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In the present paper the autor gives a full system of invariants of the one parametric
motion in $"”! and E™ in the “general’” case. The Frenet formulas for motion are
obtained; in the classical case they reduce to the well known facts. The paper is a con-
tinuation of papers [7] and [8] by a slightly different method, but in terms of the
theory of compact Lie algebras. By author’s method it is possible to study the motion
in other compact Lie groups, not only in O(m) (and then in E(m)). At the end some
geometric applications are given.

Part 1

INVARIANTS OF CURVES IN G/H, WHERE G IS O(m) OR E(m)
AND $ IS A CARTAN SUBALGEBRA OF &

1. Notions

Let O(m) be the group of all orthogonal transformations of the m-dimensional
Euclidean vector space V™. Let E(m) be the group of all congruencies of the m-
dimensional Buclidean space E™. Let O(m), €(m) be the Lie algebras of the group
O(m) and E(m) respectively. Throughout the paper we shall use the consequent
symbolic notation for the groups O(m) and E(m) in the fixed frame %, in V" or E™:

A'° and A'? will be columns of the type n x 1

A?! will be a row of the type 1 x n

A?° and A?? will be real numbers (matrices of the type 1 x 1)
A'! will be a matrix of the type n x n.
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If the elements of the above matrices are matrices of the type

2 x 1 for the indices 10 and 12
1 x 2 for the index 21
2 x 2 for the index 11,

and not real numbers, we shall write small letters instead of capitals. In this case we
shall write lower-case letters for real numbers with indices 20 or 21, too. For instance:
T is a column of n real numbers, b*! is a row of the type b*! = {b,, b}; ..., b,, by}
and so on. If this agreement is used, we can write the elements of O(m) or E(m) as
matrices a = (a”/), where

(1) a) i,j =1 for O(m) = 0(2n)

b)i,j=12 for O(m) = 0(2n + 1)

c) i,j=0,1 for E(m) = E(2n)

d)i,j=0,1,2 for E(m)=E@2n +1).
In c) and d) it is a°® = 1, a°' is a row of the type 1 x n with every element a zero
row of the type 1 x 2. a°* = 0 in case d). We can write the Lie algebras O(m)
and €(m) of the groups O(m) and E(m) in a quite analogous way. Here we certainly

have for a € O(m) or a € €(m) (a* is the transpose matrix of a; a,; are elements of
the matrix a; o, B = 1, ..., n):
aojzo, ]=0’ 1’2’ (312*)+(321):0; a22=0; a’aiﬁ‘ _‘_(31;)* =0
for indices as in (1). ’
Let us denote for latter use:

d'o,, ..., g,} is a diagonal matrix and its elements on the diagonal are the matrices
Q15 -+ 0y Of type 2 x 2,

D''{4,, ..., 4,} is a diagonal matrix with the real numbers i,, ..., 4, on the diagonal.
_ ' cos @, &(a) sin <p,> 01

2 o, = (¢¢) (o) = , €= .

@) (v2) (2 (~ sin @,, &) cos @, -10

(3) e,=e' =d'"{g;}, where gy =0 for «+f and g,=e.

1.1. Definition. (See [2], Chap. 3, §1.) a) Let G be a Lie algebra and let § be its
subalgebra. The normalizer N(Sj) of © in ® is the subalgebra

N(S) = (X6 [[X, ]S} .

b) A subalgebra $ of a Lie algebra ® is called a Cartan subalgebra if it is nilpotent
and N($) = $.

c) Let G be a Lie group with the Lie algebra ® and let a subalgebra § in G be given.
Then the normalizer A#(H) of § in G is #(H) = {ge G|ad gH = H}.
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1.2. Proposition. (See [3], Chap. 9, § 65.) Let us denote

e, 0
4 e =% s
4) . (0, 0)

where e, is defined as in (2) Then e,, e,, a = 1, ..., n are bases of some Cartan
subalgebras of O(2n), O(2n + 1) respectively.

We shall denote the Cartan subalgebras of Proposition 1.2 respectively by o(2n),
o(2n + 1). For latter use we rewrite from [3], theorem 111: ©(2n + 1) is a compact
simple Lie algebra of the type B, for n = 1, ©(2n), n = 3 is a compact simple Lie
algebra of the type D,. They both have the rank n and e,, e, are orthogonal bases in
o(2n), o(2n + 1) respectively, consisting of vectors of the same length. The roots are
{+ey +e, +epa <o, f=1,...n} for O2n+ 1) and {+e, + epa <
o, pf=1.., n} for D(2n).

1.3. Lemma. The algebras of matrices

0 0 O
(5) (0 0“) or |0 x!toO
0 X yOZ 0 O

where y°? € R, x'' € o(2n), are Cartan subalgebras of €(2n) or €(2n + 1), respec-
tively.

Proof. The lemma is an easy consequence of Definition 1.1 and Proposition 1.2.

2. Groups A" (o(m)) and A" (e(m))

In this section we shall give an explicit construction of the groups A" (o(m)) and
A(e(m)). We shall start by repeating some known facts from the theory of compact
Lie groups.

Let G be a compact semisimple Lie group and let ® be its Lie algebra. Let us
denote by Z the centre of G, let G, be the connected component of the neutral element
of G. The image of G in the adjoint representation will be denoted by adG. Then we
have adG ~ G/Z and adG, ~ Go/G, N Z. Let us suppose that the group adG of G
is identical with the group of all automorphisms of . This means that every auto-
morphism of ® is realizable as adg for some g € G. (If this automorphism is outer,
g certainly cannot be in G,.)

Let us consider a maximal torus T of the group G with the Lie algebra t. If h € 4 (t),
then the restriction of adh on t will be denoted by 9(h); 9(h) = adhl;. 9 is a homo-
morphism of A4(t) into the group of linear transformations of the vector space t.
Let us denote by K the kernel of this homomorphism.
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2.1. Definition. (See [4], Chap. 13.) An orthogonal transformation g :t— tis
called a rotation, if it leaves invariant the system of all roots.

Let us denote by W’ the group of all rotations. Let W be the Weyl group of . W
is the group generated by all symmetries s, : x - x — 2(x, ) (o, 2) ™" . o of t, where «
is a root, x e t and (x, ) is the scalar multiplication in t.

2.2. Theorem. (See [1], Chap. 9, §2.) Let A be an automorphism of & leaving t
invariant. Then the restriction of A ont is a rotation. Conversely, every rotation
int can be extended to an automorphism of ®.

2.3. Theorem. (See [1], Chap. 9, §2.) W is an invariant subgroup of W' and
ad Gfad Go ~ W'|W.

2.4. Theorem. (Sce [6], Chap. 8, § 11.) Let ® be a compact simple Lie algebra
Let us denote E(®) = Aut®[Int®. Then we have

E(A) =2, 1>1

E(D) = Z,, | + 4

E(D4) = D3

E(Es) = Z,, and the other groups are trivial. Here Z, is the cyclic group of
order 2, D5 is the trihedral group.

From theorem 2.2 we have (as Aut® = adG):

(6) N(A)K ~W.

We shall now find the group W’ of the algebra o(m).
a) Let us suppose first that m = 2n. Then the group W has the generators

S te, e, e e

ex—eg a ey - ey
S

extep (€T g, g —€, €, e,
where

')’4:05’ '}’*ﬂ, a:*:ﬁ, d,ﬂ,}’:I,...,n.

Letn + 4, n + 1. Then W'|W = Z, from Theorem 2.4. Let us note that the mapping
Sg,: e, — —e, eg — €5 Where a + f; 0, f = 1,..., n, is not in W. From these facts
we can see that s,, 1., 59, are the generators of W’ for n + 4.

b) Let now m = 2n + 1. We have W' = W from Theorem 2.4 and W' has the
ENETators S, ., Sey+eps Se,r = Sg, The group W' is then the same as in a),
but the rotations Sg, are now induced by inner automorphisms.

2.5. Lemma. The group W’ regarded as a group of linear transformations of
the vector space o(2n), n % 4, n = 1 or o(2n + 1), n = 1 with the base e, from (3)
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or e, from (4) is given by the matrices
(7) A'' = (X,5), where X,z = &0t) Spn-10p)

o f=1,...,n 6 is Kronecker’s delta and =m is an arbitrary permutation of
numbers 1, ..., n. ¢ is an arbitrary function on the set {1, cees n} assuming values
in the set {1, —1}.

Proof. The lemma is an easy corollary of the above discussion.

2.6. Lemma. The group sg = {X,;e W’ [ X.p = () 8,4} is an invariant sub-
group of W.

Finally we shall find the group K. If we note that a matrix from K must be diagonal,
we find that the group K is given by matrices

(3) d'(p,) for O(2n) and <d“gpa) 2) for 0(2n + 1),

where ¢, = (@) («) from (2) withg(e) = 1, e = +1,a =1,..., n.

In the case of the group O(2n) we can easily find an outer automorphism of the
algebra O(2n), which is of the type adg for some g € O(2n). We can now use formula
(5) and the groups A (o(m)) are described for m =+ 8.

For the group O(8) the assumption Aut® = adG is not satisfied as G/G, ~
~ adG[adG, ~ Z, because the centre Z of G is in G, and W'[W ~ D;. Instead of the
group W’ we have to use its subgroup, generated by the transformations s,,, and
Sg,. This group will be denoted by W(8). For the group .4#"(o(8)) we then have

A (o(8)/K ~ ().

2.7. Theorem. The group A '(v(m)) is given by the matrices

il

all 0 a 0
— all = — 2 d — ap
g s for m n and g (0 322) (0 v)
for m=2n+1,

where
) Ay = Op-1(p) - (08) (@), (0e) («) arefrom (2)and v = *1.

In this notation we have 9(g) = (X,5), where X,; = &(a) 6,z-1(p)-

Proof. Let us denote §(oz) = ( ) Then we shall obtain

10
0 ()
(10) aaﬁ = dll((pa) . g(a) 6an'1(ﬁ)
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as a product of matrices. The rest is obvious.

2.8. Lemma. Let us denote

00 0 000
(11) eg=<°°>, e’ =(0e 0|, f=[000],
Oe, 00 0 100

where e, has the same meaning as in (3). Then e, is a base of a Cartan subalgebra
in €(2n); e}, f is a base of a Cartan subalgebra in €2n + 1), 0 = 1, .., n.

2.9. Lemma. The group W’ for the groups E(2n) and E(2n + 1) is given respec-
tively by matrices

(12 w3

0o v/’

where X,; and v have the same meaning as in (7). In the case E(8) we have to use
the group W as in the case O(8).

Proof. The lemma can be easily verified by direct calculation.

2.10. Theorem. The groups A°(¢(2n)) and A "(e(2n + 1) are given respectively by
the matrices

10 1 0 O
" g:( 11) and g =|0 a'' 0],
0a a’® 0 v

where a'' and v have the same meaning as in (9) and a*° e R.

Proof. The proof is a direct calculation with use of Theorem 2.7.

2.11. Lemma. Let us denote by sg the subgroup of W', for W’ from Lemma 2.9,
given by X,, = &) 8,5. Then sg is an invariant subgroup of W'.

2.12. Theorem. Let us denote by P(o) and P(¢) the group 9~ *(sg) for O(m) and
E(m) respectively. Then P(v) is an invariant subgroup of A (o) and P(e) is an in-
variant subgroup of A (e). '

Proof. The theorem is a consequence of Lemmas 2.6 and 2.11.
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3. Equivalence of curves

Let G/H be a homogeneous space and let a differentiable immersion x(¢) : I -» G/H
of an interval I of real numbers in G/H be given. We shall call x() a curve in G/H .
A lift g(t) of the curve x(t) is a differentiable mapping g(t) : I - G, such that the fol-
lowing diagram commutes:

G —"— GJH
N 7
AN X

AN I ,/

Let us denote by 9 the left invariant Maurer-Cartan form on G. Then-every lift
g(2) of the curve x(#) defines a 1-form o on I with values in ® defined in the following
manner (see [5]):

(14) ® = g49

where g, is the differential of g. Let us be given another lift §(f) of the curve x(t),
4(?) = g(t) h(t), where h(t) € H. Then we have an immersion h(t) : I - H and the
form h,9 which is usually denoted by h~' dh. Let us denote & = §,9. Then we
have (see [5])

(15) & =adh™'ow + h~'dh.

Let now a faithful representation ¢ of the group G of degree n be given. Let us
suppose that we have chosen a frame Z, = {e, ..., e,} ina vector space V" of dimen-
sion n and let us denote # = %, o(g) as a product of a row and a matrix. Then the
group ¢(G) acts simply transitively on the set o of all frames of the type 2 = %, o(g)
for some g € G. A frame Z is an n-tuple of vector functions on G with values in V
and we have for 1-forms d2 and d(o(g)) defined on G: d% = %, d(g(g)). Now we

may write d% = %, 0(g) e(g9) ™" d(e(9)) = % o(9) since o(g)~* d(e(g)) is the Maurer-
Cartan form of the group o(G), and ¢ is a fajthful representation. We have

A% = 2 of9) .
If g(t) : I - G is a lift of some curve, we have obtained
(16) d2 = # o(w),

where w and d# are forms on I.

For latter applications we need a slightly different definition of the equivalence of
curves.

3.1. Definition. Let the curves x(t,):1, > G[H, i = 1,2, be given and let O ¢
€I, N I,. The curves x,(#;) and x,(t,) are called equivalent if there exist a difeo-
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morphism ¢ of I, onto I, and g € G such that ¢(0) = 0, ¢'(t,) > 0 for ¢, eI, and
the diagram

(17) N

commutes.

In the sequel we shall solve the equivalence problem from Definition 3.1 for some
special curves for G = O(m) and G = E(m).

3.2. Lemma. Let H be a transitive group of transformations of the set M, let H,
be an invariant subgroup of H. Let us denote by M ,, t € Q the orbits of the group H,
on M. Then H/H1 is a transitive group of transformations of the set {Mt} of all
orbits.

Let now E be the unit matrix of the type 2 x 2and let us denote x = d''{EJ,,-:,}
where 7 is a permutation of numbers {1, . n}. Then we can see from Theorem 2.12
and from (7) and (12) that the matrices :

100
(18) (x) or (x 0) and <1 0) or {0x0
01 0 x 00 1

represent respectively the cosets of .#"(0) modulo P(o) and the cosets of .#"(e) modulo
P(e). The set of matrices (18) we shall denote by L.

Let us suppose that we have lifts g(f) and §(t) of the curve x(z) : I - G/H, where
G = O(m) or G = E(m) and H = A (o(m)) or H = A(¢(m)) respectively. Let us
write §(t) h(t) = g(¢), where h(t) € H. If h(t) € L, then h(t) = const. and we have for
the forms @ and w of the lifts § and g: @ = adhw and then

10 10 ~11 11,-1 12 12 ~20 20 ~21 21

=x0%, & =x0ol'x"!, o!?=x0'?, ®°=0%°, &' =owx""t,

@

Let us compute
-1

& = xopllx
We shall denote
11 _ _ -1 __
o = (wﬁy) > X = (xaﬁ) = Oun-1(8)» Xyu = 571:(;1) .
Then we can write

(19) (@) = (x2'x7Y),,

= 5an—1(ﬁ)wpy5n(,,) = Dp@yn(y) -

-1 _
XopDpy Xy =
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For &'° we have analogously
(20) (J)lo)a = (xwlo)a = Wg(a) -

Remark. For the sake of simplicity we shall not distinguish between the form @,
and its coefficient a,;, in w,; = a,;dt and analogously for ®, or »'® and ®*°
Let us denote

(1) |2 = Z (@g)”s where (wy;)” = Z (@)’
|*?], = (w )2 +(022)" [0t = )2 + (023)” -
In the rest of the paper we shall denote
o(m)[A (o(m)) = M, and E(m)[A#(e(m)) = N, for m =2n,
O(m)[A#"(o(m)) = M, and E(m)[A(e(m)) =N, for m =2n+1.

3.3. Theorem. Let x(t) be a curve in M; or N;, i = 1,2. Let us suppose that the
form w of some lift g(t) of x(t) satisfies at the point t = 0

(22) for My: 0], + |0 £0, o+ p
for N: 0], # |0 £ 0, o+ p
for M, and N,: |o*?|, * |0"?,, o+ B,

where a, = 1,...,n. Then there exists one le L for every lift g(t) of x(t) such
that for the form & of the lift g(1) I it is

(23) for M: '], > |04+
for N,: |0, > |04y
for My and N,: |0"?|, > |0,

at the point t = 0, wherea = 1,...,n — 1.

Proof. If (22) is satisfied for some lift, it is satisfied for every lift. The construction
of the lift g(f) I is easy, as we can see from (19) and (20).

As we want to use Lemma 3.2, we must show that the lifts from Theorem 3.3 do
not depend on the group P(0) or P(e). This is done in the following

3.4. Lemma. (0, )%, |0'°|,, |@'?|, do not depend on the group P.

Proof. Let g(f) be a lift of some curve, let §(t) = g(z) h(f) be another lift of this
curve, where h(f) € P. Let us denote » = w¥, @ = @"; i, j are from (1). Then for N,
it is

0 0
h(t) ={0 d''o0
0 v
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whered'! = d'*{s,},a = 1,..., n; 0, are from (2), a** € R, v = +1 and analogously
for M, and N,. We then have for the forms w and & of the lifts g and g:

(24) u~)10 — (dll)* wl() + (dll)* wIZaZO s (I)IZ — (dll)* (DIZV
(I)ll — (dll)* wlldll + h—l dh (I)ZO — vwzo .
Denoting 0'° = o,, ®'* = 9,, ©'' = w,; where o, f = 1, ..., n, we have in the

component form

~ * ~
(25) w, = o.:wa + O, saazo > 94 = a:sav
@Bup = w0y for o+ f, & =veo?°.

From (25) we can see the assertion of the lemma.
In the rest of the paper we shall suppose that the lifts considered satisfy Theorem
- 3.3. We shall now construct the Frenet lifts of curves.

a) Let us consider the manifold M;, where m = 2n, n = 2s.

3.5. Lemma. Let us denote w;ﬁl;pq =Wy XF P, p,g=1,2, v=+1. Then
(1) + v,2)* + (w12 — vary;)? and |det | are invariants of the group P for
o pf=1,...,n

Proof. The proof is an easy calculation by means of (25).

3.6. Theorem. Let a curve x(t) in M,, m = 4s, be given. Let us suppose that the
form o of some of its lifts satisfies

(26) o], * |0, #0; w.fp=1,...,n; t=0, a+p
(27) detowgby; #0; a=1..,n—1; t=0
(28) (w;:—l,Zr;ll + var—l,Zr;ZZ)z + (w;rlﬂ,zmz - "w;:—1,2.—;21)2 *0;

v=4+1, r=1,..,s.
Then there exist 2°** lifts g(t) of the curve x(t) such that
(29) w;:~1,2r;21 = 60;:—1,2r;12 =0 for r=1,...,s

and at the pointt = 0 (and hence in some neighbourhood of 0) it is

(30) ol |>0leri> a=1..,n—=1"
(31) w;’:—l,Zr;ll > w;:—l,Zr;ZZ >0 s = 15 e S 2
- (32) detw, 07 >0, a=1,..,n—1.
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If g4(?) and g,(t) are two such lifts, it is g,(t) = g,(t) h, where h = d''{g,} and

0
Q-1 = 02y = o e, =1l e=+1,r=1,..,s.
0 e,

Remark. The lifts from Theorem 3.6 are defined on the same interval, as (28) is
satisfied in spite of the fact that (30), (31) and (32) need not be satisfied there.

Proof of 3.6. Let us write @}, 5,.,, = ®,, and let us suppose that (28) is satisfied.
We then have

(33) (01 + vo25)* + (@12 — v, ) £0, v=+1.

Let a o(t) = d''{q,} € P be given. Then for the forms w and & of the lifts g(f) and
§(7) = g(t) o(t) we have from (25)

(34) ((I)pq) = O';_l (wpq) < 0gp

Let us write @, 1 = @, @5, =, &(2r — 1) = ¢, &2r) = 5. Then we have in the
component form

(35) @y1, Dyy\ [ oS, —sin @\ (@, 0, cos iy, nsin Y
@Dy1y Day esin @, £c0s @) \W,yq, Wy,) \— siny, ncosy
After some calculations we obtain

(36) @y + @y = sin(@ + V) (01, — eNw,,) + ecos (@ + ¥) (035 + enwy,)
Dy — By = sin(@ — ¥) (01, + enw,,) + ecos (¢ — ¥) (wy; — enwy,) -
Let us set @, = @,; = 0 or equivalently

(37) U~)21 +(b]2=0, d)ll ‘—‘(;)12=0.

From (28) we see that in each equation in (37) at most one of the coefficients is equal
to zero. Hence (37) can be always solved. Let us suppose that o(t) and o’() both
solve (37). We have for the forms o and & of the lifts g(f) o(¢) and g(t) o'(¢)

(38) Wiy =Wy = Byy = Dy -
Let us write o'(f) = o(t) %(t). Then for x(t)we have (36) by means of (38):
(39) sin (¢ + ¥) (enw,, — wg;) =0

sin (¢ — ¥) (enw,, + wg,) = 0.

The coefficients in (39) are not zero, as we see from (28). We then have sin (¢ + ) =
= sin (¢ — 1) = 0. Analogously as (36) and by means of (38) we obtain

(40) Dy + @yy = (01 + enwy)cos (@ — W), @y 1@yy = eqwy 0,, ,

Dy — Byp = (wu - 8'1@22) Cos ((P + ‘//)
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Let us set @,; > @,, > 0 att = 0 or equivalently
(41) @y + Dry >0, By — @yp >0, @@y, >0 at t=0.
(41) will be satisfied, if we set

(42) cos (‘P - l,b) = S8 {wu + sg (‘Ullwzz) a’zz} , &N =sg (wuwZZ)
cos (q’ + ) =sg {wu — sg (wnwzz) C"zz} .

From (42) and (39) we now can see: e is uniquely determined and if @1, V15 @2, ¥
are two solutions of (37) and (41), we have @, = @5, ¥y = ¥, or @1 = ¢, + 7,
¥y = ¥, + m. From (42) we have

e2r — 1) ¢(2r) = sgdet wy,—1,2,» =L ...ss.
Let us finally set
e(2r)e(2r + 1) = sgdet wsp 20415 r=1,..,5 = 1.

Then we shall have g(x + 1) = &(a) sg det @, 441> @ = 1,...,n — 1. There are two
solutions for &: (1) = 1, &(1) = —1 and the theorem is proved.

As we repeat the reasoning from the proof of Theorem 3.6 in the following, we
shall proceed more quickly now.

b) Let us suppose M, has the dimension m = 2n, n = 25 + 1.

We can use Theorem 3.6 for the matrix wy;, where «, f = 3, ..., 2s. Let us suppose
that we have such a lift that 3.6 is satisfied for w;,}, o, f = 3,...,2s, on the under-
standing that 8(3) can be chosen + 1. This assumption can be made according to
Lemma 3.2 as ¢; X 6, X 0, is an invariant subgroup of P. Let us now consider the
forms w}; and o}, and let us write @1}, = @y Dinipg = S P> 4 = 1, 2. For the
transformation of the form @ we obtain
(43) @y + @y, = sin ((P1 + ¢2) (a)“ - 8(1) 8(2) wzz) +

+ ¢(1) cos (¢, + @,) (051 + £(1) &(2) wy,)
@y — @y, = sin (€01 - <P2) (6011 + 8(1) 8(2) cuzz) +

+ ¢(1) cos (01 — @2) (w31 — g(1) &(2) ®y,)
=sin (¢, — ¢,) (9;; — (1) &(n) 9,,) +

+ &(1) cos (¢, — @,) (921 + &(1) &(n) 912) .

b=
[N

I
Vet
N

!

Let us set

(44) By, = By =0, gzl”'glz:o’ By > By >0, detd,, > 0.
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We can see that (44) has a solution. We have (1) &(2) = sg det (@,g), &(1) e(n) =
= sg det (9,,) and for two solutions ¢, ¢,, @,; @, @, ¢, we have §; = ¢, + km,
@, = @, + kn, §, = ¢, + In. We have proved

3.7. Theorem. Let x(t) be a curve in M,, dim M, = 2n, n = 2s + 1. Let us sup-
pose that the form o of some lift g(t) of the curve x(t) satisfies (26), (27), (28) and
(‘U};;u + V‘U}:;zz)z + (w}:;lz - Vﬂ’}:;zx)z +0, v= =1

and let det w;, = 0 at t = 0. Then there exist 2°* 2 lifts of x(t) such that (29), (30),
(31), (32), w112 = wi,.0, are satisfied and det w, > 0 at t = 0. If g4(7) and g,(1)
are two such lifts, we have g,(t) = g,(t) h, where h = d'*{o,} and 02,1 = 02, =

= & 0 , O, = &w 0 =1l =4lL,e=+1,r=1,....5
(UF:¥3 0 ¢

c) 3.8. Theorem. Let x(t) be a curve in M,, m = 2n + 1. Let us suppose that the
Jorm w of some lift g(1) of the curve x(1) satisfies

(45) |2, + 0

and att =0

(46) 02|, # |0y, a%p, 0, fp=1..n,

(47 detw,hyy #0, a=1,..,n—1.

Then there exist four lifts g(t) of x(t) such that

(48) =0, a=1,...n

and att =0

(49) 0y > @3>0, detaoyhy,; >0, a=1,..,n—1.

If g, and g, are two such lifts, then g,(t) = gz(t) h, where

11
h = d"(ed). 0 and o, = v 0 ;o vwp=4+1, a=1,..,n.
0 v 0Ou

Proof. The form w is of the form

11 12
W, O
w:( ap> “), where @!? = — (0?!)*.
21
o, , 0

a >

Let us write as in (25) o,” = 9,. We get from (25): §, = ¢79,v. In the component
form we have

(50) 8.1 = v(cos 9,9, — sin @,9,.,)
3,0 = ve(w) (sin 9,9, + cos 9,9,.,).
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Let us set &.3 = 0 and at t = 0 let us set @, > 0 and det w, 5, > 0. This condition

can be satlsﬁed and it can be easily shown that every two solutions differ by g(1) =
= +1andgn + 1) = cos ¢, = v.

d) 3.9. Theorem. Let x(t) be a curve in N, where m = 2n and suppose that the
form o of some lift g(t) of x(1) satisfies |®'°|, + 0 and at t = 0 let it be ||, +
* |0, £ 0, x % B for e, f=1,...,n and detwij‘“ +0fora=1,..,n— 1.
Then there exist two lifts g(t) of x(t) such that oy = 0 for « = 1,...,n and at
t=0itis wiol > w2, >0, detcu(,“,[H >0 fora=1,...,n — 1 If g,(t) and

g,() are two such lifts, we have

w@—gm(

dll

>, where d'! =d''{g,} and g,=<:)0), e= +1.
. P

Proof. The proof is quite similar to that of the case c).

¢) 3.10. Theorem. Let x(t) be a curve in N,, m = 2n + 1. Let us suppose that the
form w of some lift of x(1) satisfies |w'?|, + 0 and at t = 0 |w"?|, = |w"?|,, o * B,

o, B =1,...,n; det a)al,laﬂ £0,0a=1,.., n — 1; ?° % 0. Then there exists only
one lift g(t) of the curve x(t) such that w}5 =0, « = 1,...,n; w{y = 0 and at
t=0, 0*° >0, 0% >0; wal>wa+,1>0 detw,,+,>0 a=1,...n— 1.

Proof. Let us note that the group

1
A={0
a?

omo
=)

0o

where E is the unit matrix 2n X 2n, is an invariant subgroup of P(¢(2n + 1)). Ac-
cording Lemma 3,2 we can use Theorem 3.8. v can be chosen so that @*° > 0, as we

see from (25). From (24) we have &' = (d'')* (w'® + a*°0'?). Now we have

~ ~1
@19 = o1y + a*w}’;, where o;% #+ 0. We can choose a2 so that &;y = 0. The

rest is easy.

3.11. Definition. The lifts from Theorems 3.6 —3.10 will be called Frenet lifts.

In the end we shall define the arc for curves in M; and N ;.

3.12. Definition. The parameter s of a curve x(s) in M; or N, is called the arc,
if the form w of some lift of x(s) satisfies

(51 £ Jot = 1 or 4% o)+ X it =
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for M, and N, or for M, and N, respectively, where |o'!|, and |0'?|, have the
same meaning as in (21)

The arc s has the natural meaning in the case of M, it is the arc in the canonical
Riemann structure induced on M; by the Killing quadratic form.

3.13. Definition. Let x(t) be a curve in M; or in N; and let g(t) be a Frenet lift
of x(t). The arc of x(t) will be denoted by s. Then the functions k'(s), where w*(s) =
= k%(s) ds, i, j are the same as in (1), are called the invariants of the curve x(t).

The matrix of the invariants will be denoted by k. The following theorems are
obvious:

3.14. Theorem. Let x(s) and x'(s') be two curves respectively in M; or in N,
equivalent in the sense of Definition 3.1. Let s, s’ be their arcs. Then there is one
g € O(m) or g € E(m) respectively such that x'(s') = g . x(s).

3.15. Theorem. The curves x(t) and x'(t') in M; or N; are equivalent in the sense

of Definition 3.1 if and only if they have the same invariants satisfying condition
(V). (About condition (U) see Definition 7.4.)

4. Interpretation in S"~! and £™

Let an m-dimensional Euclidean vector space V™ and a m-dimensional Euclidean
space E™ be given. The Euclidean scalar product of vectors x, y will be denoted by
(x, ) as usual. We shall now define the manifolds P" and Q™ in the following man-
ner:

a) P", m = 2n. A point p € P™is a (not ordered) n-tuple p = {p,, ..., p,}, where p,
fora = 1, ..., nis a 2-dimensional linear subspace in V" and

(52) if xep,, yeps, a+ B, then (x,y)=0.

b) P", m = 2n + 1. A point pe P" is an n-tuple of 2-dimensional linear sub-
spaces p,, satisfying (52) and a 1-dimensional subspace v perpendicular to every p,.
Then p = {py, ..., Pu v}.

¢) Q", m = 2n. A point g € Q™ is a point 4 € E™ and ‘an n-tuple of 2-dimensional
planes g, < E™, « = 1, ..., n such that 4 g, for every « and if B,eq,, B;€ q;
« % B, then (B, — 4, B; — A) = 0. We shall write ¢ = {4, q,, ..., ¢,}-

d) O™, m = 2n + 1. A point g € Q™ is a straight line a and an n-tuple of 3-dimen-
sional subspaces g, < E”, « = 1, ..., n, where a < ¢, for every « and the following

97



condition is satisfied: If Aca, B,€q,, Byegqy o0 + f, (B, — A) La, (B; — A) La,
then (B, — A, B, — A) = 0.

Let o, = (ey, ..., e,), &y = (0, €y, ..., ¢,) be fixed orthonormal frames in V™
and E™ respectively. The formula # = %,.g shows us the connection between
a frame and its coordinates. For a point or a vector X we shall define (as usual) its
coordinates x, in &, so that X = %, . x,. The group O(m) acts then on V™ and the -
group E(m) acts then on E™ in the natural manner: If X is a point or a vector, X =
= %R, . Xo, then gX for g € O(m) or g € E(m) respectively is the point gX = 2, . gx,.
Now we can easily see that the frame Z = Z . g, is composed respectively from the
vectors gey, ..., ge,, or from the point gO and the vectors gey, ..., ge,,. The group
O(m) acts now in the natural manner on the manifold P™ and the group E(m) acts
in the natural manner on Q™:

If ge O(m) resp. ge E(m) and p = {p,}, p = {Ps> v} Tesp. ¢ = {4, q,} or ¢ =
= {a, g}, then gp = {gp,}, gp = {gp., gv} resp. gq = {94, 94.} or gq = {ga, g4,}.
4.1. Theorem. P" = O(m)[A"(o(m)) and Q™ = E(m)[A (e(m)).

The formula #Z = 2%, . g gives us a one to one corespondence between the group
O(m) or E(m) and the set o/ of all orthonormal frames in V™ or E™. The projection
n.o = P"orn o/ - Q™isnatural:

Let 2 = {fy,....f,,} ot Z = {A,f,, ..., fn} respectively be given. Then

a) iR = {py, ... ps}» Where p, = M,y + pfr, for m = 2n,
Mow—1 + Wre v = Vouyy for m=2n + 1,
c) n# = {A,q,, ..., q,}, where q, = Moy—1 + W2, for m = 2n,

d) n# = {a,q,, ..., q,}, where a = A + Afr,s15

b) 2% = {py, ..., p,, v}, Where p,

g, = A + Moy + Wy + vy forall L,p,veR and a =1,...,n.

From (16) we now have for the identical representation
(53) ‘ dZ2 = % . o .
For curves in P™ and Q™ we now can repeat all what was said in §3, in particular
Theorems 3.6—3.10. From Frenet lifts we now get the Frenet frames and the Frenet
formulas
(54) dZ|ds = 2 .k, .

where d2/ds certainly means d%(0/0s) and k has the meaning from Definition 3.13.
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5. The case of small dimensions

Let us see what results can be obtained from (53) in case of small dimensions
of S"~1 and E™.

a) "', m = 3. For the curve x(r) and for its Frenet frame 2 = {r,, r,, r3} we get

(55) w=/[ 0, —wyy, w;\ and dr; = rw, —rw;, o, =ds
@21, 0, 0 drz = —Fiwy,
—wy, 0, O dr; = ro,

The manifold P? is the unit sphere S* in V* and (55) are really the Frenet formulas
for a spherical curve.

b) $"!, m = 4. Now we have for w and for the Frenet frame Z = {ry, ..., ry}:

(56) o=/ 0, ®;, 3 0 and dr; = —w,r, — 03P
-y 0, 0, i dry = @yofy — Wagls

—wy3 0, 0, s dry = og3ry — 0347,

0, —wy4, —w3, 0 dry = @y4r; + 03413

(ds)* = (w3)* + (w,4)%
The manifold P? has the set of all straight lines of S* as a two-fold covering and
(56) are the Frenet formulas for a ruled surface in S3.

¢) E™, m = 2. For the form o and for the Frenet frame {4, ry, r,} we have

(57) w= [0, O, 0 and d4 = ',
', 0, — W3 dry = wyr,
0, w, O dr, = —w,r,

Q? is the plane and (57) are Frenet formulas for a curve in Q2. The arc is not defined.

d) E", m = 3. We have for the frame Z = {4, r,, r,, r;}:

(58) w = [0, 0, 0, 0 and d4 = ', + ©*%r,
0, 0, —wm,;, o'? dry =  wyr, — 0%,
10
0", wyy, 0, 0 dr, = —wy 1y
0?°, —w'?, 0, O dry = o',

ds = w'?. Q*is the set of all straight lines in E3, the curve x(7) is given by the points
A + Ar;, 2eR. (58) are the Frenet formulas for a ruled surface in E®, the arcs
coincide.
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Part I

APPLICATIONS ON THE KINEMATIC GEOMETRY OF A ONE PARAMETRIC
MOTION IN S™~! AND £™

6. Definition of motion

Let a homogeneous space G/H be given. A motion in G/H is a differentiable immer-
sion g(¢) : I - G; the group G is regarded as a group of transformations of G/H.

6.1. Definition. Let g,(¢,):I; > G and g,(¢,) 11, > G be motions in G/H.
Motions g, and g, are called equivalent, if they are equivalent in the sense of
Definition 3.1 as curves in the homogeneous space G x G/G.

(Here the group G x G acts on G as a group of left and right translations: If
(91-92)€ G x G, g€ G, then (9, 95) . 9 = 9:99: ")

The kinematic geometry then seeks for invariants of equivalence classes of motions
in the sense of Definition 6.1 and triesto find geometric objects in G/H that completely
determine the motion. In the sequel, this will be done for S*~* and E™.

Let g(p) :I — G be a curve on G. Let us denote by 9,3 respectively the left-
invariant and right-invariant M.C. form on G (see §3) and let us define the forms
Q=g,9 Q=g,9 Let (X,Y) be the Killing symmetric bilinear form on ®, where
X, Ye ®. The parameter ¢ = #(¢) of the curve g(¢) is called the canonical parameter
(the canonical time) if

(59) (Q(afor), Qafor) = 1.

6.2. Lemma. Let g(¢p):1 > G be a curve and let us suppose that (Q(3/og),
Q(0/0¢)) * 0 for every @ €. Then there exists one (up to a transformation from
G x G) curve y(t) equivalent with g(¢) such that t is the canonical parameter.

Proof. The parameter ¢ is determined uniquely by (59) and by conditions #0) = 0
and do/dt > 0 from Definition 3.1. In the rest of the paper we shall suppose that the
motion is given as a function of its canonical parameter. We can uniquely write

(60) Q=TR()dt, Q=R(t)dt.

R(?) and R(¢) will be called the fixed and the moving cone of the motion respectively.

7. Motion in E™ and $™~!
We shall now consider only the groups O(m) and E(m). Let us suppose that we
are given a motion g(f) in O(m) or E(m) such that R(¢) is a regular element of O(m)

or €(m) respectively for every f € I. Then the cone R(f) uniquely determines a one-
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parametric system of Cartan subalgebras b(f) respectively in O(m) or €(m) such that
R(?) e b(t). The algebras b(r) determine the groups 4'(h(t)). The groups A (h(t))
determine a curve p(t) € P™ or ¢(f) € Q™ such that the isotropic groups of p(f) and
4(1) respectively are A (b(7)). The curve p(f) or g(t) is called the central curve (the set
of instantaneous centers) of the motion and the system

(61) (1) = {p1)} or p(t) = {p(t), o()} or
q(t) = {A(1), a.(0)} or (1) = {a(?), 4.(1)}

is called the fixed axoid. An analogous construction can be given for the moving cone.
We get the moving central curve in P™ or Q™ and the moving axoid in S"~! or E™
respectively.

7.1. Lemma. Let b() be a one-parametric system of Cartan subalgebras in D(m)
or €(m). Then there exists respectively g(t) € O(m) or g'(t) € E(m) such that
adg(t) o(m) = B(t) or adg'(t) ¢(m) = b(t). We have for the central curve p or gq:
p(t) = m g(t) or ¢(t) = n g'(t), respectively.

Proof. The g(t) exists for O(m) by Cartan theorem about inner automorphisms
of compact semisimple algebras. The existence of g'(f) can be proved by direct cal-
culation from the existence of g(¢). We now have respectively 4" (5(t)) = g(¢) #(o(m))
or A (h(t)) = g'(t) #(e(m)) and the assertion follows.

7.2. Theorem. Let g(t) be a motion in O(m) or E(m). Then its cones R(t) and R(r)
and its axoids p and p or q and q respectively satisfy

(61) adg(?) R(?) = R()
(62) g(0) (r) = p(t) or g(t)q(t) = q(1).
Proof. (61) is obvious, (62) is obtained from (61) and from Lemma 7.1.

7.3. Theorem. Let g(t) be a motion in O(m) or E(m) with the moving cone R().
Let p, p or q, q respectively be the axoids of g(t). Let us choose some Frenet lifts y, y,
of p, p or q, q and let w, @ be the canonical forms of the axoids. Then there exists
respectively h(t) € A (o(m)) or h(t) € A" (¢(m)) such that

(63) @ = adh™'e — ady,Rdt + h~'dh.
Then we get respectively for R(t):
(64) ady,(t) R(t)eo(m) or ady,(t) R(t) € e(m) .

Proof. Let us denote o(m) = b, or e(m) = h,. Then we have B(?) = adyhee
b(r) = ady,bo, b(r) = adg(r) h(z) and b(t) = adg(z) b(z) = ad(gy,) ho = adybho. Then
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ad(y~'g7:) bo = bo and y~'gy1 € #(h,). Now we see that there is h(t) € A°(h,) such
that y"'gy, = h(t) and then gy, = yh. After differentiating we get dgy, + gdy, =
= dyh + y dh. Then
adyx—] .g~'dg + y(l dy, = adh™' . y7! dy + h='dh
and finally,
ady;'Rdt + @ = adh™'w + h~1dh.

7.4. Definition. Let X(t) € O(m) or X(t)€€(m) for tel. Let us denote X(f) =
= x(1)", i, j being the same as in (1). We shall say that X(t) satisfies the condition

(U), if it holds:

a) for O(m), m = 4s:

x;:—l,lr;zl(t) = xé:_ll";[z(t) =0, r= 1, ceey S
IX“(O)L, > IXII(O)’HJ > det xa]n;*i(o) >0, a=1,...,25 — 1

x;:—l,Zr:ll(O) >0, X;’I‘l’z';zz(o) >0 r=1..s,

x;rl—l,lr+1;11(0) >0, r="hL.ns— I X};;,z(O) >0.

b) for O(m), m = 2(25’ +1),n= 25 + 1:a) and

X},:;lz(t) = x%;:;u(t)
@u3@>0,xﬁdm>o
c) for O(m), m = 2n + 1:

xi3() =0 "7
(0) > 0, a=1..,n—1; x{3,,0)>0

I,..,n

x1(0) > x13,4(0) > 0, detxgr

d) for E(m), m = 2n: (
_ a=1,..,n

xif() =0
X12(0) > x19,4(0) = 0, detxther(@ 700 T T D = xizs(0) > 0

e) for E(m), m = 2n + 1 ‘
— 0 5 = l, ey
n) = A% =0

detx(:;’rl(o) >0, a=1,...,n—1;

x,4(0) > x12, (0) >0,
.1( +1,1( X}?Z(O) ~0.

x29(0) >0,
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7.5. Lemma. Let X(t), Y(t) e O(m), Z(t) € o(m), h(t) e #(o(m)) or X(t), ¥(r)e
€ €(m), Z(t) € e(m), h(t) € A (e(m)) be given such that X, Y, Z, h are continuous, X, Y
satisfy condition (U) and X(t) = adh(t) Y(t) + Z(t). Then h(f) = +E in a)b)c)
and h(t) = E in d) ¢) of Definition 7.4, E being the unit matrix.

Proof. The lemma can be proved by direct calculation.

7.6. Theorem. Let a motion g(t) in O(m) or E(m) be given. Let p, p or q, q be its
axoids, let y,y, be the Frenet lifts respectively of p, p and q, q, satisfying (U)
Let us denote w, @ the canonical forms of y, y,, let R be the moving cone. Then

(65) @ = — (ady; 'R)dt and g = +yy;' or g =y respectively .

Proof. The theorem is a corollary of Lemma 7.5. Let us denote ady; 'R =
= ady™ 'R = r,e, for O(m) and E(2n), ady; 'R = ady"'R = r,e, + rof for E2n +
+ 1). Then we get from (65):

11 —11 20 —20 _ .
(66) Oggitz — Dggii2 = Fpdt, ©*° — 0% = rydt,
11 —11 C 12 —12 10 —10
Wap = Wap for a%f, w,"=0,", W, =,

(with upper indices as in (1)).

Let us suppose from now on that the metric in o(m) and ¢(m) is chosen so that
(e, €)= 1o0r(e,e)=1and (e, e}) =1 or (e, e;) = I respectively and let us
write for w satisfying (U)

(67) w = xdt.

7.7. Theorem. Functions t, r,(t), ro(t), #(t), #(t) are invariants of the motion and
itis (upper indices as in (1))

11 11 . ,,20 =20 __ .. 12 __ =1 _
(68) xaa;lZ_%aa;lzz'a’ % - X% =TFo, Ay T Ry 5 Hg T Ky

n

11 =1 11 =11

ﬁ - %uﬁl for o« F ﬂ > Z(%aa;IZ - %aa;lz) =
a=1

Proof. We only have to prove the last assertion. This one we get from (R, R) = 1.

Let us denote » = ds/dt, where s is the arc of the fixed axoid.

7.8. Theorem. Let () be a motion in "' or E™. Let k and k be the invariants
of the fixed and the moving axoid respectively, satisfying condition (U) Then

(69) x(s) = [Z(kn 12(5) = Kagy12(5)?] 7172, #(s) = k¥(s) ofs) ,
( = (kaa 12( Ralza lz(s)) (S) 'o(s) = (kzo(s) Rzo(s) (s)
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and conversely
(70) (o) = o9 %72(0) . R(0) = 20) ()
form=2n+1

A = 3+ 3 ezl
and for m = 2n o a=1

) = B3 1)

From Theorem 7.8 we see that the system of invariants of the axoids and the system
of invariants of the motion are equivalent to each other.

7.9. Theorem. Let one parametric differentiable systems p(s) and p(s) in V™
be given, where p(s) and p(s) are defined as in §4. Let us suppose that the invariants
of p(s) and p(s) satisfy (U) and that in the case m = 2n

ko (s) = kag(s) s o+ B [kaaiiz — Kogsia] # |Kppio — Kjpoin| s a % B
and in the case m = 2n + 1
kip(s) = Kap(s) . a B, k'(s) = K'(s),
11

11 11 11 1 11
,kad;lz - Raa;12| + IkﬂB;IZ - Rﬂﬂ;lz , o F ﬁ’ k;.z;lz + ~Rawz;lz .

Then there exist only two motions g(t), —g(t) such that the axoids of g(t), —g(t)
are p(s) and p(s).

Proof. Let 7, y; be the Frenet lifts of p, p, satisfying (U). Let us set g = +yy; .
We shall now find the axoids of the motion g(f). We have 7y, = p, ny = p. The
moving cone of g() is Rds = g™ ' dg = y,y7(dy. ;" +ydy;") = y,(y " dy +
+dy~.y,) 9" = ady,(w — @) because of dy; ' .y, + y;!dy, = 0. If we denote
o — @ = Ry ds, then R, € o(m) and we have R = ady,;R, . Ry is a regular element
of O(m), as we see from the assumptions of the theorem, and so is R. For Cartan
subalgebras () we then have B(s) = ady, o(m) and A(§(s)) = A (ady, o(m)) =
=y, #(o(m)) and finally 7 A (B(s)) =7y, =p and gp =y .y, =ny=p
which proves the theorem.

7.10. Theorem. Let a one parametric differentiable system g(s) and q(s) be given,
where g(s), 4(s) are defined as in §4. Let us suppose that the invariants of g(s) and
4(s) satisfy (U) and that |key;15 — Kogy:o| * [Kpgiiz — Rﬁ;nl, o % B, kiiz * Kagiazs
ki (s) = Kyp(s), o & B, ky°(s) = ki°(s) for m = 2n and ky;(s) = Ky;(s), « + B,
k%(s) = k;%(s), k*°(s) = k*°(s), k;*(s) = ky*(s) for m = 2n + 1. Then there exists
only one motion g(t) € E(m) with the axoids q(t) and q(?). s

Proof. The proof is the same as above.
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7.11. Theorem. The motion in O(m) or E(m) is determined uniquely up to the
equivalence by the system of its invariants from Theorem 7.7.

7.12. Theorem. The motion in P™ or Q™ is determined uniquely by its central
curves. (The central curves must satisfy assumptions of Theorem 7.9 or of Theorem
7.10.)

Theorems 7.11 and 7.12 are equivalent with Theorems 7.9 and 7.10 respectively.

8. Geometrical meaning of some invariants

Let us consider the case of a motion in E™, where m = 2n, the other cases being
analogous. Let g, = A(s) + Ar,,; + pr,,, A, p€ R be one of the generating planes
of the axoid g at the point s. The tangent space of g, at the point X = 4 + Ar,,; +
+ pr,, has the base {4, r,., 1., 1,3}, Where

(70 Yy = 3 ke + Akegaars + kepioryn) +
B=1p+%a
+ ikopiairpn + Kogiaatpo)} -

From (71) we see that the invariants k; and k.., « = B give the tangent spaces

of ¢ at the points of the generating plane p,. They are hence analogous to the para-
meter of distribution of a ruled surface. From (62) and (66) we see: The tangent
spaces of every generating plane of the fixed axoid coincide with that of the moving
axoid at every moment. Let us denote by o(s) the Euclidean arc of the curve A(s).

Then we have do/ds = { Y (k;%)*}*/*. From (62) and (66) we now see that the curve
a=1

A(s) rolls on the curve A(s) without slipping.

8.1. Definition. Let a motion g(f) be given. Let R(f) be its fixed cone. Then the
motion exp © R(t,), 7 € R is called the instantaneous motion of g(¢) at ¢ = t,.

The instantaneous motion is characterized by

Proposition. The motions g(f) at ¢ = #, and exp 7 R(t,) at every 7 R have the same
field of tangent vectors of trajectories of points.

The following proposition gives the geometrical definition of axoids.

8.2. Proposition. Let g(f) be a motion in O(m) or E(m). Then the generating
subspaces of p(t;) or q(to) respectively generate all invariant subspaces of the
instantaneous motion of g(f) at t = t,.
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8.3. Proposition. The functions r, are velocities (in the canonical time) of rotation
in the generating subspaces p, or q, respectively, r, is the parameter of the in-
stantaneous helicoidal motion in the case of E*"*'.

8.4. Theorem. The motion in P™ or Q™ is a roulette motion.

Proof. Let us denote by p(t), p(t) the central curves and by (t), y,() the Frenet

lifts of p(t), p(t). Then we have g(t) = y(t) y1 '(¢), = ¥(t) = p(t), 7 y,(t) = p(r). Let
us write mx = 7% = X, where x, ¥ are the same as in (67). Let t = 1, be fixed. Then

y;(tO) = Lv;(ro)aj H yI(IO) = Ly(lo)w ’ ﬁ'(to) =T 7;({0) = Lyl(xu)X > p’(to) = Ly(to)X >
(72) 9(t0)x P'(t0) = Lyoyys-1t0) - LysiyX = Ly X = P'(t0) -

From (72) we see that the tangent vectors at the coinciding points of the central
curves coincide. The arcs are the same, as we see from (68). (Compare with [8].)

In the end we shall find the geometric interpretation for the invariants ¢, r,, »
of a motion (See Theorem 7.7). Let %, = E,; be the canonical base of the algebra
62(m, R) or ®2(m + 1, R). Let us denote o the set of frames Z = g* Z,(g*)”",
where respectively g € O(m) or g € E(m). We have from (16)

d2 = [w*, 2] .

Let us suppose that we are given a motion g(¢), its fixed cone R(7) and the Frenet
lift y(7) of its fixed axoid. Then %, gives the canonical base in b(¢) and we have

R = 1(Ru12 — @aa;zl) s (d%4p) = [(0up)*, (Z4p)]

where w,5 = %,5 dt. We have obtained

8.5. Theorem. The functions t, r,, x are invariants of the fixed cone (invariants
of the group adG).

Remark. Theorem 8.5 js valid for any cone in O(m) or €(m) consisting from
regular elements.

9. Cylic motion

9.1. Definition. Let ® be a Lie algebra. Let X, Ye ®, [X, Y] =+ 0 be given. Motions
equivalent with g(p) = exp ¢X exp @Y are called cyclic motions.

Our definition of cyclic motion is a generalisation of the cyclic motion in EZ and
of the helicoidal motion in E3.

106



.

9.2. Theorem. Let us suppose that we are given a motion g(t) with R(t) consisting
of regular elements. Let us suppose that the lifts of the fixed and the moving axoids
satisfy the assumptions of Theorems 3.6—3.10. Then g(t) is cyclic if and only if it
has all invariants constant.

1

Proof. Let g(¢) be a cylic motion. We may choose such a representant of g(¢)
in its equivalence class that X + Ye o(m) or X + Ye ¢(m) respectively and that X, Y
satisfy condition (U). Let us write g(¢) = g,(¢) g,(¢). We now have

R(p) = 2d/de(g, . g,) . (9,.92)"" = Aadg,(X +Y), 2eR

and b(¢) = adg, o(m) or h(¢) = adg, ¢(m) respectively. The fixed axoid is p(¢) =
= ng, or q(¢) = ng, and g, is its lift. But g,(¢) is the Frenet lift of the fixed axoid,
as g; ' dg, = X do, and X satisfies (U). As X is constant and de/dt is constant, the
invariants are constant, too. The rest is obvious.

Remark. If (X +Y,X + Y) = I, then the coordinates of X and Y are invariants
of the motion.
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