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SOME REMARKS ON COMPACT MAPS IN BANACH SPACES

KamMmiL JOHN, Praha

(Received January 15, 1971)

A characterization of compact maps is given similar to that of quasinuclear maps.
Other related characterizations are stated in terms of factorization or exprossion of
maps as countable series. Every compact map is a product of two compact maps.
An equivalence between certain ‘“into” extension properties of compact maps and
a possibility of their factorization through ¢, or m is shown.

1. Notation. E, F, P will always be Banach spaces, G, H will be normed spaces.
The usual spaces ¢, m, I, are always understood with a countable indexset. If «, > 0,
a, — 0, we define a normed space ¢* < ¢, ¢* = {x; |x| < oo} with the norm |x| =
= sup |x,| o, !, where x = {x,}. By I the identity map c* — ¢, will be denoted.
It will be shown later that I is compact. By a map we mean always a linear map.
In ¢, we consider the usual norm ||{x,}| = sup |x,|-

To say that a map T: E — F can be factorized through G means that there are
continuous maps T, : E — G and T; : G — F, such that T = T, T,.

F < P means that F is norm-imbedded in P by inclusion. We say that F has A+
extension property for compact maps (1+ e.p.c.m.), if for every ¢ > 0, every compact
map T:E — F and every P o E there is a continuous (and thus compact in view
of Proposition 4) extension T of T, T: P - F with |T| < (1 + ¢) |T|. The space F
is called a 2, space if for every bounded map T: E — F and for every P o E there
is a linear extension T'of T, T': P — F with |T| < A|T|. For the definition of the 4.
space see [3, p. 20]. We shall use the fact that every 4", space has A+ e.p.c.m,
[3, p. 24].

We start with a strengthened form of a known fact.

2. Lemma. Let A = E be compact, such that x€ A = lx] < B. Then for every
&> 0 there is a sequence {a,}, a,€E, a, - 0, |a,| < B + e, such that every point

x € A can be expressed in the form x = Z,{nam where 4, = 0, ZA" <1
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Proof. We use the following statement: For every ¢ > 0 and every a > 0 there
are sequences {0}, {B,}, such that «, >0, a = ,>0, B, -0, Ya,f, = a and
th,, <1 + & In fact, let ¢ > 0 and choose o, > 0, Za,, =1+ ¢ Let p be such
thata, < aforalln > p,y ol <aandb=Y o, > 1.ThenO<c=a—- Yo’ < a

n>p nsp n>p
and ¢/b<a. Put B, =c/b if n<p and B,=a, if n > p. Then a = g, > 0,
B, — 0 and we have ) 0,8, = c[b Y o, + Y o7 = a. This completes the proof of our
statement. nsp n>p

To prove the lemma choose ¢ > 0 and put a = B + &. Let {«,} and {8,} be se-
quences provided by the statement at the beginning of this proof. By U, we mean the
open ball of radius r centred at zero. For every integer p putV, = U, , where r, =
=a—Y o,p,. We have r, > 0, r, > 0 and thus {V,} forms a complete system of

n<p
neighbourhoods of zero. We have A = U,. The open set U, is obviously the union
of all open balls of radius r; contained in U,. Because of the compactness of A,
we may cover A by a finite number of them. Let B, be the finite set of their centres.
Obviously A = B, +V;, and B, < U;, where we put s, =r,_; — Iy = o,f,
Now put 4; = (4 — B,) nV;. Then A4, is compact, 4; = ¥, and we may proceed
with 4; and V; as above with 4 and U,: Cover A, by a finite number of open balls
of radius r, contained in V;. Their centres form a finite set B, <= U, and obviously
A, © B, + V,. Proceeding by induction we may find compact sets 4, and finite
sets B,, such that 4, = (4,-, — B,)nV,, 4,_;, = B, +V, and B, = U,. Every
x € A can be expressed as x = by + ay, where b; € B; and a, € A,. Every a; € 4,
can again be expressed as a; = b, + a,, where b, € B, and a, € 4,. Proceeding
again by induction, we see that x € 4 can be expressed for every p in the form x =
=a, + )Y b, where a,€ 4, and b, € B,. But a, — 0, because 4, = V, and thus

nsp

x = Yb, = Ya,c, where ¢, = o, 'p,. Now let us order the elements of the sets
«7 'B;, a; 'B,, ... in a sequence {d,}, such that the elements from «, B, are before
the elements from «,,';B,,,. We have o, 'B, = o, 'U,, = U, and because of
B, — 0, |B,| < a, we see that d, » 0 and |d,| £ B + & Thus x = Yo,c, = Y Vud,,
where Yy, = Ya, <1 + ¢ We showed: For every ¢ > 0 there are d, € E, |d,,| <
< B + &, such that every xe A can be expressed as Zy,,d,, with Zy,, <1+e
7. = 0. Now putting a, = (1 + ¢) d, and 4, = (1 + &)~ " y,, we have x = Y y,d, =
= Y A,a,, where |a,| < (1 +¢)(B +¢) and Y4, < 1. If we notice that (1 +¢).
.(B + €) — B for ¢ > 0, we obtain our lemma.

The following proposition gives a characterization of compact maps. The equi-
valence a) and b) is implicitly contained in [6] and is a generalisation of the definition
of the quasinuclear map in [4].

3. Proposition. Let T: E — F be a map. The following assertions are equivalent.

a) Tis compact and |T| < B.
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b) For every & > 0 there is a sequence {a,}, a,e E', |a,| >0, sup|a,| £ B + ¢,
such that
|T(x)| < sup [<x, a,»| for every xeE.

c) For every ¢ > 0 there is a € cy, a subspace H < c*, continuous maps
A:E—H and B:I(H) > F, such that T=B.I.A and |4| £1, |B| £1,
[I| = sup |o,| < B + &

d) For every &€ > 0 and every &, space P o F there is a sequence {a,}, a,€ E',
sup |a,| < B + ¢ and a sequence {y,}, y,€ P, such that the map T can be
expressed in the form

T(x) = Y<x,a,> y,» x€E, and |Yb,y,| < Asup |b,|
for every {b,} € c,.

Proof. a) = b).The dual map T" : F' > E’is compact, |T'| < B. Let U denote the
unit ball in F’. Then the set A = T(U) is compact. Now according to Lemma 2 for
every ¢ > 0 there are a,€ E', sup |a,| £ B + ¢, |a,| = 0, such that for every fe U
there is a sequence {4,}, Y|4,| <1, such that T'(f) = Y A,a,. But for every xe E
we have |foT(x)| = |T'(f) (x)| = |LA<x, a,)| < sup [Kx, a,)|. Thus |T(x)| =
= sup {|fo T(x)| | fe U} < sup [<x, a,)|.

b) = c). We can assume that in b) all a, % 0. Let o = {o,}, o, = |a,|. We
define A by A(x) = {(x, a,>} € ¢*. A is continuous because |A(x)| = sup [x, a,)| .
cayt = x|, |[4] £ 1. Let H = A(E) = ¢*. The map I: H — H < ¢, is obviously
continuous, [[I(x)|| = sup |x,| < sup |x,|e; ' sup o, < (B + &) |x], e =|I]| £ B + &
Now put for every b = {<x, a,»} € H < ¢, B(b) = T(x). B is actually a mapping,
because if {(x,a,>} = {<y,a,>}, then |T(x — y)| < sup [{x — y,a,)| =0. We
have |B(b)| = |T(x)| < sup [<x, a,)| = ||b], thus |B| < 1. Obviously T(x) = Bo 1.
o A(x).

c) = d). P being a &, space, we may extend B: H —» P to a map B:c, - P,
with |B| < A|B| £ . Let n, be linear forms on ¢, m,({x,}) = x,. If x = {x,} e ¢*,
then |m,(x)| = |x,| = au|x,| @7 ' < o |x]. Thus |n,| < @, Now put (x,a,) =m,o
o A(x). Obviously a,e E', |a,| < o,|A| £ o, If b={b,}eco, then b =} b,e,
where e, = {3,;} € ¢o. Put y, = B(e,). Then B(b) = Y'b,y, and |} b,y,| = |B(b)| <
S Asup |b,|. Thus  T(x) = Bolo A(x) = B({m, o A(X)}) = Y7 0 A(X) ¥, =
= Y{x, a,» y,. We have sup |a,| S supa, < B + e.

d) = a). There is a &, space P o F (for example a suitable m; space). The maps
T,:E - P, T,(x) = Y <x, a,) y, are obviously compact maps. We have

nsp

(T, =T(x)| = | L <xs @) va| < sup [Kx, a,)] < x| sup |a,| > 0.
n>p n>p n>p P

Thus T = lim T}, is compact. Putting A = 1 in d), we have |T(x)| = |Y.<x, a,) y,| <
< sup [Kx, a,5| £ |x| sup [a,| < |x| (B + ¢) for every & > 0, and thus |T| < B.

179



Remarks. a) If we are not interested in the norm of the map T, then of course we
have the equivalence of

a’) Tis compact

b’) There is a sequence {a,}, a, € E’, |a,| - 0, such that |T(x)| < sup [<x, a,)| for
every x € E.

Similarly we obtain c¢’) and d’) by omitting the §’s and ¢’s. In this case the a, can be
taken linearly independent, if E has infinite dimension. This follows by a slight modi-
fication of the proof of the known weaker form of Lemma 2 (for instance [5,
Lemma VIL 2.2.]). By choosing B, in that proof we use repeatedly a trivial observa-
tion: In every neighbourhood of zero there is an element which does not belong to
a fixed finitedimensional subspace. Thus every element b,e B, = {by, ..., b;} can
be chosen linearly independent of all B,, m < n and of by, ..., b,_;. Then UB, is
linearly independent. "

b) The speed of convergence of {a,,} may offer some information on the ‘“‘com-
pactness” of the map T. If we denote by Sy the set of all sequences {x,}, such that
there are a, € E, with |a,| < |x,|, |T(x)| < sup [<x, a,)|, then Sy delivers some in-
formation about the measure of the compactness of T. Various classes of maps T may
be defined using S;. For example:

Tis compact < Sy ¢y + 0,
Tis quasinuclear < Sy n I, £ 0,
Tis “p-quasinuclear” <> Sy 0 [, &+ 0.

It is not difficult to see that a finite product of p-quasinuclear maps is nuclear (see [4]).
¢) In view of Proposition 4 it is not difficult to see that the space P in Proposition 4
d) can also be a space which has A+ e.p.c.m., especially 4", space (see [3]). As
a consequence we have:
d) Every 2 space, A", space, space with A+ e.p.c.m. has the approximation pro-
perty of GROTHENDIECK [2]. In fact it suffices that a p-th dual space has 1+ e.p.c.m.

The absolutly summable maps, quasinuclear maps and the nuclear maps cannot
generally be expressed as products of two maps of the same category. For compact
maps we have:

4. Proposition. Every compact map T is for every ¢ > 0 a product of two compact
maps, T = A o B with |4| |B| < |T| + &.

Proof. Let T: E — F be a compact map. We shall repeatedly use the equivalence
of a) and b) from Proposition 3. Choose a, € E', |a,| < 1, o, 2 0, #, - 0, sup «, <
< |T| + &, such that |T(x)| < sup o,|<x, a,>|. Put B(x) = {x,} € ¢y, Where x, =
= (o) <x, a,». We have |B(x)| = sup ({/a,) [<x, a,»| and thus B is a compact
map B: E — G, where G = B(E) = ¢,. Now put A(g) = T(x) for g = {x,} €G,
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X, = (y/,) <x, a,>. Then A:G - F is a mapping and we have |4(g)| = |T(x)| <
< sup o,[<x, a,)| = sup (Vo) (Vo) <x, a,5| = sup (/) |[<g, b,>|, where b, € c; are
projections, i.e. {{x,}, b,> = x,. The same holds for the unique extension 4 of A
to the Banach space G and for the extensions of b, to G. Thus the map A4 is compact.
Obviously T = A.B and |4| < sup (o) < (|T| + €)% |B| < sup (o) <
S (|T] + ¢)'% e |4 |B| S |T| + &

The procedure employed here may be used to show some implications in the
question of extending compact maps. We restrict our attention only to “into”
extension questions.

5. Proposition. The following assertion are equivalent.
a) The Banach space F has A+ e.p.c.m.

b) For every ¢ > 0 every compact map T into F can be factorized through c,,
T =Ty o T, with |Ty| |To| £ (2 + &) |T|.

C) Every compact map T:E — F can be expressed for every ¢ > 0 in the form
T(x) = Z(X, a"> Yns where Yn € F9 a, € E,’ Ianl - 09 Ianl § (lTl + 8) and
|Yb,y.| £ Asup |b,| for every {b,} € c,.

The same holds for spaces m or ¢* instead of c,.

Proof. a) = b) Let F have A+ e.p.cm. and let T: E » F be a compact map.
According to Proposition 4 T = A o B where A4, B are compact maps and [4| |B| <
=< |T| + &. Now factorize the compact map B through a subspace H of ¢, according
to Proposition 3c), B = Co T, with |C||Ty| < (1 + &) |B|. Let T; : ¢o > F be an
extension of the map A< C:H — F with |T;| < (1 + ¢)|A-C|. We have T=
=AoB=AcCoT, =T, T, with |T}||To| £ (2 + &) |4 C| |To| £ (A + ¢) |4].
AC Tl = (A +e) (1 +¢) 4| [B] < (A + &) (1 + &) (|T| + ). But (A + &) (1 + &)
. (|T| + &) - A|T| for ¢ — 0, which proves b).

b) = a) Conversely suppose b) and let T: E — F be a compact map, P > E. T is
a product of two compact maps T = A o B, where |4| |B| < |T| + & According to
the assumption the map A can be factorized through ¢, 4 = C o D with |C| |D| <
< (A + ¢) |A|. The space ¢, being A", space, the map D o B : E — ¢, can be extended
to a map M : P — ¢, with |M| < (1 + &) |D o B|. Thus C o M is an extension of T
to a map P — F with the norm |CoM| = (1 + ¢)|C||D|[B] £ (2 + &) (1 + ¢).
LB S (ot 91+ ) (7] + ) AT

a) = ¢) follows from Remark 3c).

¢) = a) Let T: E - F be a compact map, P > E and let for the map T the ex-
pression of ¢) hold. By Hahn-Banach theorem there are b, e P’ extending a,, such that
|b,| = |a,|- Then the expression U(x) = Y{x, b,> y, defines a continuous map U :
: P — F, which is an extension of T. We have |U(x)| < Asup |<x, b,)| < |x|.
.(|T| + ¢), showing that [U| < A(|T| + ¢) - A|T| for & - 0.
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The second part of the proposition can be proved similarly, but instead of using
that ¢, is A, space, we use the easily seen fact that m and c¢* are 2, spaces.

Corollary. For A = 1 we obtain a condition equivalent to those expressed by
Theorem 6.1 in [3]. Thus for example the conditions a), b), ¢) for A = 1 are equival-
lent to the statement that F" is P, space.

Added in proof. After this paper had been submitted for publication, several works ap-
peared, viz. [7], [8], [9].
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