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DISTRIBUTIVY IN LATTICE ORDERED GROUPS

JAN JakuBik, KoSice

(Received August 26, 1970)

Higher degrees of distributivity in lattice ordered groups were studied by several
authors [3], [4], [8], [9], [10], [14], [15]. The results of this paper are as follows.
Let G be a lattice ordered group and let «, f be any cardinals. It is proved that if G
is a mixed product of lattice ordered groups 4; (i €I), then G is («, p)-distributive
if and only if each A4, is («, f)-distributive. Let G be Archimedean and let E(G) be the
Dedekind completion of G; if G is («, f)-distributive and each non-trivial interval
[a, b] of G contains a non-trivial interval [a,, b, | with card [a,, b,] < B, then E(G)
is (o, p)-distributive. If G is («, 2)-distributive and complete, then it is (e, o)-distributive
(this is a partial solution of a problem by WEINBERG [14]). Assume that G is not
completely distributive and denote by dG the least cardinal o such that G is not a-
distributive. Let A4 be an I-ideal of G. It is proved that dG and d(G/A) are mutually
independent in a rather strong sense (Thm. 4.2); in particular, if oo, oy, ..., o, are
any regular cardinals, then there exist an [-group G and l-ideals 4, = 4, = ... < A4,
of G such that dG = oy, d(G/4;) = «; (i = 1, ..., n). The distributive radical D(G)
of an I-group G is defined to be the intersection of the closures of the minimal prime
subgroups of G. D(G) is a convex I-subgroup of G. The I-group G is completely
distributive if and only if D(G) = {0} [3]. We prove that if G is complete then G is
the direct product M(G) x D(G), where M(G) is the greatest convex completely
distributive [-subgroup of G. Some other types of convex Il-subgroups I(G) of G
with the property that G is completely distributive if and only if I(G) = {0} are
investigated.

Let us recall some basic definitions. For lattices and lattice ordered groups (-
groups) we shall use the standard notations, cf. [1], [7]. The group operation will
be written additively, but it is not assumed to be commutative. Let «, . be cardinals
and let T, S be sets, card T < o, card S < f. A lattice Lis said to be (A, v) —
— (o, B)-distributive, if the equation

(]) AV Xts = V A Xt o(1)

teT seS @eST teT

x
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holds in Lidentically whenever all joins and meets standing in (1) do exist in L. The
(v, A) = (a, p)-distributivity is defined dually. L is (a, f)-distributive, if it is both
(A, v)-and (v, A) — (o, B)-distributive; Lis completely distributive, if it is («, «)-
distributive for each cardinal o. An I-group G is (a, B)-distributive if its is (A, v) —
— (a, B)-distributive or (v, A) — (a, f)-distributive.

An Il-group G is representable if it is a subdirect product of linearly ordered groups.
Any Abelian I-group is representable [1] A set A = G is a polar of G if it has the
form A = {ge G : |g| A |b| = 0for cach b e B} where B is a non-empty subset of G;
we denote 4 = B’. The system P(G) of all polars of G partially ordered by inclusion
is a Boolean algebra [12]. An interval [a, b] = {xe L:a < x < b] of a latticc L
is non-trivial, if a < b.

1. (a, B)-DISTRIBUTIVITY IN MIXED PRODUCTS OF /-GROUPS

Let G be a lattice ordered group and assume that G is a mixed product of I-groups
G; (i eI). From Thm. 1.4 below it follows that G is («, f)-distributive if and only if
each G; is (a, B)-distributive. In particular, G is completely distributive if and only if
each G, is. Weinberg [15] proved that for an Archimedean I-group G the conditions

(A) G is completely distributive,

(B) the Boolean algebra P(G) is atomic,
are equivalent and that (B) = (A) for representable I-groups. He also found an
example of a non-representable I-group satisfying (A) but not (B). The theorem on
the (o, f)-distributivity of the mixed product enables one to show that (B) is not im-
plied by (A) even in the case of representable I-groups.

Let I be a partially ordered set and for each i € I let G, be a partially ordered group.
The mixed product

(2) G = QG
is defined as follows [7]: G is the set of all vectors
g="(-96-ier> 9:€G;

such that the set S(g) = {i el : g; & 0} satisfies the descending chain condition. The
operation + in G is defined component-wise. For ge G, g £ 0 we put g > 0
provided g; > 0 for each minimal element i of the set S(g). Then G is a partially
ordered groups; it is an [-group if and only if (i) I is a tree (i.e., no two incomparable
elements of I have a common upper bound), (ii) G, is linearly ordered whenever i is
not maximal in I, and (iii) G, is an I-group for each maximal element i € I [7]. Let us
remark that if (2) holds and G is an I-group, then the lattice operations are not, in
general, performed component-wise. If the partial order on I is trivial (i.e., no two
distinct elements of I are comparable) then Q,,G; is the direct product I1;;,G;. In the
case of [ = {il, i,}, iy < i, we shall write G = G;, - G,,.

109



1.1. Let G be an I-group, G = Ao.B, B+ {0}, g =(a, b)eG, g, = (as, b)) €
€ G(k €K), g = Viekgi- Then there is k € K such that a, = a.

Proof. From g, < g it follows a, < a. Contrary to the assertion of the theorem,
assume that a, < a for each k e K. Since B # {0}, there exists b* € B such that
0 < b* does not hold. Then g, < (a, b + b*) for each keK, but (a, b) non <
< (a, b + b*) and thus g is not the join of the system {g, },cx-

Analogously we can prove the dual assertion.

1.2. Let G be an l-group, 0 < g € G. Then the interval [0, g] is (A, v) — («, B)-
distributive if and only if it is (v, A) — (a, p)-distributive.

Proof. Assume that [0, g] is not (A, v) — (a, B)-distributive. Then the lattice
[—g, 0] being dually isomorphic to [0, g] fails to be (v, A) — (a, B)- distributive.
But the translation ¢ : x — x + g is an isomorphism of [ —g, 0] onto [0, g], hence
[0, g] is not (v, A) — («, B)-distributive. The remaining part of the proof can be
performed dually.

The following simple lemma on the (a, f)-distributivity is essentially known ([14],
Thm. 2.6; [8], 1.3):

1.3. Let G be an I-group,0 < g € G. Then the following conditions are equivalent:

(i) The interval [0, g] is not («, B)-distributive.

(ii) There is a system {x},:te T,s€ S} < [0, g] such that card T < o, card § <
< B and

(3 0 < v, = Vysx;s foreach teT,
(4) 0 = AwrXr ot foreach @eST.
Proof. If (i) holds, then v, € [0, g] and
Acer Vsesx:k,s =v; > 0=V, AteTx:k,(p(!) 5

thus [0, g] is not («, p)-distributive. Conversely, assume that [0, g] is not (a, §)-
distributive. According to 1.2 [0, g] is not (A, v) — («, B)-distributive. Then there
exist in [0, g] a system

{x,,:teT, seS], card T<a, cardS < f8
such that
v = AteT VseSxt,S > V(pEST AreTxr,(p(r) =u,
hence

Vy =0—u= AteT VseS(xt,s - u) > V(peST A!eT(xt,lp(i) - u) =0 .

Y

Clearly v, v, € [0, g]- By putting x;', = [(x,, — u) v 0] A v; we obtain that (ii) is
valid.
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From the method of the proof of 1.3, it follows easily:

1.3.1. If G is not (o, B)-distributive, then there is 0 < g € G such that the interval
[0, g] is not («, B)-distributive.
If G is a mixed product of I-groups G; (i eI), we denote for any i €[

G,={geG:g; =0 foreach jel, j +i}.

1.4. Theorem. Assume that an I-group G is a mixed product of l-groups G; +
+ {0} (i eI). Let H be an I-subgroup of G such that

UiaG:i < H.
Let a, B be cardinals. Then the following conditions are equivalent:
(i) H is («, )-distributive.

(ii) Each G, (i €l) is («, B)-distributive.
(i) G; is (a, B)-distributive for each maximal element i €l.

Proof. Suppose that (i) holds. If i eI and i is not maximal in I, then G, is linearly
ordered, thus G; is completely distributive. If i is maximal in I, then G; is isomorphic
to G, and G; is a convex l-subgroup of H. Clearly any convex [-subgroup of an
(o, p)-distributive I-group is («, B)-distributive as well; hence G, is («, B)-distributive.

Let us assume that (ii) is valid and suppose (contrary to the assertion ((i)) that H
is not (o, B)-distributive. Then according to 1.3 there is a system {x;; : t€ T, s€ S} =
© H, card T £ o, card S < f, such that (3) and (4) are fulfilled. Let S,(v,) be the
system of all minimal elements of S(v,). Now we distinguish two cases. First assume
that each element i € S,(v,) is maximal in I. Then v,(j) = 0 for each j eI\ S(vy)
(we write v,(j) instead of (v); and analogously for other elements). Let i € S,(v,).
There exists 5, € H such that 5,(i) = v,(i) and #,(j) = 0 for each jel, j + i (since
G, = H). Clearly 0 < #; < v,. By putting %, , = x, A #, we get from (3) and (4)

(5) 0 < by = ViesXes foreach teT,
(6) . 0 = Awr¥X o foreach ¢eST.

Since i is maximal in I,G; is a convex l-subgroup of H. All elements #,, X, ; belong
to G;. By (5), (6) and 1.3, G, is not (, B)-distributive, therefore G, is not (a, f)-
distributive, which is a contradiction.

Now assume that there exists i € S;(v;) that is not maximal in I. Then we can choose
iyel,i; > iand pe G, p > 0. Since G;, < H, there is #, € H such that 3,(i,) = p,
v,(j) = Oforeachjel,j + i;. Then 0 < 5, < v, and if we again put X, , = x;'; A ¥,
we get the equations (5) and (6); thus i; cannot be maximal in I. Denote

Ho, = {geH :g(j) = 0 for each jel, jnon 2 i,},
B = {geH :g(j) =0 foreach jel, jnon > i} .
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All elements 7, X, ; belong to H. Clearly H, is isomorphic to
Gil o B

and since i, is not maximal in I, we have B # {0}. Therefore according to 1.1 it
follows from (5) that for each ¢ € T there is s, € S such that

%liy) = 04(i)) = p> 0.

Put ¢o(f) = s;; thus X, ,.(i;) = p for each ¢ € T. Consider the equation (6) for
@ = @¢; from the assertion dual to 1.1 it follows that there is t € T with the property

e poolin) = 0(i;) = 0;

this is a contradiction. Therefore (ii) = (i). Obviously (ii) and (iii) are equivalent.

1.5. Corollary. Let G be an I-group that is a mixed product of I-groups G; {0}
(i €I). Then G is (o, p)-distributive if and only if G, is («, p)-distributive for each
maximal element i € 1.

It was proved in [8] that if G is an I-group with card G = o, and if it is (2°°, «,)-
distributive, then it is completely distributive. From this and from 1.4 we obtain:

1.6. Corollary. Let G be an l-group that is a mixed product of l-groups G; +
+ {0} (i I) and let H be an I-subgroup of G such that U;;G; = H. Let o, be a car-
dinal such that card G; £ o, for each maximal element i € I. If for each maximal
element i €I the I-group G, is (2°°, a,)-distributive, then H is completely distributive.

1.7. Example. Let I be a tree such that for each i el there exist incomparable
elements iy, i, €I with i < iy, i < i,. For each i eI let G; be the linearly ordered
additive group of all integers, G = Q,,G;. According to 1.5 the I-group G is complete-
ly distributive. Since G is Abelian, it is representable. Let X € P(G), X # {0}. There
isx e X, x > 0. Let i be a minimal element of S(x). There are incomparable elements
i, iy with i < iy, i <iy. Let y,eG, y(ir) =1, y(j) =0 for each jeI, j + i,
(k=1,2). Then 0 < y, < 2xe X. Put Y, = {y,}’ n X. We have {0} + Y, X,
Y. # X, Y, e P(G) (k = 1,2) and Y,, Y, are incomparable (since y, € Y,\Y;, y, €
€Y, \Y,). Therefore X is not an atom in P(G) and so P(G) has no atoms. Thus (B)
is not implied by (A) for representable I-groups.

2. DEDEKIND COMPLETION
Let Lbe a lattice. For any subset § & X < Llet L(X) and U(X) be the system of
all lower bounds and upper bounds of X, respsctively. By E(L) we denote the system

of all sets L(U(X)) where X runs over the system of all non-empty sets X that are
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upper bounded. E(L) is partially ordered by inclusion. Then E(L) is a conditionally
complete lattice. If {4;},; is an upper bounded (lower bounded) subset of E(L),
then V. 4; = L(U(X)) where X = U, A{Awrd; = NictAy)-

Now let G be an Archimedean I-group. If A, 4, € E(G), the operation + in E(G)
is defined by the rule 4, + A4, = L(U(X)), where X = {a, + a, :a, € Ay, a, € A,}.
E(G) is a complete [-group [1], [7]; it is called the Dedekind completion of G. For
g € G put § = L(U({g})). The system of all elements §(g € G) is an [-subgroup of E(G)
isomorphic to G. 0 is the neutral element of E(G)

If G is a completely distributive /-group, then the lattice E(G) need not be complete-
ly distributive [15]. We shall assume that G is an («, B)-distributive Archimedean
I-group and we investigate a sufficient condition under which E(G) is («, B)-distribu-
tive.

2.1. Let o, B be cardinals, f = No. Let G be an (cx, /i)~dislributive Archimedean
I-group. Let 0 < b e G, card [0, b] < B. Then the interval [0, b] of E(G) is (a, p)-
distributive.

Proof. Assume to the contrary that [0, b] is not («, f)-distributive. Then according
to 1.3 there exist elements V, X, ;€ [0, b] (card T < o, card S < f) such that

(7) 0 <V=VuesX,s foreach t €T,
(8) 0 = AwrX,pp foreach ¢@eS".

Without loss of generality we may suppose that ¥V = & for some 0 < v e G (for, if
this is not the case, then there is 0 < v eV and instead of X, ; we may consider the
elements X, N 7). Forany re T, s€ S put

Y, =1{9eX.;:920}.
According to (7) Y, ; = [0, v] = [0, b], thus we can write
(9) Yo = {yisici€l}. cardl = f;
from (7) and (9) we obtain
(10) v = Sup UsesYr s = Vies,ietVes.i -

foreachte T.
Denote S x I = K, ¥,5; = Ve k = (5,i)€K. Then card K = f§ and according

to (10)

(11) 0 < v = VieVex foreach teT.

Further, it follows from (8) that for ahy xeIT and any ¢ € ST we have
AeerViowy .z = 0,

(12) AetVe o = 0 foreach x;eK”.
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Equations (11) and (12) show that the interval [0, v] = [0, b] is not («, f)-distributive,
which is a contradiction. Thus the interval [0, b] is («, f)-distributive.

2.2. Theorem. Let G be an Archimedean (o, B)-distributive I-group, B = N,.
Assume that for each 0 < a € G there is b e G such that 0 < b < a, card [0, b] < B.
Then the Dedekind completion E(G) of G is (o, B)-distributive.

Proof. Suppose that E(G) is not («, f)-distributive. Then there are elements
V,X,,€E(G) (teT,seS, card T < o, card S < B) such that the equations (7), (8)
are valid. Hence thercisaeV,a > 0and be G, 0 < b £ a such that card [0, b] <
<BPutZ =X, ADb Then

b =VisZis foreach t €T,
0 = AwrZi o foreach ¢eST,

thus the interval [0, b] of E(G) is not («, B)-distributive; according to 2.1 this is a con-
tradiction.

3. THE (a, 2)-DISTRIBUTIVITY

Let Lbe a lattice and «, f infinite cardinals. Consider the conditions:

(a) Lis (o, 2)-distributive.

(b) Lis (o, a)-distributive.
Clearly (b) implies (a). The following two theorems on Boolean algebras are known
(Pierce [10]):

3.1. For any Boolean algebra, (a) implies (b).

3.2. Let B be a Boolean algebra and let X be the Stone space of B. Then the lattice
C(X) of all continuous real functions on X is («, f)-distributive if and only if B
is (o, B)-distributive.

Weinberg [14] studied the lattice ordered group C(X) of all continuous functions
on a topological space X under the assumption that X is Hausdorff and completely
regular; he proved the following theorem:

3.3. For C(X) the implication (a) = (b) is valid.

Weinberg also remarks that this implication is apparently unsettled for the more
general case of an arbitrary lattice or even for Archimedean lattice ordered groups.

In this section we shall prove that the implication (a) = (b) is satisfied for any
complete lattice ordered group. We need the following notions:

Let G be an I-group, e € G, e > 0. The element e is said to be a strong unit in G, if

U[—ne ne]l =G.
n=1
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A complete I-group G is a K-space [ 13] if we can define a multiplication Ax of elements
x € G by reals 1 such that G becomes a linear space with the property Ax > 0 for any
x > 0and A > 0. Let G be a K-space and let ¢ be a strong unit in G; we denote by
B(e) the set of all elements e; € G such that there exists e, € G with the property
e; Ve, = e, e; A e, =0. The set B(e) is a Boolean algebra and according to the
well-known theorem on the representation of K-spaces, G is isomorphic to the
I-group of all bounded continuous functions on the Stone space X(B(e)) of the
Boolean algebra B(e) (cf. [13], Thm. V. 3.1.).

An [-subgroup H of an I-group G is said to be dense if for each 0 < g € G there is
he Hsuchthat0 < h < g.

34. Let H be a convex dense l-subgroup of an I-group G. Then G is (o, p)-
distributive if and only if H is (a, B)-distributive.

Proof. If G is (o, f)-distributive, then obviously H is («, f)-distributive as well.
Assume that H is (o, B)-distributive and suppose (contrary to our assertion) that G
is not (a, B)-distributive. Then there are elements 0 < v, x;'; € G such that the condi-
tion (ii) of 1.3 holds. Since H is dense in G, there exists v; € H with 0 < v; < v. If
we set x;'; A v; = X, ,, We get the equations (5) and (6) showing that H is not («, B)-
distributive.

An element 0 < u € G is said to be a weak unit in G if u A g > 0 for each 0 <
< g € G. If u is a weak unit in G and H is a convex I-subgroup of G such that u € H,
then obviously H is dense in G. The following Corollary to 3.4 slightly generalizes
a result of Weinberg ([14], Proposition 2.9):

3.4.1. Corollary. Let G be an l-group with a weak unit u and let H be a convex
l-subgroup of G such that ue H. Then G is (o, B)-distributive if and only if H is
(o, B)-distributive.

3.5. Let G be a K-space that is («, 2)-distributive. Then G is (o, o)-distributive.

Proof. Assume that G is not (o, o)-distributive. Then there are elements xf,s, v,€G
such that the equations (3) and (4) hold, card T < o, card S < B and v; > 0. Let

0

G, = U[—nv,, nv,].
n=1
G, is a K-space with the strong unit v, hence G, is isomorphic to the l-group H,
consisting of all bounded continuous functions on the Stone space X(B(v,)). Moreover.
G, is (o, 2)-distributive, since it is a convex Il-subgroup of G. Thus H, is (x, 2)-
distributive. Let H be the I-group of all continuous functions on X(B(v,)). Since H,
is a convex dense [-subgroup of H, H is («, 2)-distributive according to 3.4 and there-
fore by 3.2 the Boolean algebra B(v,) is (o, 2)-distributive as well. By 3.1 B(v,) is
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(«, x)-distributive, thus, by 3.2 H is (a, «)-distributive and therefore H, is (a, a)-
distributive. Hence G, is (o, «)-distributive. But, since v; and x7 belong to G, it
follows from (3), (4) that G, is not (a, a)-distributive, which is a contradiction.

An element s of an [-group G is said to be singular, if s > 0 and for each a € G
such that 0 < a < s the equation a A (s — a) = 0 is valid. Let S; = S,(G) be the
set of all singular elements of G.

3.6. (CONRAD [6]). Let G be a complete lattice ordered group. Then S} is a K-space
and G is isomorphic to the direct product S{ x S?.

3.7. Let s be a singular element of an l-group G. Then [0, s] is a Boolean algebra.

Proof. [0, s]is a distributive lattice. If a € [0, s], put a’ = s — a. Then a’ € [0, s].
ana =0,ava =a+a =s,thus [0,s] is a complemented lattice.

3.8. Let G be a complete I-group, S; = S,(G). If S? is («, 2)-distributive. then
it is (a, o)-distributive.

Proof. If S? is not (o, «)-distributive, then there exist elements vy, x; € S3’
(card T < o, card S < o) such that v, > 0 and the equations (3), (4) are fulfilled.
Further there is s € S; with the property v; A s = #; > 0. From 3.7 it follows that
#; €S, and that [0, #,] is a Boolean algebra. Since S{* is («, 2)-distributive, so is
[0, 5,] and thus according to 3.1, [0, #,] is (o, a)-distributive. But the equations (5)
and (6) hold for #,, therefore [0, #, ] is not (, «)-distributive, which is a contradiction.

3.9. Theorem. Let G be a complete («, 2)-distributive I-group. Then it is (o. o)-
distributive.

Proof. The convex [-subgroups S§ and Sy’ of G are (, 2)-distributive. From 3.5
and 3.6 it follows that S is (, a)-distributive. According to 3.8 S’ is (o, %)-distributive.
Using 3.6 again we get that G is («, o)-distributive.

4. DISTRIBUTIVITY OF FACTOR /[-GROUPS

Pierce [10] investigated the higher degrees of distiibutivity for factor lattices B/A
where B is a Boolean algebra and A is an ideal of B. We shall consider the distribu-
tivity of a factor I-group G/A determined by an l-ideal A4 of the I-group G. If G is not
completely distributive we denote by dG the least cardinal « such that G is not
a-distributive.) Theorem 4.2 shows that there does not exist, in general, any relation-
ship between dG and d(B/A).

1y a-distributivity means (a,) - distributivity.
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4.1. Let o be a regular cardinal. There exist an l-group G, and an l-ideal C, of G,
such that G, is completely distributive and d(G,|/C,) = .

Proof. It was proved in [11] that there exists a Boolean algebra B, with dB, = a.
Let X, be the Stone space of B,, and let H, be the I-group of all continuous real
functions defined on X,. According to 3.2 dH, = «. Let E be the additive group of
all reals with the natural order, E; = E . E and let F, be the set of all mappings
f:X,— E;. For any x € X, we have f(x) = (y,, y,) € Ec E; we denote y; = f(x)
(i=1,2). Let G, = {feF,:fyeH,}. Forf,geF, weput f < g if f(x) < g(x) for
cach x € X. Then F, is an additive I-group and G, is an [-subgroup of F,. Assume
that G, is not f-distributive for some cardinal . According to 1.3 there exist elements
/', feGteT, seS, card T< B, card S < B) such that

0</f=Vs/"* foreach ( €T,
0 = Awr/"" foreach ¢eS”.

Since f > 0, there is x; € X, with f(x;) = (f,(x}), f2(x,)) > 0. If fy(x,;) > 0, choose
any 0 < y, € E; if fy(x,) = 0, take yo € E such that 0 < y, < f5(x,). There exists
g € G, such that g(x,) = (0, vo), g(x) = (0,0) for each xeX,, x # x,. Clearly
0 < g < f Wehave

0<9g=Ve/" Ay forany t €T,
0=V,ref"" Ag forany ¢eS7,

hence the interval [0, g] is not f-distributive. But [0, g] is a chain and therefore it is
completely distributive; this is a contradiction. Thus G, is completely distributive.
Let C, = {f€ G, : f1(x) = 0 for each x € X,}. Obviously C, is an /-ideal of G, and
G,/C, is isomorphic to H,, whence d(G,/C,) = «.

4.2. Theorem. Let I be a partially ordered set and let v, o; (i €l) be regular
cardinals. There exist a lattice ordered group G and a system of Il-ideals {A.}i;
of G such that

(i) dG = =, (ii) d(G[A;) = «; for each i €1, and (i) iy < i, = A;, < A,

Proof. Let ig¢1,I' = I U {iy}. Forany i eI let G,, C,, be I-groups constructed
as in 4.1 and let G,, = H,,. Denote G = I1;;.G,,. We define B;; (iel, jel') as
follows:

By = C, foreachiel, B;; = G,,if j < iorj=i,and B;; = {0} otherwise.

Denote 4; = I;,.B;;. Then A, is an [-ideal of G and for i,,i, €l

Jjel
W S A, < A4,.

The factor [-group G]A,- is isomorphic to the product I, D;;, where
D= G,[C,. D;={0} if j<i or j=1i,, and D;;=G,, otherwise;

thus d(G[A4;) = »;. Obviously dG = x,.

Jjel
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5. DISTRIBUTIVE RADICAL OF AN [-GROUP

Let G be an [-group. Conrad [4] introduced the concepts of the radical R(G) and
the ideal radical L(G) of G and studied the relationship between the properties of
R(G), L(G) and the complete distributivity of G. The set R(G) (L(G)) is a convex
I-subgroup (an I-ideal) of G and L(G) = R(G). If G is Abelian, then L(G) = R(G).
The following results were proved in [4]:

(i) If R(G) = {0}, then G is completely distributive.

(i) If G is completely distributive, then L(G) = {0}.

Further, it does not follow from L(G) = {0} that G is completely distributive [9]
and the complete distributivity of G does not imply that R(G) = {0} [4].

Byrp and LLoyp [3] defined and examined the distributive radical D(G) of an
I-group G. D(G) is a convex I-subgroup of G, L(G) = D(G) = R(G) and

(iii) D(G) = {0} if and only if G is completely distributive.

In this section we investigate some othet types of convex I-subgroups I(G) of G
with the property that I(G) = {0} if and only if G is completely distributive. In each

l-group G there is a greatest convex completely distributive I-subgroup M(G) of G [8].
We shall show that G = M(G) x D(G) whenever G is a complete [-group.

Let us recall the definition of D(G). A convex I-subgroup 4 of G is called prime
provided a A b > 0 for any pair of positive elements a, b€ G\ A. An l-group B
of G is sajid to be closed if whenever {bi} < B and Vb, exists in G then Vb, € B.
The closure of an I-subgroup A of G is the intersection of all closed convex I-subgroups
of G containing A. The distributive radical D(G) of G is defined to be the intersection
of the closures of the minimal prime subgroups of G.

5.1. ([8]) Let G be an I-group. There exists a closed I-ideal M(G) of G such that
(i) M(G) is completely distributive, (ii) if 0 < g € G and [0, g] is completely distri-
butive, then [0, g] = M(G) (thus A = M(G) for any completely distributive convex
I-subgroup A of G), and (iii) if G is complete, then M(G) is a direct factor of G.

Let g, g*€ G, g > 0, g* > 0. The pair (g, g*) is called distributive, if whenever
g = Viag;and g; = 0, v g* < g, for some i el.

5.2. (Weinberg [15]). An I-group G is completely distributive if and only if each
0 < g € G is the first term of a distributive pair.

5.3. (BYrD - LLoyp [3]). For an I-group G, D(G) = {ge G :|g| is not the first
term of a distributive pair}. G is completely distributive if and only if D(G) = 0.

54. Let 0 < ge G such that [0, g] is completely distributive, 0 < d € D(G).
Theng A d = 0.
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Proof. Assume that 0 < g, = g A d. Then g, € D(G) since D(G) is convex in G
and hence by 5.3 g, is not the first term of a distributive pair. According to 5.1 g, €
€ M(G) and therefore it follows from 5.2 that g, is the first term of a distributive pair,
which is impossible.

5.5. Let 0 < g € G such that g A d = 0 for each 0 < d € D(G). Then [0, g] is
completely distributive.

Proof. Let X = D(G)’. Then X is a closed convex Il-subgroup of G and by 5.3
each strictly positive element of X is the first term of a distributive pair. According
to 5.2 X is completely distributive. Obviously g € X and thus [0, g] is completely
distributive.

5.6. Theorem. For any I-group G, D(G)* = M(G).
Proof. From 5.4 it follows that M(G) = D(G)’ and by 5.5 D(G)* = M(G).

5.7. If G is a complete I-group, then D(G) = M(G)’.

Proof. According to 5.4, D(G) = M(G)’. Let g e M(G)’, g > 0 and let {d;} be
the system of all elements d; e D(G) such that 0 < d; < g. Put d = Vd,. D(G) is
a closed I-subgroup of G, thus d e D(G). Denote —d + g = g,. If 0 < d, < g4,
d, € D(G), then d + d, < g, d + d, € D(G), whence d + d; < d, which is impos-
sible. Therefore d; A g, = 0 foreach d, € D(G), d; > 0. This implies g, € D(G)’ =
= M(G). But then g, = g A g, = 0 and so we obtain g € D(G).

5.8. Theorem. Let G be a complete l-group. Then G = M(G) X D(G).

Proof. According to 5.1 there is a direct decomposition G = M(G) x B. If any
direct decomposition H = C,; x C, of an I-group H is given, then C, = C3. Thus
B = M(G)’. Because of 5.7, B = D(G).

5.9. For any l-group G, M(G)’ is an l-ideal of G. The I-group G is completely
distributive if and only if M(G)’ = {0}.

Proof. Assume that M(G)’ = {0}. Accordingto 5.4, D(G) = M(G)’, hence D(G) =
= {0} and thus by 5.3 G is completely distributive. If G is completely distributive,
then M(G) = G, therefore M(G)’ = {0}. For any l-ideal X of G the polar X’ is an
l-ideal as well.

In view of 5.3 and 5.9 it is natural to ask whether there exist intrinsically defined
convex l-subgroups A4(G) of G such that (i) A(G) is, in general, distinct from D(G)
and M(G), and (ii) A(G) = {0} if and only if G is completely distributive. We intend
to show that there are, roughly speaking, infinitely many such convex I-subgroups
A(G). Let us introduce the following notions.
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Let " be the class of all [-groups and let f be a mapping of " into J such that

(a) f(G)is a convex I-subgroup of G for any G € A/,

(b) if G4, G, € # and if @ is an isomorphism of G, onto G,, then ¢(f(G,)) = f(G>).
Under these conditions f is said to be a convex injection defined in . A convex
injection f is called monotone (strongly monotone) if f(G,) is a convex [-subgroup
of f(G,) (f(G,) = G, n f(G,)) whenever G, is a convex [-subgroup of G,.

If G,, G, are convex I-subgroups of an I-group G we denote by G; v G,(G; A G,)
the I-subgroup of G generated by the set G, U G, (the I-subgroup G, n G,). Let #
be the class of all convex injections defined in #". Let f, f, € #. We define f; v f,,
i A f, and f2 by the rules

(/1 v 1) (6) = £(6) v 12(G), (/1 A 12)(G) = 1i(G) A 1:(G),
11(G) = f,(6y

for an'y Ge . Then fy, Vv f,, f1 A f, and f] belong to #. The convex injections
fi Vv fo and f; A f, are monotone (strongly monotone) whenever f, and f, are
monotcne (strongly monotone). Further let (fyf,) (G) = f1(f2(G)) for any Ge 7.
If f, and f, are monotone, then f; f, is a monotone injection as well.

5.10. If f is a strongly monotone injection, then the same holds for f°.

Proof. Let G, be a convex [-subgroup of G. If g € f%(G) n G,, then [g| A la| =0
for any aef(G) > f(G,) thus gef%G,). Conversely, let gef%G,), aef(G).
Then 0 < a; = |g| A |a| €/(G) n Gy = f(G,), therefore 0 = |g| A a; = ay; this
shows that g € f%(G) N G,.

For any G € # let D(G) and M(G) have the same meaning as above. Since D(G)
and M(G) are convex [-subgroups of G, D and M belong to .

5.11. The convex injections D and M are strongly monotone.

Proof. Let G, be a convex [-subgroup of G, g € G,. Then g is the first term of
a distributive pair in G, if and only if g is the first term of a distributive pair in G,
therefore D(G,) = D(G) n G,. From 5.1 it follows that M(G,) = M(G) n G,.

Let f € # and let us consider the condition: ’
(%) For any Ge XA,

f(G) = {0} <> G is completely distributive.

5.12. Let fe & such that f(G) is a dense I-subgroup of M*(G) for any Ge A .
Then [ satisfies ().

Proof. If G is completely distributive, then according to 5.9 M%(G) = {0}, thus
7(G) = {0}. Conversely, assume that f(G) = {0}. Since f(G) is dense in M’(G). we
get M%(G) = {0} and then it follows from 5.9 that G is completely distributive.
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5.13. Theorem. Let [ be a strongly monotone convex injection. Then f satisfies
(*) if and only if f(G) is a dense l-subgroup of M%(G) for any G e A .

Proof. By 5.12 it suffices to prove the assertion “*only if". Assume that f satisfies (x).
Then f(G) n M(G) = f(M(G)) = {0} because M(G) is completely distributive.
Therefore f(G) = M*(G). Suppose that f(G) is not dense in M’(G). Then there is
0 < x € M%(G) such that |y| A x = 0 for each y e f(G). Thus the set X = f(G)’ n
N M(G)’ is a convex I-subgroup of G and X = {0}. Since X = M(G)’, no non-trivial
interval of X is completely distributive. We have f(X) = f(G)n X < f(G) n
N f(G)’ = {0} and so according to (x)X is completly distributive, which is a con-
tradiction.

5.14. Theorem. Let G be an I-group and let {G;: i €I} be the system of all convex
Abelian I-subgroups of G, A(G) = U;,G;. Then A(G) is an Abelian l-ideal of G.

Proof. Let P be the set of all elements p = 0, pe G such that x,, x, € [0, p]
implies x; + x, = X, + x;. Let p, e P, xe [0, p], y€[0, g]. Denote x A y = u,
Xy =x—1u, yy =y —u. Then x; A y, =0, thus x; + y; = y; + x; and by the
assumption v + x; = x; + u, u + y, = y; + u. Hence it follows x + y = y + x.
Now let p + q = r, a,, a, € [0, r]. There are decompositions

a=x+z, a,=t+Yy

such that x, 1€ [0, p], z, y € [0, g]. This implies that any two elements of the set
{x, z, 1, y} are permutable, therefore a; + a, = a, + a,. Hence the set P is closed
with respect to the addition. Evidently P is a convex sublattice of G and 0 € P. Let
peP, xeG, p=—x+p+x. y,y,€[0,p] Then x; =x+ y; — xe[0, p]
(i = 1,2), thus x,, x, are permutable and so y,, y, are permutable as well. There-
fore P is a normal subset of G. Denote

AG)={p—q:peP, qeP}.

Then A(G) is a convex I-subgroup of G. Moreover A(G) is an l-ideal of G because P
is normal in G. Since any two elements of P are permutable, A(G) is Abelian. If G, is
a convex Abelian [-subgroup of G, g € G, then |g| € P and therefore G; = A(G).
A(G) is the greatest convex Abelian I-subgroup of G.

From 5.14 it follows immediately:

5.15. A belongs to & and is strongly monotone.
For any convex I-subgroup X of an [-group G the set X v X°is a dense convex
I-subgroup of G. Denote

F(G) = A(D(G)) v 4%(D(G)) .

Then F(G) is a convex [-subgroup of G and a dense convex [-subgroup of D(G).
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From 5.6 it follows that D(G) is dense in M(G)’. Therefore F(G) is a dense convex
I-subgroup of M(G)’. Hence we obtain from 5.12:

5.16. The convex injection F satisfies (*).

Example 5.20 below shows that F(G) is, in general, a proper subset of D(G) and
from Example 5.22 it follows that D(G) need not be equal to M’(G). All convex
injections F, D, M satisfy the condition (). We can construct other types of convex
injections satisfying (*) by using lexicographic decompositions of G.

Let G, G4, G, be I-groups and let ¢ : G > G, - G, be an isomorphism of G onto
Gy o G,. Then (cf. §1) G, is linearly ordered and G, is an I-group. Let G, (i = 1,2)
have the same meaning as in §1, G{ = ¢~ !(G,). G being an I-subgroup of G and G5
a convex [-subgroup of G. We shall write

() G=0G%G

(«) is said to be a lexicographic decomposition of G. Assume that another lexico-
graphic decomposition (f) G = H{ - HY is given. Let Z be the linearly ordered
additive I-group of all integers. Let ~ denote the isomorphism of I-groups.

5.17. If G is an l-group, G = GY - G3 = HY o HY such that G ~ Z, HY ~ Z,
then G5 = HJ.

Proof. Let g € G. The components of g with respect to the decomposition (a) will
be denoted by g(G3), g(G3), and analogously for the decomposition (B). Suppose
that Gj is not a subset of Hy. Then there is g € G3 \ H3. Thus |g| € G3 \ H3,

|9 = lg| (H?) + |g| (H3), |g] (H}) > 0.
Since HY ~ Z, HY is Archimedean. If g’ € G, there exists an integer n such that
—nlg| (H) < ¢'(H?) < nlg| (HY).

This implies —n|g| < g’ < n|g|, therefore g’e G and G = Gj. But there exists
g’ € G such that g (GO) + 0 and then g’ ¢ G>; this is a contradiction. Thus G9 = HY
and analogously H; = G5.

5.18. Let H be an l-ideal of an l-group G, H = H? o HY, HY ~ Z. Then 1‘13 is
an l-ideal of G. ‘

Proof. Obviously Hj is a convex I-subgroup of G. Let y € G. The mapping
¢(x) = —y + x + y(xe H) is an automorphism of the I-group H, thus H'=
=(—y+H +y)o(—y+H; +y) and —y + H} + y ~ Hl ~ Z. According
to 5.17, —y + HY + y = HY.
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Now we define F, € & as follows. Let Ge . If there exists a lexicographic
decomposition G = G} - Gj with G ~*Z, G5 + {0}, then G} is uniquely determined
by 5.17 and we put Fy(G) = G3. If there does not exist any such lexicographic
decomposition for G, we set F,(G) = G.

5.19. The convex injection F, is monotone.

Proof. Let H be a convex [-subgroup of G. If F,(G) = G, then obviously F,(H)
c H < G. Assume that G = G} - G5, G} =+ {0}, G] ~ Z. If there is h € H such that
h(GY) # 0, then (analogously as in the proof of 5.17) H = G and so F,(H) =
= F,(G). Assume that h(G}) = 0 for each he H. Thus H < G5 and therefore
F,(H) = H = F4(G).

Denote F, = (F,)" (n = 1,2, ...). According to 5.18 F, is monotone and for any
I-group G, F,(G) is an I-ideal of G(n = 1, 2, ...). Obviously F,(G) is dense in G.

For any G € A let us put

Fi(G) = F(M%G)) (n=1,2...).

Then according to 5.18 and by induction F,(G) is an Il-ideal of G. The convex in-
jection F, is monotone. In Example 5.21 below F,(G) + F,(G) whenever m * n.
F, satisfies (%) forn = 1,2, ...

5.20. Example. (F(G) # D(G)). Let a, § be irrational numbers, « <  such
that B — « = yis rational and let I be the set of all rational numbers belonging to the
interval (o, f). Let C; be a linearly ordered group that is not commutative and let
C, #+ {0} be an Abelian lincarly ordered group. For each iel put G, = C; o C,,
H = II,,G; and let G be a subset of H with the following property: for any g € G
there is a positive integer n = n(g) such that

g(i,) = g(i>)

whenever i, i, €l (k = 1,..., n), where

IZ=Im[a+(k—])z,a+ij|.
n n

Clearly G is an I-subgroup of H. For any positive integer m let G(m) be the system
of all g € G such that there is ke {1,..., m} and 0 < g°€ C, - C, with g(i) = g°
for each i € I} and g(i) = 0 otherwise. Let g € G, g > 0. Whenever n(g) | m, there are
elements g, ,, € G(m) (k = 1, ..., m) such that

g = Vk:1,...,mgk,m .

If0 < g*€G, n(g*) l M, Gim € G(m), then g* non £ gi...- This shows that g is not
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the first term of a distributive pair. According to 5.3, D(G) = G. Further A(D(G)) =
= A(G) is the set of all g € G such that g(i) (C,) € A(C,) for each i e I. Since C, is
not commutative, 4(Cy) * C,, therefore F(G) + D(G). The set A(G) is dense in G,
thus A%(D(G)) = A%(G) = {0}. Therefore F(G) = A(G) + D(G).

521. Example. (F,(Go) # F;(Go) for m + n.) Let J = {—1, =4, —4,..., 0}
with the natural order. For je J, j 0 let H; = Z and H, = G, where G has the
same meaning as in 5.20. Denote G, = Q;;H;. Assume that M(G,) = {0}. Then
there is 0 < h € M(G,). There exists 0 < g € G with g < h. Then g € M(G,) and by
5.11 g € M(G). According to 5.20 we have g € D(G), hence by 5.6 g = 0, a contradic-
tion. Therefore M(G,) = {0}, thus M*(G,) = G,. Hence we obtain

Fi(G) = Q;e,Hj,

where Hj = {0} for j = —1,..., —I/n and H}; = H; otherwise. This implies that
F;(G,) is a proper subset of F;(G,) whenever m > n.

5.22. Example. (D(Go) + M*(G,), D(Go) + Fi(Go) + M%(G,).) Let G, be as
in 5.21. Let g, g* € G, such that 0 < g, g(j) % 0 for some jeJ, j£0, 0 < g*,
g*(j) = Ofor each je J, j # 0. It is easy to verify that (g, g*) is a distributive pair.
On the other hand (cf. 5.20) g is not the first term of any distributive pair. Therefore
we have

D(Gy) = {g € Gy :g(j) =0 foreach je J, j & 0},
hence D(Gg) + M°(G,). At the same time, according to 5.21 M%(G,) + F,(G,) =+
#+ D(G,) for any positive integer n.

5.23. Example. (F, is monotone but not strongly monotone.) Let I = (0, 1] u
U {2, 3} with the natural order. Let G be the same as in 5.20. Put G; = G and for
anyiel, i+ 3,G, =Z, H=Q,,G,; Denote

H;={heH:h(i)=0 foreach ie(0,1]},
H,={heH:h(i)=0 foreach ie(0,1]u {2}}.

Then F,(H) = H, F\(H,) = H, #+ F,(H) n H,. Thus F, is not strongly monotone.
According to 5.19 F, is monotone.

Let G be an I-group and let L(G) be the lattice of all convex I-subgroups of G;
this lattice was studied in [5]. A convex injection f is said to be L-invariant (weakly
L-invariant), if for any I-groups (complete I-groups) G, and G,

‘/)f(G1) = f(Gz)

whenever ¢ is an isomorphism of L(G,) onto L(G,).
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5.24. The convex injection M is weakly invariant.

Proof. Let G be an I-group and for 0 % g € G let L, be the subgroup of G that is
generated by the set of all I-ideals of G not containing g. Then L, is an /-ideal of G.
The ideal radical L(G) of G is defined to be

L(G) = (L, (0 + g€ G).

L(G) is L-invariant [4] and if G is complete, then L(G) = D(G) [3]. Therefore D(G)
is weakly invariant. According to 5.8 M(G) is a complement of D(G) in the lattice L(G)
whenever G is complete. Since L(G) is distributive, the complement of D(G) is uniquely
determined. Therefore M(G) is weakly invariant.

It remains as an open question whether M(G) is L-invariant.
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