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Let S be the space of rapidly decreasing functions on R". Write * and ¥ respectively
for the Fourier transform and its inverse on &’ the space of temperate distributions.
For r e R let " be the set of all F € &' such that

) I =[ [ 0 by o o] < o

Under the norm | |, the Sobolev space W" is a Hilbert space. If s and r are real
numbers, write QS(S, r) for the Banach space of bounded linear operators from 3°
into "; write M(s, r) for the subspace of B(s, r) consisting of those operators which:
commute with translations. It is the purpose of this paper to characterize the elements
of M(s, r) in terms of the behavior of their Fourier transforms.

Itis clear that MM(s, r) is a closed subspace of B(s, r) in the weak topology. If r < s,
the translation operators themselves are in (s, r). We shall collect some facts about
Sobolev spaces and translations.

(2 S is a dense in I*.
A translation operator on 2B° is an operator T, x € R", such that

[T(M](f) = V(f)

for all Ve W’ and f € © where f, is the translate of f by x. Evidently,

®) |7l = vl

for all Ve M* and so, if r < s,
4) IT.V)|. £ |V|s and T.eB(s,r).
Let {, >, be the bilinear form on W™ x W™" defined by

(5) TV, =J T (x). ¥ (x) dx

R"



for all Te W' and Ve W~". The form {, ), identifies W™" with the dual of W"

(see [2]).

Lemma 1. Let f be in G and define T, by T((V) = (f*V¥)* for all Ve W*. Then T,
is in B(s, s) and there is a sequence {S,} of linear combinations of translation

operators such that

(i) {S.} = B(s, 5) for each n;

() swp . = [ 179 ax (1] = morm on (.5);
(iii) lim S, = T, in the strong operator topology.
Proof. For Ve,

U Ry @R I e d] -

£ [VIsw (1) xR 5 V- | 1o,

This shows that T} is in B(s, s).
For x € R", let §(x) be the Dirac measure concentrated at x. Then

T(V) = 6(—x)* V
m(x)

for all Ve W°. As is well known, we may choose a sequence {, = Y ¢{ . §(x%)}2_,
j=1

such that {¢}:x =1,...,00;j=1,...,m(x)} = C,

m(3)
(i) X [¢8] £ fan |f(x)| dx for each x;
i=1
(ii) lim [gn b dp, = [ga h(x) . f(x) dx for all he &.
Let {S,}5-1 = B(s, s) be defined by

S(V) =+ V
forallx =1,2,...and Ve M.
By (ii) and (4), we have

1500 = %6 0l = 9 Bled = 178 [ oo



for each Ve W* and each » = 1, 2, .... This means
(i) sup [S.] = Jae /(9] d.
For each h and g in S, (ii) implies
KTyh), g5 = {f*h, g>s = {f, “h* g), =

= lim J‘Nh * gdp, = lim (S (h), g> .

x

This, with (iii), implies that {S,}>_, converges to T} in the weak operator topology.
It follows then from ([1] VI.1.5) that T} is the strong operator limit of convex com-
binations of the S,. Q.E.D.

Lemma 2. For each fe & and r, s € R, the operator T; is in M(s, r).
Proof. We know that fV is in & and so
M = sup [fY(x)|. (1 + |x]?)"? < 0.
xeR
For Ve W, a direct calculation gives

17l = M- V]
and so T is in B(s, r) and

©) 7,1 = sup 7] 1+ <)o,
For he © and x € R", we have
Tro T(h) = fxh, = (f* h), = T, o Ty(h)
where the subscript x denotes translation by x.
Lemma 3. For r,seR, fe &, and Te M(s, r),
T;oT=ToT,.

Proof. Choose a sequence {S,} for T, as in Lemma 1. For Ve 23, Lemma 1
implies

T, o T(V) =lim S, o T(V) = 1lim To S,(V) = T(li:n S(V)) = To T(V).

Q.E.D.
We shall now have use for other Sobolev spaces, analogous to the spaces 2°.
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For s € R, let “M°'! be the set of all F € &' such that F" is a function and

@ 1L = [0+ ey as < o
and let “IW*>* be the set of all F € &' such that F is a function and
(8) [Flls. = ess.sup {|F¥(x)]. (1 + |x]?)*:xeR"} < 0.
Then ~2W! and ~W* are Banach spaces under the norms given by (7) and (8)
respectively ([2] Theorem 2.2.1). Furthermore, if we define
o) CF, Vs = J FY(x). v (x) dx
R"

for all Fe “W*! and Ve "W, then the bilinear form <, D ; associates ~MW*®

with the Banach space dual of “9'!. We require several more lemmas preparatory
to our main theorem.

Lemma 4. Let s,r€ R and Ve "W "', Then there exist Se€ W and We W™"
such that

SeW=V and [l [W]-r = [V]ors
Proof. By hypothesis, the function f defined by
fG) = V() - (1 [x[)er
is in L,(R"). It follows that there exist functions g and h in ° = L,(R") for which
g-h=1, |flox=lglo- 1o
Choose functions g, and h, such that
9(x) = go(x) - (1 + [x72, h(x) = ho(x) . (1 + [x[?)772.
Let S = g, and W = h,. We have
(S*W)* (x) = go(x) - ho(x) = () - (1 + [x])777 = V¥ (x),

15t = [ oot + b d] = lalo.

Wl = 12lo> IVls=re = [f]l0.1 >
and so |S|,. W], = |V|s-r;- QE.D.

Lemma 5. Let r,s€ R, M € M(s, ), {V,,}e_, = W*, and {Swle=1 = W™". Then, if

k
m=1



we have
k

Y AM(V,), Spyr = 0.

m=1

Proof. For each positive integer, define f; | R"3 x — j'/*" exp (—j n|x|?). Then

£ R 5 x > exp (—n/j|x|?) and limsup |(1 + [x|2)? (1 — f¥(x))| = O for all p > 0.
J Jj=w xeR
Thus {T};} converges in norm to the identity in M(s, s). In view of (2) there exist
sequences {h,, ;}i2; (m =1,2,...,k) in © which converge in 2* respectively to
the V,. For all m, i. and j, we have by Lemma 3,
Mo Ty (hpi) = M((f* 1" m:)") = M((hY,if ¥ )") = Mo T, (f;) = T, M(f;) -
Thus
k k
Y (M(V), Spdr = limlim Y, (M o Ty () S, =
m=1 J i 1

1 m=

Tk
=limlim ) <T, o M(f)). Sy, =

J i m=1

= li;nlim i J nh",,,,,-(x) - M(f)Y (x) SV (x) dx =

i m=1

k k
- umumj M(f)" S b milx) . S"u(x)dx = lim[  M(£) T V¥, $¥0(x) dx = 0.
j R" m=1 J Rn m=1

J i

Q.E.D.

Theorem 1. Let r and s be real numbers. Then M(s, r) is linearly isometric with
TS, More precisely, let W | ~W""* — M(s,r) be defined by, for each
Fe ™M=,

Y(V)=F*V
for all Ve W Then ¥ is well-defined and a linear isometry of ~0"~** onto M(s, r).
Proof. Let F be in "W ™**. For Ve MW°, Holder’s Inequality yields

00)  Jrevl=[[ IR v (s e s

= U "|Vv (). (1 + |x]?) dx"/2 . ess. sup {|[F¥(x)] . (1 + |x|?)~92) =

= VI 1F]-s.co -

This shows that ¥ isin B(s, r). Foreach x e R, T" . isin L(R") and so F" commutes
with TV .. Hence, convolution by F defines an element ¥ of im(s, r).



Now let M be an arbitrary element of M(s, r). In view of Lemmas 4 and 5,
we may define a linear functional n on Ws~"1 by letting

n(S + W) = (M(S), W,

for all Se MW* and We W™". Let V be in W™ "! and choose S W° and We W™"
such that [ V]~ = s [W]~". We have, by (3)

(11) [n(V)| = [KM(s), w,| <
< M), (W] - < |IS[s [m]] W] - = |M] []=t.

This means that # is in the conjugate space of ~I3°~"! and so, by the remark following
(9), there is some F € “98"~** such that

(12) n(J) = < ey s |l = |F[7
for all J e ~W*~"'. It follows from (11) that
(13) IF== < |m] .
For Ve and We W™', we have
M(V)! W>r = "(V* W) = <V* I/V,F>s—r,1 =

=j VY (x). WY (x). FY(x)dA = (F x V, Wy, = (¥R(V), WD, .
Rn

so that M = ¥. By (10), we have
|M| < [F]me

which, with (13), implies that ¥ is an isometry. Q.E.D.

Bibliography

{11 Dunford, N. and Schwarz, J.: Linear Operators, Vol. I. New York: Interscience. 1958.
{2] Hormander, L.: Linear Partial Differential Operators. Berlin: Springer. 1964.

Author’s address: Washington State University, Department of Pure and Applied Mathematics,
Pullman, Washington 99164, U.S.A.



		webmaster@dml.cz
	2020-07-03T02:06:28+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




