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1. It has been shown by RANDOLPH [8] and Bost MAJUMDER [4] that each point
in (0, 1) is the mid point of at least one pair of Cantor points and it has further been
shown by Bose Majumder [4] that except for a set of measure zero, each point of (0, 1)
is the mid point of continuum number of pairs of points of the Cantor set and that
no point of (0, 1) is the mid point of countably infinite number of pairs of Cantor
points.

Theorem 1. Each point d in (0 < x < 1) is a point of trisection on a segment of
the interval 0 < x < 1, the two end points of which are Cantor points.

Proof. Let x € [0, 1] be represented in its triadic expansion:

Xy X, X;
X=*+_z+...+—A+...,
3 3 3

where x; = 0, 1, 2 for all i.

We take [6]

fix) = 26(x;, 2)
and

vix) = 25(x; 1)
where

a,b)=1, if a=5b
=0, if a%b.

Hence

J{x) =vx) =0 if x;=0
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whereas
fi(x) =+ vy(x) if x;=2 or 1.

[fi(x) = 2} when x; =2 and J{x) = 0} when x; = 1]

Ui(x) =0 vi(x) =2
For a given x € (0, 1) let

9 = 1), 1) L
and

v(x)=31§—x)+v~2§—cl+z3§7x)+....

It follows that

x=f(x)+l—)~(;—) where f(x)eC, u(x)eC,

C being the Cantor set. Indeed

_ f{x) +.%; vx) _ 0+ »5-. x0 _ 0,

xi=0

3 3!
Xi=1:f,-(x)+.%vi(x)=0+%lx2=l.’
3 3 3!
1y, 1
x.=2:f,-(x)+.zv,(x)___2+2'x0=£.
' 3t 3 3
[For instance, let
1 2 0 1 1 2.
= 4+ +—-—4+_+=+== 120112 (scale 3).
* 3+32+33 3 3% 36 ( )
Hence
0o 2 0 2 .
f(x)=§+3—2+;+—4+—5+¥= 020002 (scale 3)eC,
v(x)—2+—+—+——+—— -0—=‘200220(sca1e3)eC.
R 36
Hence
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Thus

fu)+9%)='120112=x}.

It follows that if d is any point of (0, 1) then
) ¢ = @) + 40

where f(d) and v(d) are Cantor points.

Now let d be any pointin 0 < x < %. We now choose d’ such that

d=23d ie d =3d.

Since 0 < d < %, we have

0<3d <% or 0<d <1.
By (1)

u(d)  2c, + ¢
&= f@y + M) 22t o
f( ) 2 2

5

where ¢,[ =f(d’)] and ¢,[ =v(d’)] are two Cantor points depending on d’ and hence
ond.

Therefore
2¢, + ¢4 or d = 2¢, + ¢y
2 3
i.e. d trisects the segment [cl, cz].
If2<d<1thenl —-%221-d>00r0<1-d=1.

Hence by previous argument

where ¢ and ¢}, are Cantor points.
Thus

3—3d =2 +cy or 3d=21—c) + (1 —c})=2ci +cj
_2¢;, +

3

d

where ¢ and ¢} are Cantor points and thus d is a point of trisection of the segment
[}, ¢5] with Cantor end points. Thus the theorem is proved.

418



2. A linear set S is said to have the property (S,) if there exists an n, such that if
X, <X, <...<X,, X,—X,<un,

are any n real numbers, there exist n elements Y;,Y,, ..., Y, € S congruent to
XX oo Xy

E. MARCzEWSKI proposed the following problem: does there exist a perfect set S
of measure zero having the property (S;)? It may be mentioned in this connection
that the Cantor middle third set C, which is perfect and of Lebesgue measure zero has
the property (S,) (STEINHAUS, [13]; RANDOLPH [8]; Utz [14]; SALAT, [10]; BosE
MAJUMDER [4]). ERDOs and KAKUTANI [ 5] constructed a set S of measure zero having
the property (S,,), n > 1. It is known that the Cantor set C does not possess the
property (Ss) (Saldt [10], cross-reference, Steinhaus [12]).

In this article we have tried to investigate the reasons as to why the set C fails to
possess the property (S;) and our results are embodied in Theorem 2.

Theorem 2. Let X, X,, X3(X; < X, < X5) be any triad of three points on the
real line such that

® 2p(H
X, —X,=d, = k|
2 1 1 kgl 3k
® 2y
Xy~-X,=dy=)Y =5, 0<d, £1,
k=1 3

where v{? = —1,00r 1,i=1,2and k = 1,2,3,....
A necessary and sufficient condition that there exists a triad of Cantor points
congruent to X, X,, X5 is that

M‘l) - v,(cz)] * 2

for any k; and when there exists one such triad belonging to C, then there exists
either a finite or continuum number of such triads (and never “a” number of such
triads, “a” being the power of the rational set).

Proof. That any d (0 < d < 1) can be expressed as

has been shown by Bose Majumder [4].

Now let
® 2ph ® 2pi2
d] = Z l;c and d2 = Z ~k

k=2 3 k=2

3k
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Choose

002,(0)
dy =Y k| v;°>=<°>, k=23,...

=2 3%

such that
Vi + v 2, i=1,2, k=1,2,3,....

That such a choice of v{* is possible may be seen from the table.

v;(l) VI(¢2) VI(CO)
-1 -1 1
-1 1
-1 . *

0 —1 1

0 0  (Oort)f

0 1 0

1 ~1 *

1 0 0

1 1 0

By hypothesis
[ — ) + 2

hence the possibilities (*) are excluded. Hence it follows that
dyeC, dy+d;eC, i=1,2.

Therefore the first part of the theorem follows. The conclusion in the second part
follows from (1) shown in the table, since the choices of v{”’ are either 2™, m finite
or 2 = c.

3. If the distance set of any point set E fills an interval with origin as its left hand
end point, then the set E is called an S-set. It is known that any set E with positive
measure is an S-set [13].

If the distance set of any point set E fills an interval with origin as its left hand end
point, the length of the interval being equal to the diameter of the set, then the set E
is called an SD-set [2].

Cantor set C even though it is of measure zero is an S-set, in fact, it is an SD-set
[12], [8], [14]. [1]. [10]. [3].

The distance o(4, B) between two non-empty sets A and B in a metric space is
defined by

o(A, B) = inf {o(a, b)|ae A, be B} [9].

420



For a class A of sets we can define its diameter 5(4) as
5(A) = sup {o(4, B) | Ae A, Be A}.

If the distance set {o(4, B)} of any class A of point set fills an interval with origin
as its left hand end point, the length of the interval being equal to the diameter 5(A)
of the class A, then the class A will be called an SD-class.

Now we ask: does there exist a class A of linear point sets, such that it is an SD-
class? We answer this question in affirmative in the following theorem.

Theorem 3. There exists a class A of sets, where A consists of continuum number
of pairwise disjoint non-empty linear sets such that the distance set {o(4, B)} of A
fills an interval of length 8(A) i.e. A is an SD-class.

Proof. SierpINsKI [11] gave the following theorem.

“If 2% = N, then each linear measurable (in the Lebesgue sense) set E, neither
empty nor containing all the real numbers, admits an infinity of linear distinct sets
of the power of the continuum superposable by translation on E”.

Suppose we consider the Cantor middle third set C (which stands for E in Sier-
pinski’s theorem). This linear set C satisfies all the conditions of the aforesaid theorem.
Hence there exists a set K of real numbers, of the power ¢ of the continuum, such that
the class I' = {C(a)} of sets [where C(a) represents for a real number a € K, the
translation of the set C along the straight line by length a i.e. C(a) is the set of all
real numbers x + a, x € C] are pairwise disjoint.

Now consider, the class of all sets A = {K(x)} where x is any element of the Cantor
set i.e. K is translated separately by each of the points of the Cantor set to form A.

Obviously

A=C=c;
thus the power of the class A is that of the continuum.
Now, we propose to show that the sets of A are pairwise disjoint. If possible, let
K(x)nK(y) 0,
where x and y are two distinct Cantor points.

Let
zeK(x) n K(y),

zeK(x) and zeK(y) also,

Jz=A4+x and z=n+y,
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where Le K, neK and x, ye C.
c.zeC(2) and zeC(n),
e Cl) 0

which contradicts Sierpinski’s theorem that the class I' consists of pairwise disjoint
sets and thus A consists of pairwise disjoint sets.

We shall now find the distance between two sets K(x) and K(y) of the class A.

Now

o(K(x), K(y)) = inf {|r, = r,|, r, € K(x), r,e K(y)} .

Butr, =" + xandr, = " + y, where ' € K, "€ K and x and y are fixed Cantor
points (as far as K(x) and K(y) are concerned).

== A x = =y 2 -y = =

It follows that the greatest lower bound of the set {|r, — r|} is [x — yl.

Therefore
o(K(x),K(y)) = |x —y|, xeC, yeC.

It thus follows that the diameter 6(A) of the class A is 1, which is equal to the diameter
of the Cantor set C.

Finally we propose to show that the distance set of the class A fills an interval
0x=<1.

Let d be any real number in the interval 0 £ x < 1. Then we know that there
exists at least one pair (x, y) of Cantor points such that d = |x — y|. It follows that
there exist sets K(x) and K(y) of the class A such that

d = v = y| = o(K(x), K() .
Hence A is an SD-class.

Corollary. Except for a set {d} = [0, 1] of measure zero, for every de[0,1]
there exists continuum number of pairs K(x), K(y) of sets of the class A, such that

o(K(x), K(y)) = d
for each pair.
Also for any d € [0, 1] the cardinal number of the set {(K(x), K(»))} such that
o(K(x), K(y)) = d

is either a finite number or ¢ but never “a” (these results follow from the cor-
responding results of the Cantor set as given by Bose Majumder [4]).

In conclusion, I express my deepest gratitude to Dr. N. C. Bose MAJUMDER of
Calcutta University whose kind help and guidance have made the preparation of this
paper possible.

422



References

[1] Boas, R. P. Jr., The distance set of the Cantor set, Bull. Cal. Math. Soc., 54 (1962), p. 103.
[2] Bose Majumder, N. C., On the distance set of the Cantor middle third set, Bull. Cal. Math.
Soc., 51 (1959), p. 93.
[3] Bose Majumder, N. C., A Study of certain properties of the Cantor set and of an SD-set,
Bull. Cal. Math. Soc., 54, 1, March (1962), p. 8.
[4] Bose Majumder, N. C., On the distance set of the Cantor middle third set, IIT, Amer. Math.
Monthly, 72 (1965), p. 725.
[5] Erdés, P. and Kakutani, S., On a perfect set, Coll. Math., IV, 2 (1957).
[6] Kinney, J. R., A thin set of lines, Israel J. Math., 8 (1970), p. 97.
[7] Marczewski, E., Coll. Math., (1955), p. 125.
[81 Randolph, J. F., Distances between points of the Cantor set, Amer. Math. Monthly, 47
(1940), p. 549.
[91 Randolph, J. F., Real and abstract analysis, Academic Press, N. Y. (1968), p. 101.
[10] Saldt, T., On the distance set of linear discontinuum I (Russian), Casopis pro péstovéni
matematiky, 87 (1962), p. 4.
[11] Sierpiniski, W., On the congruence of sets and their equivalence by finite decomposition,
Lucknow University Studies (1954).
[12] Steinhaus, H., Nowa vlastnosc mnogosci G. Cantora, Wektor (1917), p. 105.
(13] Steinhaus, H., Sur les distances des points des ensembles de mesure positive, Fundam. Math.,
1 (1920), p. 93.
[14] Utz, W. R., The distance set for the Cantor discontinuum, Amer. Math. Monthly, 58 (1951),
p. 407.

Author’s address: Vivekananda College for Women, Barisha, Calcutta 8, West Bengal, India.

423



		webmaster@dml.cz
	2020-07-02T23:34:54+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




