Czechoslovak Mathematical Journal

Alois Svec
On a partial product structure

Czechoslovak Mathematical Journal, Vol. 24 (1974), No. 1, 107-113

Persistent URL: http://dml.cz/dmlcz/101221

Terms of use:

© Institute of Mathematics AS CR, 1974

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101221
http://dml.cz

Czechoslovak Mathematical Journal, 24 (99) 1974, Praha

ON A PARTIAL PRODUCT STRUCTURE

Avors Svic, Praha

(Received February 21, 1973)

In his paper published in Annali di Mat. (vol. 11, 1932, 17—90), E. CARTAN
solved the equivalence problem for real hypersurfaces in 2. Unfortunately, his
approach is not very precise and effective. Because of this, I solve the equivalence
problem using other more direct methods. In what follows, the equivalence problem
has been solved for a class of partial product structures; the results are, evidently,
equivalent to those of E. Cartan. The theory of real hypersurfaces in ¢” will be treated
in another paper.

1. Be given a 3-dimensional differentiable manifold endowed with a structure
consisting of the choice of two tangent directions at each of its points. Such a structure
gives rise to a G-structure B as follows: the frame (vy, vy, v3), v; € T,,(M), belongs
to Bg if and only if v, and v, span the given directions. If (v,, v,, v3) = Bg and
(wl, Wy, w3) < B; are two (local) sections of Bg, there are functions «, §, y, 9, ¢
such that

(L.1) Uy =awy, U, = fw,, v3=7yw; +w, +ows; afp 0.
We have

(1'2) [Ul’ ”2] = a;vy + azv; + azvs, [Wu Wz] = Aw; + A,w, + A3ws,
[vs, 03] = byv, + byv, + byvy,  [wy, ws] = Byw; + Byw, + Bsws,

[v2: 93] = ¢,0;, + cv, + csv5, [wa, wa] = Ciwy + Cowz + CaWs 5
the functions a, ..., C, satisfy the Jacobi identities
(1.3) (01, [02, 9311 + [v2, [03. 04]] + [v3, [0, 02]] = 0,
[wy, [wa, ws]] + [w2, [ws, wi]] + [wss [we, wa]] = 0.
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Obviously,

[vy, v2] = [awy, Bw,] = (@BAy — v,0) wy + (afAs + v, 8) Wy + aBAsws =
= a;owy + afw, + as(yw; + Swy + ow;),

[v1, v3] = [aws,ywy + 0wy + @owa] = () wy + () Wy +(v10 + 2645 + apBy)w, =
=()wy + () w2 + baows,

[v2, 03] = [Bwz, ywy + Ow, + @ws] =

=() wy + () wy + (020 — Byds + BoCs)ws = () wy + (L) Wy + c30ws,
ie.,

(1'4) afA; — v,0 = aa; + yaz, afA, + v,f = fa, + da;, aPd; = @as,
0,0 + adA; + a@B; = @by, v, — Byd; + feC; = @c; .

Let us restrict ourselves to the case of the non-integrability of the field of planes span-
ned by the vectors v, and v,, i.e.,

(1.5) ’ ‘ . : as 4: 0 .
To a given section (wy, w,, w3) of B there exist functions «, ..., ¢ such that a; = 1,

a; = ay = by = c3 = 0; from (1.3), we get b, + c; =0, vy¢; = v3by, v,b; =
= —v,b,. In Bg, there are always sections (vy, v,, v3) satisfying

(1.6)  [vy, 0] =05, [vy, 03] =avy + bvy, [vy05] =cvy — av,,
1.7 ‘ ’ v,b = —v,a, vie=uv,a.
Let the section (w,, w,, w3) of Bg satisfy

(1.8)  [wy, wa] = ws, [wy, w3] = Awy + Bw,, [wy, w3] = Cwy — Aw,,

(1.9) wy,B = —wi A, w,C=wA.
Then -

(1.10) Lo o =af,

L)y - pa=—2ap715, va= —p

vlﬁ =9, ”zﬁ = 20‘“/37,
v,y = ac — af?*C, v,6 = fb — o*BB,

0,7 — 030 = aa — a*fA, 0,0 — v = —Pa + af*A4.
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The integrability conditions of (1.11, ,) and (1.11; 4) being

V30 = —01) + 20‘18“11725 - Gﬁ_lyé , U3f = 2a"1ﬁuly — 0,8 + 60”195,
there is the function » such that
(1.12) vy = ax — 387195 — 3aa + 34?BA,
v3B = Bx + 30~ 'y0 + 3pa — jaf’A,
vy = ax — 3p7y6 + Jaa — J4?pA,
0,0 = Px + 307196 — 1fa + Lap’A.

The integrability conditions of the equations (1.11,) + (1.12,), (1.113) + (1.12,),
(1.11,) + (1.12,) and (1.11,) + (1.12,) being

ok + 20B 1038 = JapT 0% + 27 196* — Lap'a + yb + Jav,a —
— 30?04 — 30®yB — 3’pw A,
Boyx — 038 = —30% — a7 B 196% — L6a + %m"ﬁyb — 2Bv,a +
+20BOA + 3apyB + 2a2fPw A, -
Boyx — 207 Pusy = — Ja " By + 0719?56 — tu " Bya — ééc - %ﬁuzé —
— 3B} A + 2B*5C + 3upiw,A,
vy + v3y = Syx — 207 BT1y?6 — bya — 2uB 16 + Jow,a +
+ 3upyA — 2eBsC — ap*w,A,
we obtain
(1.13) o3y = 2yx — a7 17?5 + Jaw,a + JaPyAd — aPSC — P BPw, A,
030 = 20% + a”'p7196% + 3pv,a — JaBSA — aPyB — La*BPw, A4,
vix = — 37 10x + a7 %8? — {7 6a + Ja” yb — fva —
— 3adA + layB + a?fw,A,
vpx = 3o lyx 4+ Ja72B7 19?6 — fa"ya — 1B 6¢ + Jvya —

— 3pyA — 3B5C — Jop’w 4.

The integrability conditions of the equations (1.115) + (1.13,) and (1.114) + (1.13,)
are ;

(1.14) ky = ®BKy, ky = af’K,,
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where

Il

ky
K,

v,v.a@ — 203b — 3ab, k, = vyva — 203¢ + 3¢,

wiwid — 2w3B — 34B, K, = waw,A — 2w,C + 34C .

If kyk, + 0, there exists a section (vy, v,, v3) such that k; = k2 < 1. Of course,
a=¢=*1, B = ¢and, as a consequence of (1.11; 3) + (1.10), y < 5 = 0, o =1
The next result follows: In Bg, choose a section (vy, v, v3) satisfying (1.6). If kyk, +
+ 0, there are exactly two sections (v, v,, v3) such that we have (1-6), (1.7) and

(1.15)  ky = vyv,a — 203b — 3ab =1, k, = 00,0 — 205¢ + 3ac = 1 .

(vy, v, v3) being one of these sections, the other one is w, = ~v, W,
W3 = 03.

= —VUy

2. Next, suppose
(2.1) ki =k, =0.
Consider the system
(22) via = =2ap716, wvya = —y, vix=ox — 315 — 3ua,
0, =20, vB=20""fy, vsf=px+30 'y +3Ba,
oy =ax — 37190 + dua, vy =oac, vy =2y — o0 BT125 4 Javya,
0,6 =PBb, 0,0 =Px + 3" pd — 1pa, 30 = 20x +a"B198% + Lpv,a,
v = —3B710x + ta"1B7 26 — 1B 6a + SaTlyb — vsa,
vpe = JaTlyx + JaT 2B — da”lya — 37 0c + fua

obtained from (1.11) + (1.12) + (1.13) by means of the substitution4 = B = C = 0.
The integrability conditions of (2.2 o) and (2.240,12) are ak, = 0, fk, = 0, and they
are satisfied. The integrability condition of (2;,) is

(23)  vsx = x® + 20727225 — La® — be + aYyvia — 171600 +
+ fvsa + v,04a,

this being the integrability condition of (2,5 1) as well. The integrability condition
of (2.23,14) is satisfied identically. Finally, the integrability conditions o vk, +
+ 20,k =0, B0k, — 20k, =0 of (2.24;) +(23) and (2.2;,) + (2.3) are
satisfied. The system (2.2) + (2.3) being completely integrable, we obtain the fol-
lowing result: In Bg, choose a section (vy, v,, v3) satisfying (1.6). If ky =k, =0,
there are, in Bg, sections (vy, vy, v3) satisfying

(24) [vi, 02] = v3, [v5, 03] =0, [vz,03] =0.
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3. Finally, suppose k; # 0, k, = 0, the case k, = 0, k, % 0 is symmetric. In Bg,
there are sections (v;, v2, v3)» satisfying (1.6), (1.7) and

(3.1)  ky =vpa — 20b —3ab =1, k; =008 — 2v5¢c + 3ac =0.
(v1, 03, v3) and (wy, Wz, w;) being two such sections, we get f = a”? from (1.13).
From (1.1154) + (1.122),
(3-2) v = —3a*5, va=—%y,
vaa = —Sox — 3a®ps — Joa + Fa7A4.

Comparing with (1.11; ) + (1.12;) we get y = = 0 and
(3.3 x=3a—3a"%4.
The system (3.2) reduces to
(3.4 va=0, =0, vyx=—3ua+3a"'4,
the integrability condition of (3.4, ,) being
(3:5) wa =a 4.

Suppose a = 0. Then there are, in B, sections (vy, v, v,) satisfying
(3-6) [0, v2] = vs, [v1, 03] =evy + bvy, [v2,03] = cvy —evy; &= +1;
from (3.5), we get «* = 1. From (1.7) and (3.1),
(3.7) v,b=0, v3b=—1—3¢b, v,c=0, v3c=3ec.

The integrability conditions of (3.7, ,) and (3.7; ,) are cv;b = 0 and bv,c = O resp.
Suppose v;b = 0. From (3.7), b = —3¢ and v,c = 0; from (3.7;), ¢ = 0. In Bg,
choose a section (vy, v, v3) satisfying (1.6). If k, = 1, k; = 0, a * 0, there exist
exactly two sections (v,, 05, v3), (—v;, —v,, v3) satisfying

(3'8) [Ul’ ”2] = U3, [”1, 03] =evy + bv,, [Uzy v3] =¢ev,; &= *1;
(3.9) v,b =0, vsb=—1—3¢b.

Suppose @ = 0. The system (3.4) reduces to v,o = v, = vaa = 0. In By, there
exist sections (vy, v2, v3) satisfying

(3.10) (v v2] = vy, [vy,05] = bv,, [0, 03] =cvy,

(3.11) Vb=0, vsb=—%, v,c=0, v;c=0. .
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From (1.115 ), ;
(3.12) c=0"%C, b=a’B.

The integrability conditions of the system (3.11) are cv;b = 0, bv,c = 0. From v,b =
= 0 and (3.11,) it follows v;b = 0, this being a contradiction. Thus v,b # 0 and
¢ = 0. From (3.12), v;b = o’v,B = o«*w,B, i.e,, : Y

(3.13) b(v,b)™%3 = B(w,B) ™27

The following result follows: In Bg, choose a section (vy, va, v3) satisfying (1.6).
If ky =1, k, = 0, a = 0, there are sections satisfying

(3.14) [91, v] =03, [v5,03] = bv,, [o, US] =0;

0b =0, vsb=—}.

The section (w,, W1, W3) satisfying analoguous equations

(3.15) [wi, wo] = wy, [wy, ws] = Bw,, [wyws] =0,
we have

(3.16) v, = aw,, v; =a"3w,, v;=0a"2wy; o= const.;
and (3.13).

4. Let us consider the transitive G-structure Bg. First of all, suppose the case (1.6),
(1.7) and (1.15). The functions a, b, ¢ being now constant, we have b = —1a, ¢ = 1a
from (1.15). Next, let k; = 1, k, = 0, a + 0. From b = const., we get b = —1¢
because of (3.9,). Finally, consider the case (3.14). Applying v, to b(v;b)™*"* =
= const. and taking regard of (3.14),, we get v,v,b = 0. From (3.14,), v;v,b = 0,
i.e., v3b = 0, this being a contradiction. Our result is as follows: Let B be transitive.
Then there exist sections (vy, vy, v3) of Bg such that

(4.1) [vi, v2] = vs, [vy, 03] = avy — $av,, [v,, v5] = tav, — av, ;

a = const. ;
or '

(42) [v,v2] =v3, [v, 03] =60y — devy, [0y, 03] = —ev,; &= %13
resp.

The problem of the construction of models of transitive G-structures turns now to
be a (non-trivial!) exercise. Consider a flat product structure #* = %7 ® %5 and
its hypersurface M3 < %*. On M3, there is induced the G-structure of the considered

112



type: let m € M?, the frame (v,, v,, v3) belongs to B if and only if v, € T,,,(M3) A S
p = 1,2; S2 being determined by m € S} || Z7. Now, be given a transitive G-structure
on M. In local coordinates (u'; i = 1, 2, 3), let v, = a'(u) . d/ou’, v, = b"(u) . 0fou’
be the vector fields satisfying (4.1) or (4.2) resp. Let (x%, y*; o = 1,2) be the co-
ordinates in 2% such that %? or %2 is given by y* = 0 or x* = Oresp. Let ® : M — %*
be an embedding given by x* = x*(u’), y* = y*(u’). Then

ir \ Ox*(u) 0 i 0y (u) @ P d
43) ¢, = al(u) —~2L — + a'(u) /—- = v,;x%u) — + v;)* —
(4.3) xU1 (u) out ox (u) oul oyt 1 )ax“ 1y ay*
i\ 0x%(u) 0 i 0y*(u) @ 0 d
v, = b'(u) —~— + b'(uy) ——= — = * — 4 vy — .
2 (u) ou* 0x* ( ) out 0y* v2x (u) ox® 2y oy*

Our condition says
(4.9 v, () =0, 0v,xWw)=0; a=12.
The problem is thus reduced to the exhibition of independent solutions of (4.4).

Author’s address: 11800 Praha 1, Malostranské nam. 25, CSSR (Matematicko-fyzikalni
fakulta UK).
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