() is a system
of planes and similarly for the moving space. These objects describe the motion
similarly as axoids do in the case of a Euclidean space motion. To find explicit expres-
sions for axoids we have to solve (12) in all subcases a)—f). For the sake of simplicity
we shall write these solutions in the form of matrices g, and g,, where

(13) R=Ry.91» B=Ro.g5-

Further, we write
“(.5) = (55)
91 Ty, v1)° Ty, v2)°

3
T, = Ay + Z CiA;, T, = Ay + Y, C;4;, and C; are constants of integration specified
i=1

above. Solutlons of (12) are the following: (in b), ¢), e), f) for u = 0 only):

where

s+ 457, 0, 4s? 3s2, s 0
a) L S BT e AL
3s, 0, s 0, —s7 1 s~
0 125 4+ 6s° 2s
A = 3573, 4, =1 95— 18s%|, 4, =10 ,
12571 36s° ' 653
0 2455 453
i =0 |, 4,={-4|, 4,=|0
4573 1253 0
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12, —16(1 — s~
B om0 e 0 -
—6s, 4s(1 — s?)” 1 125
125, —4s(1+s)(1 -5, 0
2=a(l =)0, 12l -2 0
3571, 571 = 3s7) (1 — 5?71, 125
652 —653 + 65° 0
A= 0 |, 4= o , A, =10
—3s3 —3s° 3571
4s° 4s° 0
A, = 0 , A, = 6s3 , A3 =1{0
8*3
12(1 =) AL+ ), 201 = )
¢ y=qa(l -7 123_1’ 357
12s
12s(1 — %), 16s, —4s
= (1 — 57y 2 =6 .
0, 125!
— 253 0
A1 k) A3 = %5_3 >
651
4s° 0
A, = A, =(23), A4, 0
0 2573
8e2'v, 8H + g2, 2e27pl/?
d) 71 =720, 8, 0 >
0, —4ee™ 2", 8e~21p!/?
8v, —8H — 2¢, —4v1/?
V2 = %U_ 1/2 0, Se_m, 0 )
0, 2ee?, 8e2fpl/?
3¢ 16K + 16L — See™ 2"
Al =(0 . AZ = 25_4‘ > A3 =
0 e—6:
26 32M + 16N — 3ee™*
ZI = 0 N /Zz = %e_6t ’ Z
0 0
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where M = [; H(z)e % dz, N = [; v(z)e *dz, K = [; H(z)e *dz, L=

= i, v(z) e ¥ dz.
6, (s> =3)(1 —s)"" 3
171 — )0, 671 -7, 0 |,

e) Y1 =
0, 0, 652
6s, (3s — s*) (1 — s?)71, —3s
72 =37V (1 = s 0, 6(1 — s*)7Y, 0],
0, 0, 6
3s7°
A; =10 , the others asin c¢).
651

6, (s —3)(1 —=s*)""0
f) 7 =3[0, 657 (1 —s%)7", 0

0, 0, 65%(1 — s*)e™"
6(s—3)1—sz)‘0
y, = de” 0 65"1(1 - 5?71, 0 ,
6(1 — s?) e’
Ay = O , the others as in c) .
651
Now for u = 0:
1, 0, O s, Is, O
b) oy =8 0, 573 0], y,=s"{0, s, 0
=150, s 57 gl s
6s° 4s°
A, =| 95?), 4A,=|-65],
—3s° 0
the others as in b) for u + 0
s, —3%s, s s2, 0, 0
C) yl = 51/3 07 S_2’ ;}_S 2 > Vz = 81/3 0’ S_l, *%S_l >
0, 0 1 0, O, -2
6s° 4s°
A, =|-9s%|, A,=[-65],
0 0

the others as in c) for u % 0.
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S, §8, —%s
y,=s"[0,s72, 0], Aisasine)for u +0.
0, 0, 1
I, =4, 0
f) y, =s"12(0,57% 0 |,
0’ 0’ 9/2
I+ 0
72 =5"210,57%0 |, Aasinf)for u 0.
0,0, s

Now g = g,g5 " is the matrix of the motion. Write

(1,0
9=\1 )
Then y = y,y5; ', T= T, — yT,. Choosing suitably A4, and 4, we can write T =
3
=3 Cit;. The result is:
i=1

(14) st 43, —s2 0 0 0 §2
a) y=|0, 3L 3], t,=(0 ), t,=[s*], t3={0
s 0, 5 571 0 352
sTH —1 + 4%, 3y,
b)c)e)f) y=| O, s™, 3v,| for u#0,
—%vl’ 0’ 2
-
s o —1s% v
y = 0, s71 3v,| for u=
—3v;, 0, s?

52 0 0
t;, =101, t,=[s*], t3=(0 |, wherev,,Vv,,v;are cither 1 or 0
s

and at most one of them is equal to 1.

s7h Dy + Dys?%, %
d) y=1[0, s7}, 0 |, where D;, D, are any constants, ¢ = +1 and T
0, 32 52

is the same as in b).
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Theorem 1. Every equiaffine Darboux motion with the instantaneous motion
preserving exactly two intersecting lines and a plane containing one of them is
equivalent to one of those listed in (14).

Now we have to do the same for the case ii. As the procedure is very similar, we
present only the results.

Theorem 2. Every equiaffine Darboux motion with the instantaneous motion
preserving a pencil of lines and one more line through its center is equivalent to
one from (15):

S, Oa %VZ Cls_z
(15) y=1 0 50 |, T=[Cys?|,
—3v,, 0, 572 Css

where v,, v, are either 1 or 0 and at most one of them is equal to 1, C;, i = 1,2, 3
are constants.

Theorem 3. Every equiaffine Darboux motion with the tangent operator having

a double characteristic root has trajectories of all points affinely equivalent to

the curve y = x~2.
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