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SCHREIER-ZASSENHAUS THEOREM FOR ALGEBRAS I
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The aim of the present paper is a generalization of Schreier-Zassenhaus theorem
for algebras. It is a theme already studied before. GOLDIE [4] discussed a certain kind
of generalization of Jordan-Holder theorem for algebras, which is a special case of the
Schreier-Zassenhaus theorem and, moreover, under certain restrictive conditions (the
descending and ascending conditions for subalgebras). Another interpretation of this
problem was offered in [7] (ORE). The papers of BORUVKA [1] and CHATELET [2]
(the latter in the formulation given in [8] Th. 88) served us as a model, namely
Theorem 10.8 [ 1] for the case of partitions of a set (without operations) and Theorems
17.6 [1] and 88 [8] for congruences in algebras. Unfortunately, the theorems
mentioned work with too strong assumptions that are not fulfilled in the group case
unless invariant series are treated. Our purpose is to give such a theorem for algebras
that is applicable in classical structures (in 2-groups).

We shall call the main attention to the case of sets without operations. In this
situation the notion of isomorphism is reduced to that of the set theoretical equi-
valence. It would be useful (if possible at all) to replace it by another stronger notion.
Boriivka (see the book [1] which includes his theory of partitions developed during
the World-War II, cf. [2]) has found such a notion, namely that of coupled partitions
in a set. Thus, he discovered the set theoretical character of algebraical constructions
connected with the Schreier-Zassenhaus theorem.

The notion of coupled partitions is also the central notion used in the present paper.
The main result is Theorem 3.5 which is based on Theorems 1.10 and 3.4 (sets) and
2.7 (algebras). Corollary 3.7 gives the group interpretation of Theorem 3.5, the
Schreier-Zassenhaus theorem. Another group application of the theory is presented
by Theorem 2.5 and by its Corollary 2.6, the general four-group theorem [1] 23.2.

Let us introduce some fundamental notions necessary in the present paper. The
reader will find information in greater detail e.g. in [1], [5], [8], [9]-

A partition in a set ® is a system of nonempty pairwise disjoint subsets of ®.
The system of all partitions in ® is clearly in a one to one correspondence with the
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system of all symmetric and transitive binary relations in ®. For this reason we often
shall not distinguish between the both notions. The set of all partitions in ®, P(6),
is a complete lattice with regard to the set inclusion; symbols of the operations are
A, vV, A,V (or v = vpif necessary). Stable partitions (stable as binary relations)
in an algebra (®, Q) are called congruences in (®, Q). The set of all congruences in
(®, Q), #(6, Q), is a complete lattice with regard to the set inclusion; its operations
are denoted by A 4, V4, Ay V- Itholds Ay = Ap = N [6] 1, 1.1. If 4 is a binary
relation inaset ®, x e G and 0 + B < 6, we define A(x) = {y e 6 : yAx}, A(B) =
= U{A(x) : xe B} and U4 = U{A(x) : xe 6}. If 4 is a partition and A(x) =+ 0,
we call the set A(x) a block of the partition 4 and (A4 the domain of A[6]. If U4 =
= ®, we speak about a partition on ® or about a partition of . If ) = B < &,
{8} means the partition in ® with the unique block B, and if 4 is a binary relation
in ®, B[] A means the binary relation (SB x B) N A. It is called the intersection
of the relation A with the set 8. Particularly, if A is a partition then B [ A = {QS} A
ANA={A'"nB:A4"€A, A nB + 0} [1] 2.3. Two partitions in ® are said to be
coupled if each block of one partition meets exactly one block of the other partition
[1] 4.1. The product 4B of two partitions 4 and B in ® means the product of the
corresponding binary relations. Binary relations (or partitions) A and B in & are
called commuting if AB = BA. The domain of a congruence in an algebra (6, Q)
is a subalgebra of (6, Q); if (6, Q) is an Q-group, § + 4 e A(6, Q) then A(0) is an
ideal of the Q-subgroup |J4 and 4 = J4/A4(0) [6] I, 1.4.

1.

We say that a subset § + B = ® respects a partition A4 in the set ® if it holds:
A'e A, A' "B+ 0= A" = B([6] 1V, 4.8).

Lemma 1.1. Let A, B be partitions in a set ,0 + B < 6. Then B[ (A v B) 2
2 (B 4) v (BT B). The equality follows if B respects the partitions A and B
or if B 2 U4 n UB. An analogous theorem holds for the product.

Proof. Let x, y € G. For suitable elements x,, ..., x,€ ® (n 2 0) and for parti-
tions Cy, ..., C,, by turns equal to 4 or B it holds
xB[(4v B)y«x,yeB, xC;x,C;x;..%Chy<>xeBnC,,
yeBnUC,y, x,...x,eU4dnUB, xCx;...x,Chp1y<=xeBnC,,
yeBnUChyy, Xxpp.ux,€BnUAdNnUB, xCix;...x,Coys1y <=
<> x(BMC)x(Br1Cy)x, ... x(BMCpyy)y<>x(BM1A) v (BrB)y.
The middle implication <= can be evidently replaced by the both-sided implica-

tion <> if B respects both the partitions A and B or if B =2 (JA n |JB. The assertion
about the product follows from the preceding if we putn = 1, C; = Aand C, = B.
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Remark. The condition in 1.1 for equality is not necessary (even for partitions 4
and B on 6). Example: A = B={6},0 + B <6, B + 6.

Definition 1.2. Let B, < B and C, < C be partitions in a set ®, ee (JB, n UC,,
UB, = B(e), UC, = C(e). We define By; = B, v (B A C), Bj, = B, v (B A Cy),
By, = Bo(B A C), K = B,,(e) [ Byy; relations C,y, Cy9, C;; and L are defined
symmetrically with regard to the symbols B and C. Further, let us denote M =
= (AT By) v (AT Cy), where A = B, 0 UC,.

Lemma 1.3. The relations defined in 1.2 have the following properties (1) to (7).
Similar properties can be obtained after the permutation of B and C.
(1) Byy(e) = U{Bo(a) : a e A},
(2) B,,(a) = B,,(e) and B,,(a) = B,,(e) for each ae ¥,
(3) U < B,,(e) < By,(e) = UB,,
(4) B”(e) N C“(e) =UKnL=9,
(5) By1(e) 1 (B A Co) = Byy(e) M C,,
(6) K = (By1(e) M Bo) v (Bys(e) M Co), -
(7)) M =AM (B, v Cy), UM = A. If B, and C, are congruences in an algebra,
then so is M.
Proof. (1) is evident.

(2) The first assertion. It suffices to prove B;(a) < By,(b) for all a, be A. Let
xByia, ie. xA;xy ... x,_,A,a, where A; are equal to B, or B A C. Since a,be
€ UB, n UG, it holds b e B(a) n C(a) = (B A C)(a), thus x4,x, ... X,_ A,a(B A
A C) b, ie. xBy,b.

* Proof of the second assertion follows from the preceding if we putn = 2, 4, = B,
and A, = B A C.

(3) The first inclusion follows from (1). The second inclusion is evident. The last
inclusion: If x € By(e) then x4,x, ... x,_,A,e, where A; < B for all i, thus xBx, ...
... e, xBe, x € B(e) = UB,.

(4) 1t holds UK < By,(e) = UB,, UL< C,y(e) = UCo, hence UKnUL<
< By,(e)n Cyy(6) S UBy nUCo = A. On the other hand, UK = B;,(e) n
A UBjo 2 A [UByu (UBn UC,)] = A. Analogously (JL = U. Thus (4) is
proved.

(5) Since By;(¢) S UB, = B(e) it holds By,(e) (B A Co) = (By,(e) M B) A
A (B11(e) 1 Co) = {B.1(e)} A (Bis(e)T1Co) = B,,(e) M Co.

(6) By 1.1, (3) and (5) it is K = B,;(¢) [ Byo = Byy(e) [ [Bo v (B A Co)] =
= [Bi11(¢) 1 Bo] v [Bi:(e) (B A Co)] = (Byy(e) M By) v (Byy(e) M Co).
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(7) By 1.1 it holds A (B, v Co) = (A1 By) v (AT Co) and then UM =
= U(A M By) u U(ATTC,) = A. The assertion concerning congruences follows
from the fact that vp = vy for congruences “on” (on the subalgebra (JBy N
N UC, = ).

Lemma 1.4. (BorGvka [1] 4.1.) Partitions A and D in a set G are coupled if and
only if
(@ UDMA4=UAamD,
(b) every block of the partition A meets \)D (or equivalently U4 nUD) and
symmetrically.

Evidently, (a) is equivalent to
(@) (U4anUD)M 4 =(J4anUD)1D.

Lemma 1.5. A K =A[TL=M =K A L.

Proof. By 1.3, UKn UL=A. By 1.3 and 1.1, it follows A[TK = A[]
I [(By1(e) M Bo) v (Byy(e) M1 Co)] = (UM By) v (A1 Co) = M. A symmetrical
statement holds for L, consequently A 1K = M = A [ L. We shall prove K A
A L= M. Since UK A L) = UKL= A it holds K A L=A[(K A L) =
=(AMK) A (UML) =M.

Proposition 1.6. The partitions K and L are coupled if and only if By,(e) =
= B,,(e) and C,,(e) = C,,(e).

Proof. Let K and L be coupled. By 1.4 each block of the partition K intersects

the set (JK n {JLwhich is equal to 2 (see 1.3). We shall show that each block of the
partition B,,(e) [ B, meets . Let K' € K = (By,(e) [ B,) v (B;,(e) 1 C,) and
let X! contain no block of the partition By,(e) [ Co. Then K* is equal to a block of
the partition By,(e) 1 B, and, as we know, K' meets 2. If K' contains blocks of the
both partitions then every block D' e By(e) [ B, with D' = K' meets a block
E'eB;,(e)[1Cy. It is E' = Bj,(e) nUCy = UBy nUCy = U, therefore D'
meets 2. We have proved that each block of By (e) [ B, meets A. Moreover, by
1.3, By,(e) = UBy. 1t follows B, (e) = U{Bo(a):ae A} = By,(e) (by 1.3). The
converse inclusion being evident we conclude Bj,(e) = By,(e). Analogously, we
have Cy(e) = Cy,(e).
. Conversely, let the condition be fulfilled. Then, by 1.3, B,(e) = By,(e) =
= (J{Bo(a) : a € A}. Consequently, each block of By,(e) [T B, meets A and thus.it
meets C;;(e) = L because Cy,(e) 2 A (by 1.3). Since each block of By,(e) 1 C,
meets C;;(e) (is contained in C, ;(e)), each block of the partition K = (By,(e) [l Bo) v
v (By,(e) M C,) meets C,,(e). Symmetrically, each block of the partition L meets
B, 1(e). Thus the condition 1.4 (b) is verified. The condition 1.4 (a’) is fulfilled in
virtue of 1.5. It follows that K and Lare coupled. |

.
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Lemma 1.7. Denote D = (UC 1 B,)(UB, 1 C). Then D(a) = D(e) for each
ae B, n JC,.

Proof. It suffices to show D(a) = D(b)foralla, be UB, n UCo- Let x(UC M B).
.(UBy M C)a. Since a,be UB, nUC, = UB, n C(e), it is ae B, N C(b) =
= (UB, M C) (b). It follows x(UC M B,) (UB, M C) a(UB, 1 C) b, i.e.
x(UC T By) (UB, 11 C) b.

Proposition 1.8. B,,(e) = B,,(e) if and only if (UC M Bo)(UB,11C)(e) 2
2 (UB, M €) (UC I By) (UBy 0 UCy).

Proof. Let the condition be fulfilled. It suffices to prove By(e) < By,(e). Let
XxBj e, i.e. xA X, ... x,_A,e, where A; are alternately equal to B, or B A C. Since
eBye and e(B A C) e it can be supposed n > 4 and 4, = B A C. Moreover, since
x € UB, (by 1.3), it can be supposed 4; = B,. Thus we have xByX, ... X,_3(B A
A C) X,-,Box,—1(B A C)e. Now, there is x;e UBonUC (i=1,...,n — 1) and
consequently xBox; ... X,-3(UBo M C) x,—,(UC M By) x,-1(UBo Il C) e. Evidently
X,—1 € UBy N UC,. By supposition, it follows xByx; ... X,—4(UC 1 By) X,-3(UC M
M By) (UB, M C)e(UB, M C)e and  therefore  xBoxy ... x,—4(UC 1 By)
Vn-2(UBo 1 C) e for some y,_,€ By, n C(e) = UB, n UC,. By induction, we
obtain xByy(UB, M C)e for some ye B, nUCy. Then xBy(B A C)e, ie.
x e By(e).

Conversely, let By,(e) = B,;(e) and ae (B, n JC,. Then B,,(a) = B,,(a)
(by 1.3). It holds x(UB, 1 C) (UC M B,) a = x(B A C) Bya = xB,,a = xB,,;a =
= xByb(B A C)a for some be (JB, n |JC. Since x € |JC and a e (JB,, it follows
that x(UC M B,) (UB, 1 C) a. By 1.7, x(UC Il B,) (UB, 1 C) e.

Lemma 1.9.
(UC 11 Bo) (UB, 1 €) (UB, n UC,) < (UB, 1 €) (UC M By) (UBo 0 UCo)-

‘Proof. It holds B := (UC T B,)(UB, M C)(e) = U{(UCTIBy)(a):ae
€ UB, nUCo}. Hence D := U{(UB, M C)(UCT1B,)(a):aeUBynUCo} =
= U{(UB, " C) (b) : b e B}. As the domain of the partition UB, [ C, UB, n UC,
contains B, we have D = B. Now, we apply 1.7.

Theorem 1.10. The following conditions are equivalent:
(1) The partitions K and Lare coupled.
(2) Bys(e) = By,(e) and Cyy(e) = Cyy(e). 4
(3) (UC T Bo) (UB, M €) (¢) 2 (UB, M €) (UC T Bo) (UBo  UC,) and
(UB 1 Co) (UCo M B) (e) 2 (UC, M B) (UB 1 Co) (UBo N UCo)-
(4) (UC 1 Bo) (UB, 11 C) (e) = (UB, M €) (UC T Bo) (UBo N UC,) and
(UBT1 Co) (UCo T B) (¢) = (UCo 1 B) (UB T Co) (UBo N UCo)-
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(5) (UC 1 By) (UB, N €) (UBo N UC,) = (UB, M €) (UC M Bo) (UBo n UCo)

and

(UB 1 Co) (UG M B) (UBO n UG, = (UCo M B) (UB M Co) (UBO N UC0)~
(6) The partitions K and M are coupled.
(7) The partitions Land M are coupled.

Proof. Equivalence of 1, 2 and 3 follows from 1.6 and 1.8.

3 = 4: By 1.9 and by a symmetrical assertion.
4 = 5: By 1.7 and by a symmetrical assertion.
5 = 3: As in the preceding step.

1 = 6 and 7: We shall verify the conditions (a) and (b) of 1.4 for A = K and D = M.
(a) is fulfilled by 1.5 because JK n UM = Wand A 1M = M;infact, UK M =
=(UKNnUM)MM=UATTM =M and UMM K =UAK =M. (b) is ful-
filled for K and M, since it is fulfilled for K and L. Indeed, each block of K meets
UK nUL= A = UM and each block of M meets K, since UM = A and
UK = U. Analogously for 7.

6 = 1: By 1.4, condition 6 reads that each block of K meets JM = . Since
UK n UL = % (by 1.3), the condition 1.4(b) is also true for A = K and D = L.
Condition 1.4(a) follows from 1.5, since UK [T L= (UK nUL) M L=ATL=M
and similarly UL [ K = M. Proof of 7 = 1 is similar to the preceding one.

2.

Lemma 2.1. If A and D are congruences in an algebra (®, Q) and (JA 2 UD
then AvpD = A vy D.

Proof. Let we Q be n-ary (n = 1) and a;4 vp Db, i=1,..,n Then
a,E e Ees ... el _(E,, b, where E, ..., E,, are by turns equal to 4 or D. We

can achieve that all m;’s are equal (say equal to m) and that E;; = 4 = E,, (i=
=1,...,n),for U4 2 UDyields a,De} = a;Aa;De}; e}, _Db; => el _Db,AbDb, ...
...b;Ab,. Hence a,...a,wAe; ... wDe} ... 4wA ... Ab; ... b,w. Then A vpD
preserves the operations and is consequently a congruence in (®, Q).

Let A and D be Q-subgroups of an Q-group (G, Q).

Definition 2.2. 2 and D are called Q-commuting Q-subgroups if [, D] = A + D,
where [, D] means the Q-subgroup of (®, Q) generated by the set A U D.

Clearly, Q-commuting Q-subgroups are commuting subgroups.

Lemma 2.3. Let X and D be Q-subgroups of an Q-group (6, Q). Then the fofléwing
conditions (a) to () satisfy a<sb=c<d<e.
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(a) A and D are Q-commuting,

(b) 6/, [¥, D] = 6/, % 6/, D,

(¢) ®/, A and G/, D commute,

d) 6/, A v,6/,D = 6/, % 6/,D,
(e) A and D commute.

Analogous assertions hold for the left sided decompositions.

Proof. In the proof let us omit the notation r of the right sided decompositions.
Let us remark that x(G/A G/D) y = x G/Ab G/D y for some be & =b = x + q,
y =b + d for some ae W and some de® = —x + y = a + d for some ae A
and some de D, ’

Then

(1) x(6/AGD)y=—-x+y=a+d forsome aec¥ and some de D.

Thus the condition (b) is equivalent to the condition [, D] = D + A, which is (a).
Another conclusion from (1) is (c) = (e). The equivalence (c) = (d) follows e.g.
from [9] 1.1. The implication (a) = (e) is evident.

Lemma 2.4. Let ® be a group, Q a subgroup of 6. Then any subsets¢ =Rc 6
and 0 + S < Q satisfly An(R+S)=QnR+Sand Qn (S + R) =6 +
+ QN R

Proof. Evidently, the inclusion 2 holds. The converse inclusion (in the first
assertion): For an arbitrary element x on the left side of the first equation we have
x=gqg=r+s,s=q forsuitable g, e Q, reR and s S. Thenr =q — s =
= g — q € Q. Analogously the other equation is proved.

In the following the symbol | means the left sided decomposition of a group by
its subgroup. Analogous assertions hold for the right-sided decomposition.

‘Let B, =B < B, and €, = € = €, be Q-subgroups of an Q-group (&, Q).
Put B, = B[B,, B =B,/B, C, = €/€, and C = €,/€. Then B, < B, C, < C
and for e = 0 = the zero element of ® it holds (JB, = B(0) and JC, = C(0).
Let K, Land M be as in Definition 1.2.

Theorem 2.5. Let (6, Q) be an Q-group. Let us keep the preceding notation.
I. Then the partitions K, L and M are pairwise coupled and
K={8,+€C+a:aeBnCE},
L={C +€C+a:aeBnC, M=BnCEE,

where € is the subgroup of ® generated by the subgroups B, n € and €, N B.
Further,
BNnEMK=(BnCML=KAL=M.
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1L (i) B, + € is a subgroup (an Q-subgroup) if and only if B, and B N €,
commute (Q-commute). In this case By + € = By + BN CyandK = (B, + B n
A €)M BB, + B N G,

(ii) The domain of K, UK = B, + B N €, is a subgroup (an Q-subgroup) if and
only if B, and B N € commute (Q:commute).

(iii) If the conditions of (i) and (i) are fulfilled then K = B, + B n €/B, +
+ B N €, both B, + B N € and B, + B n €, being subgroups (Q-subgroups).
Similar results hold for L.

(iv) If B, Q-commutes with B N €, and €, Q-commutes with € N B, then €
is an Q-subgroup, € = B, "€ + €, N B and thus, By N € and €, N B Q-com-
mute. In this case M = B n €/B, n € + €, n B.

III. (Zassenhaus Lemma.) If in particular B, or €, is an ideal of B or €, respec-
tivelly, then
K=8,+B0EB, +BnE,,

L=C+CnBC+CnB,, M=BnEB,nC+CnB,

all the decompositions K, Land M are congruences in (®, Q) and the corresponding
(factor) Q-groups are isomorphic.

Proof. I. Since the condition (3) of Theorem 1.10 is evidently fulfilled, K and L
are coupled and B,,(0) = B,(0). By 1.4(b), each block of the partition K meets the
set UK n UL, which is equal to JB, n UC, = B n € (1.3). An arbitrary block
of K, K(a) for ae B n €, is given by K(a) = {B;,(0) M [Bo v (B A Cy)]} (a) =
={(Bo+BnCE)M(B/By VpB, nE/BNGE)}(a) or shorter by K(a)=
= (B + Q) N [(B/By vr Q)] (a) (aeQ,), where Q =B, nE, Q, =BnE
and Q, = B n €. Thus, K(a) is the set of all x € B, + Q,; with the property

@ X = X, ... x39[Qox,B/Box, Q/Qoa
or
() X =Yu.-r Y3B[Boy,Q[Q0y,B/Boa ,

where x; and y; are elements of . But (2) can be converted into a sequence of type
(1), since aQ/Qya. Denote by X, the set of all x for which there exists a chain
a, Xy, Xy, ..., x, that fulfils (1). Then 2.4 yields

X, =Qn(Q+a)=[+a, X,=8n(By+X,)=B,+Q +a,
X;=2n(Q+X,) =0+ 20X, =0, +Qn (B, + Qy + a) =
=Q+(QnBy) +Q, +a.
By induction, we obtain
Xone1 =R+ Q0B+ Qo+ ...+ Q + (RN By) + Qp + a
(2n summands), X,, =B, + X,,-; (n=1,2,..).
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Evidently, it holds forn =1, 2, .-+
X,, = Bo + Xow-1 2 Xs0-1 -
Consequently, for a € Q; we have
K(a) = (B + Q) n leXZ,, .
It holds .
3) 0 X0 = B0 + 0 Xanms = By + U8+ (R0 B0) + ...

n=1

e+ (RN By) + Q] +a=B,+ € +a,

where € denotes the subgroup of ® generated by the subgroups Q n B, and Q, or,
returning to the original notation, € is the subgroup of ® generated by the subgroups
B, N € and €, n B. It follows

K@@)=Bo+BnC)n (B, +€E+a)(aecBnC)
and by 2.4
Ka)=%B,+€+a, (aeBnC).

A similar consideration leads to the result on L.

We shall express blocks of the partition M = (W[ B,) v (A1 Co) = (B n €)1
MBB, vpi(BnE)MEE =BnEB, nE vpBnEE, nB. Since each
block of M, M(a) where a € B N €, meets the set B N €, we obtain by the preceding
method M(a) = € + a and then M = B n §/E.

The partitions K, Land M are pairwise coupled by Theorem 1.10 as claimed. The
final assertion of Part I follows from 1.5.

II. In the following proof we use Lemma 2.3 several times.

a) Let B, + € be a subgroup. Then B, and € commute. Let b;, b; or ¢; be elements
of By, € n B, or B n ¢, respectively. There exists ee € such that b, + ¢, =
= ¢, + e, where e =Db, + ¢, + by + ¢; + ... for suitable b, ¢;. Since b, e B,
and ¢, + by + ¢ +...€€, we have e=3C, + by + ¢;3 + ... + b, for some
b, e By andso by + ¢ = (¢, + &) + by + ¢ + ... + b,. By induction, we obtain
by+¢ =E +¢+..)+(..+ by +by), where ¢, + & + ...e BnE; and
.e. + by + b, € B,. Thus B, and B n €, commute.

b) If B, and B N €, commute (2-commute) then B, + B N €, is a subgroup
(an Q-subgroup). This set is equal to B, + €. Namely, the latter set contains the
former one and the converse inclusion is verified as follows: Given b € B,, b; e B, N
NE(=B,), 6;€eBnEC, and e=...+b;+ ¢ +...€€, then b+e=b+ ...
...+ b; + ¢; + ... 1is an element of the subgroup generated by B, and €, i.e. by B,
B, N € and €, N B and thus by B, and B n €, and this is equal to B, + B n €.
Consequently, B, + € = B, + B n € is a subgroup (an Q-subgroup).
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c) Let B, + € be an Q-subgroup. Then by a), B, and B n €, commute. By b)
B, + BN, =B, + € hence By, + B nE, is an Q-subgroup. Therefore B,
and B n €, Q-commute.

d) The assertion concerning the domain of K, (K, is evident.

e) If B, Q-commutes with B N ¢, and €, Q-commutes with B, N €, then
B, + BN E, and €, + € N B, are Q-subgroups. By I and II(i) M = [(B n €)1
MKIABAOMLI=[(BnC) BB, + BnE] A [(BnE)MEE, +
+C€nB] =BNE(By + BnEC)n(E + €N By) =B EE Thus € =
=By +BnE)n(C + €nBy) is an Q-subgroup and by 2.4, it is € =
=Bo+BnC)N(C +CnBy)=(Bo +BnC)nC +CnB, =B, n
NC +BNnC +CnB,=8BnC +CnB,. Then BnE and €N B,
Q-commute and € = B, " € + €, N B.

IIL. If B, or €, is an ideal of B or €, respectively, then B, Q-commutes with
B N € and therefore B, + B N € (= U{Bo(a) : a e A} = B,,(0)) is an Q-subgroup.
The partition K is P-join of congruences in (®, 2), K = (B,,(0) [T By) v p (B,,(0) 1
M Co) =[(Bo + BN €)M B/B,] vp[(Bo + B €)[1E[C] (see 1.3), the do-
main of the first congruence contains that of the second one, thus K is a congruence
(2.1). Similarly, Lis a congruence. The partition M as an intersection of two con-
gruences, M = K A L(see Part I), is a congruence, too. This completes the proof
of Theorem 2.5.

Theorem 2.5 implies the following “General Four-Group Theorem™ [1] 23.2:

Corollary 2.6. (Bortvka [1] 23.2.) Let B, < B and €, < € be Q-subgroups of
an Q-group (®, Q). Let the following Q-subgroups be Q-commuting:
BNEC and BnC with By; C€nB and Cn B, with C,.
Then the decompositions K, L and M,
K=%8B,+8BnEB, + BnC,,
L=C+CnBJ€, +CnB, and M=BnEB,nC+CnB

are pairwise coupled. All given sums of Q-subgroups are Q-subgroups.

Theorem 2.7. Let (®, Q) be an algebra, By < Band Cy < C congruences in (6, Q),
aeUB, nUCy, UB, = B(e), UCo = C(e). Then the relations K, L and M are
congruences on the subalgebras By(e), Cy,(e) and U, respectively.

Proof. First, we prove that B;,(e) is a subalgebra. Let xB, e. Then there exist
X1y o0y Xy—y € ® such that

(1) ~ xAiX, ... x,_ 14,0,

where A; are alternately equal to Bo or B A C. The sequence (1) can be arbitrarily
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extended to the right because of eBye, e(B A C)e. Thus, n = 2 can be supposed.
Let A, = B A C. Then 4, = B,, therefore x, € |JB, = B(e) and hence x € B(x,) =
= B(e) = (JB,. In this case, we can rewrite (1) as

xBox(B A C) Xy ... X,_ 1 Ase .
Now, let we Q be m-ary, m > 1, x*€ By,(e) (k = 1,..., m),

k 4(k) Kk k k
AP xk _ APe,

where A% (for a given k = 1, ..., m) are by turns equal to B, or B A C. As above,
we can suppose 4% = B, (k = 1, ..., m) and the existence of n with n = n, (k =

=1, ..., m). It follows that for a given i (i = 1,..., n), A is the same congruence
(say 4;) for all k = 1, ..., m. Since B, and B A C are congruences and 2 is a sub-
algebra, we have a=-ce...ewe U and x'...x"0A;x]...xT0...x}_;...

.. Xy_jwA,e ... ew, hence x'...x"we By,(a) = B,,(e) (see 1.3). Finally, B,,(e)
contains all nullary operations, since By (e) 2 U (1.3), and U is a subalgebra.
Then By, (e) is a subalgebra. Similarly, C,,(e) is a subalgebra.

K is a congruence: By 1.3, K = (By,(e) 'l By) Vv (By;(e) M Co), U(By,(e) M By) =
= B,,(e) n UB, = By;(e), U(By,(e) 1 Co) = Byy(e) n UC, = UBy nUC, = A<
S By,(e). By 2.1, P-join of congruences whose domains are comparable is their
A -join, hence a congruence. Similarly, Land M are congruences.

Lemma 2.8. Let By < B and C, £ C be congruences in an Q-group (6, Q),
UB, = B(0) and UC, = C(0). Then for e = 0 = the zero element of the group ®,
K, Land M are congruences in (®, Q). They are pairwise coupled (as partitions)
and thus isomorphic (as factor Q-groups).

Proof. K, L and M are congruences by 2.7. We prove that the condition (4),
Theorem 1.10, is fulfilled. Indeed, by 2.4, (UC 1 B,)(UB, M1 C)(0) = UC n
N UBy n [UC n By(0) + UB, n C(0)] = UC N By(0) + UB, n €(0), (UB, M C).
(UC T By) (UBy nUCo) = UBy n UC n {UBy, n C(0) + UC nUB, n [UC N
N By(0) + UBy, n UCo]} = UBy n C(0) + UC n By(0) + UB, n C(0) = UC n
N By(0) + UB, n C(0).

The second part of (4) can be verified analogously.

3.
Definition 3.1. ([1] I, 10.1.) A finite chain

(1) ' A S A4, £... 24,

of partitions in a set ® is called a partition series (from A, to A,) in the set 6.

([1] 1, 10.2.) Let ee UA,. A local chain of a partition series (1) is the partition
chain {4,(e)} < A,(e) M A; £ As(e)1 A4, £ ... £ A,(e)[1 A,—;. We also speak
about an e-chain.
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([1] L, 10.6.) We say that two partition series are e-joint, if there exists a bijection
of the e-chain of one series on the e-chain of the other one such that the corresponding
partitions are coupled.

Two partition series in &

(2) Ao(=A10) s=4,=...= Als(zAlo) sS4y =

o S A (=A40) S Ay £ . S 4,

3 - Dy(=Dyo) £ D,y £ ... £ D (=Dy) £ D, < ...
' b é Ds—l,r(=DsO) é Dsl é s é D

sr

are called regularly e-joint (for ee |JA4,, N UD,,) if the e-chains of these series,
i.e. the partition series in &

(49 {4} =H,<..=H,<H, £..2H_,<H,<..5H,,
(5) {Dole)) =N,y £...SEN,<N,; £...EN,_,, SN, <..=N,,
where

(6 Hy = Aye) M 4i;-1, Nj=Dyle)M Dy,

fulfil the following condition:

@) the partitions H;; and Nj;; are coupled, 1 i<r; 15j<s.

Indeed, regularly e-joint series are e-joint.

Definition 3.2. Let B,_; < B;and C;_

nUC;-, and UB;_; = Bi(e), UC;-y

< C; be partitionsina set ®, ec (JB;_; N
Cj(e). Then we define

-

(1) By =B, v(B,AC,), B,=B_,(B,AC),
Cii =Cj-; v(C; AB), C;;=C;_4(C; A B),
Kij = Bife) M Bij-1» Lji=Ci(e) M Cji-y,
M;; = (C{e) M Bi—y) v (B{e) M Cj-y).

A. W. Goldie [9] calls two congruences B and C in an algebra (6, Q) weakly
permutable (with respect to a subalgebra &, of 6) if (UC M B) (UB 1 C)(6,) =
= (UB T C)(UC M B) (®,). We introduce a similar concept as follows.

Definition 3.3. Let B and C be partitions in a set ® and e e |JB n |JC. The parti-
tions B and C are said to weakly commute on the element e (shortly weakly e-com-
mute) if (UC 1 B)(UBIC)(RQ) = (UBC)(UCT B)(Q), where Q = (UBn
n C(e)) v (UC n B(e)).
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Theorem 3.4. Under the suppositions and the notation of Definition 3.2 it holds

Bi+1,j(e) =B {e) and Cjyye) = Cj-i—l,i(e)
if and only if B; and C; weakly e-commute.
Proof. By 1.8 and 1.7, the left-hand side condition is equivalent to the following
conditions (1) and (2):
(1) (UC; M B,) (UB: 11 C)) (UB: 0 UC;-y) 2
2 (UB; M Cj) (ch i Bi) (UBi N ch—x)
and
) (UB:11C)(UC; M B) (UC; nUB;i-y) 2
2 (ch M Bi) (UBi I Cj) (ch g UBi—l) .
Putting in 1.9 C;, B;_, or B;instead of By, C, or C, respectively, we obtain
G (UC; M B) (UB: M C;) (UC; n UB;-y) 2
=2 (UBi M Cj) (ch M Bi) (ch QV):
Analogously, _
O] (UB;11C;) (UC; M B) (UB: n UC;j-y) 2
2 (UC,- M Bi) (UB.' Il Cj) (UBi N ch-l) .

Now, the union of the left-hand sides of (1) and (3) is equal to the union of the left-
hand sides of (2) and (4). This is the desired equality.

The following theorem is a generalization for sets and algebras of the Schreier-
Zassenhaus Theorem for groups — see Corollary 3.7. For the sake of simplicity we
separate the set theoretical and algebraical version; after all, the former (set case)
need not be a special case of the latter (algebra case) — see Remark 2 below.

Theorem 3.5. 1. Let
(a) By<B, £..£B,, Co£C, £...2C,

be two partition series in a set ® satisfying for some ee (JB, n \UC, the following
conditions (b) and (b'):

(b) UBi=Bis(e), 05i<r—1 and UC;=Cji,(e), 0Sj<s—1;
(v) By, =C, and B,=C,.

Then (1) and (2) (see proof) are refinements of the series (a). The partitions (1)
and (2) are regularly e-joint if and only if the following equivalent conditions (c)
and (d) are fulfilled:
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() B;fe) = Bije) and Cjfe) = C;(e) r, 15j

(e), 1=
(d) B; and C; weakly e-commute, 1<i<r—1, 1=j<s-—1.

IIA
IIA
IIA

S5

The refinements (1) and (2) do not depend on the element e € \UB, n JC,. Each of
the partitions K;; and L;; is coupled with the partition M ;.

I1. If, moreover, (®, Q) is an algebra and, for some (i,j))(1 £ i<r1<j<s),
B;_,,B;, C;_, and C; are congruences in (®, Q), then K;;, L;; and M;; are con-
gruences in {®, Q). They are isomorphic as (factor) algebras.

Remark 1. We shall prove Part I of Theorem 3.5 assuming the condition
(v) B,=C, and B, = C;.

If this condition is not true we shall extend the series (a) so that the extensions
already fulfil (b") (and, moreover also (b)).

Let B, + C,. If UC, £ UB, we continue the first series on the right by B,,,; =
= {UB,, UC,\UB,}, B,+, = {UB,u UC}. If UC, = UB,, we extend it by B,,, =
= {UB,} only.

Let B, % C,. If Cy(e) 2 By(e) we continue the first series on the left by B_; =
= {Bo(e) n Co(e), Bo(e)\Coe)}, B-, = {Bo(e) n Co(e)}. If Cole) 2 By(e), we
continue it by B_, = {By(e)} only. Similarly the second series will be extended.

Proof. I In the following v and A denote the operations in the lattice of parti-
tions in ® (let us point out that this supposition also holds for Part II of congruences).
Refinements will be chosen as follows

(1) Bo(=B10) SB=s...= Bls(=Bl = Bzo) =B =s...
. é Br-l,s(=Br—1 = BrO) é Brl e é Br,s—-l §- (Brsz) Br;
(2) Co(=C1o) sCh=...5 Clr(=cl = Czo) = C21 =..

WS Cy(=Cuy=Cy)£C,y £...2C, < (Cu=)C,.
The inequalities are clear. The equalities follow from (b’):
By =B, v(B,AC)=Bi_,v (B AB)=B,
By =B,y v(B;ACo) =B;_y v(B;ABy)=B,_,.
Similarly for (2).
The e-chains of the series (1) and (2) are

(3) {Bo(e)} SKs..5sK=SKy=...5K,,2K, £
.. S Kr,s—l = Krs('_‘Br—l v Cs-l)!
€) {Cle} =Ly S...8L, S Ly £...S Ly, SL; < ...

.. é Ls,r—l § Lsr(\zcs—l v Br—l) .
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To prove this it suffices to show that K;41,; = Biy1,4(€) 1B 0L iSr — 1).
This is, however, evident from the fact that B;,, o, = Bj, (see (1)). Similarly for (4).

Now, the assertion of Part I follows from Theorems 1.10 and 3.4. In fact, by 1.10
one necessary and sufficient condition for the regular e-jointness of the series (1)
and (2) is B;j(e) = Bj(e) and Cje) = Cje) for 1 i <r, 1 £j=<s By 34,
this is equivalent to the weak e-commutativity of B; and C; for 1 £i=r — 1,
1 £j = s — 1, together with the conditions

Bije) =Byje), 1=j=<s—1, Byle)=Byle, 1=i
Cife)=Cife), 12isr—1, Cule)=Cile), 1=j

By 1.10, these conditions are equivalent to the following conditions (i) to (iv):

r,

IA 1A
IAIIA

S.

(¥ (UC; T1Bo) (UB, M1 C)) () =
2 (UB, M C)(UC; M Bo) (UBy nUC;-y), 1Sj<Ss—1;
(ii) (UCs I Bs—1) (UB-'—1 Mc,) (e) =2

2 (UBi-; M C,) (UG, M Bi—y) (UBioy nUC,-y), 1Sisr.

The remaining two conditions (jii) and (iv) are expressed symmetrically (with respect
to the symbols B and C). All these conditions are fulfilled, for the left-hand side set
of (i) or (ii) is equal to UB, or |UB;_, and evidently contains the right-hand side set
(which is a subset of the domain of the partition UB, [1 C; or UB;_; I C,, respec-
tively). It suffices to recall the condition (b’). The proof of Part I is complete.

II. follows from Theorem 2.7.

Remark 2. a) Part I of Theorem 3.5 is proved under the assumption (b’) B, = C,
and B, = C,. Provided this assumption was not fulfilled we extended both the series
(a) as described in Remark 1. It is useful to point out that the added partitions need
not be congruences even if all the B;’s and C;’s given in (a) are.

If all Bs and C;’s in (a) are congruences and (b’) is valid, all members of the
e-chains (3) and (4) of the refinements (1) and (2) are congruences. On the other hand,
the members of the refinements (1) and (2) themselves need not be congruences,
since the symbol v denotes Vv p in (1), Definition 3.2, even for the case II.

b) If (®, Q) is an Q-group, all B;’s and C;’s are congruences and (b’) is not ful-
filled, then we can extend the series (a) so that all the partitions of the extended
series are congruences (and its terminal members are the same) provided that the
following condition is true (for e = 0 = the zero element of the group ®)

UB, and |C, are ideals of an Q-subgroup G* of (6, Q).
If this is the case we extend the first series by B,,; = &*/UB,, B,,, = {6*}, B_, =
= B,(0)/{0}, B_, = {{0}}, and similarly for the second series. Then the extended
series have the same terminal members as required in (b’) and fulfil (b), too. The
regular e-jointness of refinements of the type (1) and (2), Theorem 3.5 (of refinements
of the congruence series B_, < B_; £...<B,,, < B, C.,£C_;£...=
< Cy41 < C,y,) is guaranteed by Lemma 2.8.
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The following definition presents an analogue of the concept of “‘the isomorphism
of two normal series of Q-subgroups of an Q-group”.

Definition 3.6. Two series of Q-subgroups of an Q-group (6, Q)
1) B, cB,c...c<B, and ¢, ¢, ... =€,

are said to be joint if there exists a bijection of the sequence of the (left-sided) factors
of the first series (1), K; = B;/B,_, (2 £ i £ r), on the sequence of the (left-sided)
factors of the second series (1), L; = £;/2;_; (2 <j < s), such that the corre-
sponding factors are coupled partitions.

An analogous definition with right-sided factors.

Corollary 3.7. Let

(1) B, B, c...€9B,, =C ... =C
be two series of Q-subgroups of an Q-group (®, Q). Let
(1) B, =C and B, =C;
be fulfilled.
I. Then the following partitions K;;, L;j; and M;; (1 <i<r, 1 Sj<5s) are
pairwise coupled:
(2 K ={B;-1+€;+a:aeB,nC},
L; ={€_, +€;,+a:aeC,nB},

(3) M,-j=$in(£j/l@,~j,

where €;; = €;; is the subgroup of the group ® generated by the subgroups B;_; 0
NnC;and €;_;, n B,

Further, )
(B;NnC)MK;=(B;nC)ML;=K;; A Lj; =M.

II. Let the following Q-subgroups Q-commute (1<i<r, 1<j=<5s): B,nC;
and B; " C;_, with B;,_,, €; "B, and €; n B;_, with €;_,. Then the following
series of Q-subgroups (4) and (5)

(4) %0(‘7—%10) s %11 ... = “Bls(=%1 = %20) < %21 < ...
=8B, (=8B,-,=%8B,) =B, S...€8B,,_, =(B,=)B,,
(5) Cy(=C€) €, =... € (=€, =C) =C,, <.

nSC_ (=€, =Cy) €, =...=€C,,, =(C,=)C,,

where B;; = B;,_; + B, C; and €;; = C;_, + C; " B, are joint refinements of
the series (1). The coupled left-sided factors of the refinements (4) and (5) are K;

328



and L;;. Now, these partitions have the form
Kij=9;;B;;-y and Lj=6;/G;, ,.
Both these factors are coupled with the partition (3), which has the form
M;=%8,nC[,B,_,nC +CnB,_,.
I1I. (Schreier-Zassenhaus Theorem.) If (1) are normal series of Q-subgroups

of (®, Q), then the refinements (4) and (5) are normal series as well, and K, L;;
and M;; are isomorphic factor Q-groups.

Remark. 1) An analogous theorem is true for the right-sided decompositions.

2) When the condition (1') is not true, the series (1) can be extended in such a way
that (1') is again fulfilled; namely, we continue both the series on the right-hand side
by an Q-subgroup B,,; = €, between [B,, €,] and ®, and on the left-hand side
by an Q-subgroup B_, = €_, between {0} and B, N €,. If the conditions of Part II

‘aretruefor 1 £ i<r, 1 £j<s theyaretruefor 0<i<r+1,0<j<s +1,
too. If the series (1) are normal, then the extended series become normal under
evident supplementary suppositions.

Proof. Define B; = B,,,/8; (0<i<r—1), C;=6;,,/C, (0<j<s-1)
(we put shortly | instead of [;) and B, = {8,} = {€,} = C,. Then
By<B,<..<B,, Co<C, <..<C,,
UBi-; = B{0), UC;_, =C\0), 1<i<r, 1Sj<s.

Define K;;, L;; and M; as in Definition 3.2.

ijs
1. follows from Theorem 2.5, 1.
II. Inclusions in (4) and (5) follow directly from the definition and from (1’). By
Theorem 2.5, 1T (iii),

Kj=8B,_,+8,nC/B,_, +B,nC,_, =B,/B,,;_,
Ly =C_, +€nBC,_, +C;nB,_, =CE;,_,

M;=8,nC/B,_, nCE; +C_, nB,,

all given sums being Q-subgroups. These partitions are pairwise coupled by I.

i
J

IIA TIA
IIATIA

III. Normality of the series (4) means that B, ;_; is an ideal of B, ;. By [6] III,
3.57,itis

(6)  [Bi-y ve(Bi A C;-1)](0) =
= [B;-1(0) + UB;—; n(B; A C;_;)(0)] L
U [UB; A C;—y) 0 B;4(0) + (B; A Cj_,)(0)] =
=[Bi-; +B,nB,nC_JU[Biy nEnB,_, +B,nE,_,] =
=(Bi-; +B,nC_)u(Bi-; nE; + B,NE;_) =
=8B, +B,nC_, =B;;,
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and by the same theorem, this is an ideal of the Q-subgroup

Bi_,(0) + UB;-; nUB; A Cj_y) =B,_; + B,nC; =B,;.
Since K;j, L;; and M;; are pairwise coupled (as partitions), they are isomorphic (as
factor Q-groups). The proof is complete.

Remark. The proof of the Schreier-Zassenhaus Theorem (Corollary 3.7, III) is
based on Theorem 2.5. We can obtain another proof by using Theorem 3.5. If we
make use of the notation given at the beginning of the proof to Corollary 3.7, then

(a) By<B, <..5B, Cb<C,£..5C,

are two congruence series in (®, Q) which fulfil the conditions (b) and (b’) of Theorem
3.5 for e = 0 = the zero element of the group ®. The condition (d), Theorem 3.5,
is fulfilled by Lemma 2.8.

We shall show that factors of the Schreier-Zassenhaus refinements of the first
series (1) are formed by the congruences

Kij=[Bi-y v (B A C)J(O) M [Bi-y v (B; A Cj-y)] .
By [6] II1, 3.5.7 it is
[Bi'-l \4 (Bi A C_i"l)] (0) = %i—l + %i N Gj_l

(see (6) of the preceding proof). By the same theorem, this set is an ideal of the Q-
subgroup
Bi_1(0) + UBi-y nUB; ACj_y) =B, + B,nC;,

Analogously [B;_; v (B; A C))](0) = B;_; + B,n €,
From the preceding it follows that

Kijf0)=(Bi-i + B,nC)n(B,-; + B,nC;_)=B,_, + B,nC,;_,
is an ideal of the Q-subgroup
UKij=(Bi-; + Bin€)n (B, + (Bis: nE)) =B,_, + B;,nC,.
Since K; is a congruence in (®, Q) (see Theorem 3.5), [6] I, 1.6 implies

() K;j=UKyKij0)=8B,_, + B,n¢;B,_, + B,n¢,_,.
Similarly
® Ly = ULyL;0) = C;_; + €;nBC;_, +E;nB,_,.

Thus, the Schreier-Zassenhaus refinement of the first or second series in (1) is formed
by Q-subgroups

9) B, =B,_, +B,nC; or €;=C,_, + €, nB;, respectively .
By Theorem 3.5, congruences K ;; (see (7)) and Lj; (see (8)) are coupled (as partitions),
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thus isomorphic (as Q-groups). Moreover, with each of them the following con-
gruence M;; is coupled:

M;; = (B{0) M Cj-1) v (CA0) M Bi—y) = (B: M C[C;—,) v (€; 1 B,/B;-y) =
=(B;nE/B,nC;_,) vp(€;nBJE,nB,_,) =
=(B:inCB,nC;_) vy (€;nBJE; nB,_,) =
=B,n¢/(B,nC_, +CnB,_,).

Thus it is shown that the refinements of the series (1) formed by the Q-subgroups (9)
are isomorphic.
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