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COMPLEX VELOCITIES ON REAL MANIFOLDS
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(Received November 11, 1969)

The paper starts with the definitions of complex velocities and of complex contact
elements of order r on a real manifold of class C". These concepts are introduced
inevitably in a formal way, nevertheless, they represent a theoretical basis for the use
of imaginary elements in many problems in differential geometry. Our main conclu-
sion is that one may consider some kinds of imaginary elements up to order r on
every real manifold of class C". To give a concrete illustration of our ideas, we discuss
the asymptotic directions at an elliptic point of a surface of class C2 in the real pro-
jective 3-dimensional space. In the remaining part of the paper, the general concept
of a complex r-jet of a real manifold of class C" into a real manifold of the same
class is introduced and the complex prolongations of real fibered manifolds are
treated.

1. Let g be a real analytic function defined in a neighbourhood of the origin
0eR", then g determines a power series of (x',..., x") convergent in a domain
U = R" of the form |x}| < r;, r;> 0, i = 1,...,n. Denote by CU the set of all
(z% ..., z") € C" satisfying |z| < r;, then the power series converges also for every
(z‘, cees z") € CU and defines a complex analytic function Cg, which will be called the
complexification of g. Similarly, let f be a real analytic mapping of a neighbourhood
of 0 e R” into R™, then f is an m-tuple (f*, ..., /™) of real analytic functions and we
define its complexification Cf by Cf = (Cf*, ..., Cf™). Evidently, Cf is a complex
analytic mapping of a domain CU < C" into C™.

Denote by CL,, , the space of all r-jets of complex analytic mappings of C" into C™
with source 0 and target 0. Any r-jet of R” into R™ can be considered as an r-jet of
a complexification of a real analytic mapping, which is the reason why the space L,, ,
of all real r-jets of R" into R™ with source 0 and target 0 is a subspace of CL,, .
(cL,,, or L, , is canonically identified with the set of all m-tuples of polynomials of
degree r of n variables without absolute terms with complex or real coefficients respec-
tively.) The usual composition of jets defines the product XY, X € CL, ,,, Ye cr, ..
CL, means the group of all invertible elements of CL, ,, so that L, (i.e. the group of
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all invertible elements of I, ,) is a subgroup of CL,. In particular, L}, acts from the
left and L, acts from the right on CL,, , and L,, , is invariant with respect to both
actions.

Remark 1. In the semi-holonomic and non-holonomic cases, cf. [2], one can
introduce analogously CL!, ,, CL!, ,, CL, CL,.

2. Let M be a real manifold of class C", dim M = n. The real m"-velocity on M
at x e M is an r-jet of R™ into M with source 0 and target x; the space of all real
m"-velocities on M is denoted by T,(M). The well-known analysis shows, see [1],
that T,(M) is a fibre bundle associated with the r-th principal prolongation H'(M)
of M with standard fibre L, ,, i.e. T, (M) has the symbol (M, L, ., L,, H'(M)). In
other words, every element of 7,(M) can also be considered as an squivalence class
{(u, x)},ue H'(M), xeL,,, with respect to the equivalence relation (u,x)~
~ (ug, 97 'x), geL,.

Definition 1. The fibre bundle CT,(M) associated with H'(M) with standard
fibre CL,, ,, will be called the bundle of the complex m"-velocities on M; i.e. CT; (M)
has the symbol (M, CL, ,,, L,, H'(M)).

Thus, a complex m'-velocity on M is an equivalence class {(u, z)}, u € H'(M),
z € CL,,, with respect to the equivalence relation (u, z) ~ (ug, g~ 'z), g € L,. Since
L, is an invariant subspace of CL, ,, we have T,(M) = CT,(M). The elements of
CT;(M)\T,(M) will be called imaginary m"-velocities on M.

If YeCL,, , and X € CT;(M), X = {(u, z)}, then the product XY e CT;(M) is
defined by XY = {(u, zY)}.

Remark 2. T(M) = T(M) is the vector bundle over M and it is easy to see that
CT,(M) = T(M) ® C. This is the bundle of all complex tangent vectors on M.

Remark 3. To justify Definition 1 in a deeper way, we shall show that a direct
definition of complex m'-velocities on a real manifold M of class C® can be given
provided one introduces the germ of complexification of M at a point x € M as follows.
Denote by H i(M) the set of all germs of local charts of R” into M with source 0 and
target x. Let ¢, € Hi(M) and let ¢, be the germ of a local chart f,, a = 1,2, then ¢,
means the germ of f; = f, 'f; at 0. The germ i, of M at x can also be defined as
the equivalence class {(¢, 05)} with respect to the equivalence relation (¢,, ¢f) ~
~ (92, @21(0h)), where @, @, ¢, € HY(M) and ¢}, means the germ of R" at 0. Since M
is of class C®, ¢,, is a germ of a real analytic mapping and one can construct its
complexification C¢,,. Now, the germ Cu, of complexification of M at x is intro-
duced as the equivalence class {(¢,y4)} with respect to the equivalence relation
(@15 75) ~ (92, C21(¥5)), Where @, ¢y, @, € HY(M) and y} means the germ of C"
at 0. Then it is easy to see that a complex m"-velocity at x € M can be considered as
an r-jet of a germ of a complex analytic mapping of yg into Cu, and the real m'-
velocities at x can be considred as r-jets of those germs which are complexifications
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of germs of real analytic mappings of ¢y into p,. — On the other hand, we underline
that the formal approach of Definition 1 can be applied to every real manifold of
class C".

3. Let X be a real m"-velocity on M, then the real contact m"-element determined
by X is the set XL, see [1]; the fibre bundle of all regular real contact m’-elements
on M will be denoted by K(M), cf. [3]. An m-dimensional submanifold S of M
determines canonically a real contact m"-element kS at each point p € S. Evidently,
the elements of Kj(M) are the directions in T(M), or, shortly, the directions on M.
Now, let X be a complex m"-velocity on M, then by the complex contact m"™-element
determined by X, the set XCL,, will be meant. A complex contact m"-element is called
real, if there exists a real m"-velocity belonging to this set; in the opposite case, the
contact element is called imaginary. (If a real m"-velocity X is considered as a special
complex m"-velocity, then it determines the contact element X CL,,, but the difference
between XL, and XCL,, is only formal and may be neglected.) The fibre bundle of all
regular complex contact m"-elements on M will be denoted by CK},(M); we have
K; (M) = CK}(M). The elements of CK}(M) are the complex directions on M.

If M is a real manifold of class C®, then one can consider germs of m-dimensional
imaginary submanifolds in Cpu,, but if M is of class C" only, one must replace these
germs by imaginary contact m'-elements at x. Nevertheless, this often suffices for
different kinds of geometric constructions with imaginary elements in differential
geometry. As an example, we shall discuss the asymptotic directions at an elliptic
point from this point of view in § 5. In the next paragraph, we present some further
necessary definitions.

4. In the real case, a k"-velocity X’ is said to be contained in an m"-velocity X, if
there exists an element Ye L, , such that X’ = XY. Furthermore, a contact k'-
element X'L; is said to be contained in a contact m"-element XL, if X’ is contained
in X, see [1]. Analogously, a complex k"-velocity X’ will be said to be contained in
a complex m"-velocity X, if there exists an element Ye CL,, , such that X' = XY.
Of course, an imaginary k"-velocity can be contained in a real m"-velocity. In the
same way, a complex contact k"-element X'CL, will be said to be contained in
a complex contact m"-element XCL,, if X’ is contained in X. Let S be an m-dimension-
al submanifold of M and let p e S. If a contact k"-element on M at p is contained
in kS, then we also say that this contact k"-element lies on S.

Let ji, s < r denote the canonical projection of r-jets into s-jets, i.e. j;X means the
s-th part (i.e. the underlying s-jet) of an r-jet X. One sees directly that j$ is canonically
extended to real contact elements, to complex velocities and to complex contact
elements. In particular, every contact 1"-element is projected by j! into a direction on
the corresponding manifold; we shall also say that this contact 1"-element lies in this
direction. >

5. Let S be a surface of class C? in the real projective 3-dimensional space Ps.
If pe S is a hyperbolic point, then the following assertion is well-known: There are
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exactly two directions on S at p such that every curve on S in some of these directions
has the second order contact with the tangent plane 7 of S at p; these directions are
called asymptotic. If p is an elliptic point and if S is of class C, then we obtain an
analogous assertion replacing the real curves of S by germs of imaginary curves in
the corresponding germ of complexification of S. But if S is of class C? only, one
must further replace the germs of imaginary curves by imaginary contact 1%-elements,
which yields

Proposition 1. Let p be an elliptic point of a surface S of class C* in Pj, then
there exist exactly two imaginary directions on S at p such that every contact
1%-element on S in some of these directions is contained in the contact 2*-element kf,r
of the tangent plane t of S at p.

For purely technical reasons, we postpone the proof up to § 9.

6. Let M, M’', M" be real manifolds of class C", dimM = n, dim M’ = m,
dim M" = k.

Definition 2. A complex r-jet X of M into M' is an equivalence class X =
= {(hy, z, hy)}, hy e H' (M), h, e H(M’), z € CL,, ,, with respect to the equivalence
relation (hy, z, hy) ~ (h292, 95 '291, h194), g1 € L,, g, € L,,. The space of all com-
plex r-jets of M into M’ will be denoted by CJ (M, M'); we put aX = Bhy, fX =
= Bhy. If Ye CJ'(M', M") and if aY = BX, then Y can be written in the form
Y = {(hs, w, h,)}, hy € H'(M"), w e CL, ., and we define the composition of complex
r-jets by

1) YX = {(hs, wz, hy)} .

Evidently, J"(M, M’) is a subspace of CJ"(M, M").

Remark 4. Let f be a real mapping of class C" of M’ into M” and let X €
€ CJ’(M, M’), then the image of X by f is defined as the product of jjy,f and X,
X = (jpxf) X, so that it is reduced to formula (1).

Remark 5. The space CJ'(M, M’) or CJ"(M, M") of all complex semi-holonomic
or non-holonomic r-jets of M into M’ can be introduced analogously as the set of all
equivalence classes {(h,, z, h;)} with respect to the equivalence relation (hy, z, hy) ~
~ (h29,, 95 ‘291, h1g,), hy € H'(M), hye H'(M'), g,€L,, g,€L, and zeCL,,
or ze CE:,,‘,, respectively. The composition of complex semi-holonomic and non-
holonomic jets is also given by (1).

Remark 6. JY(M, M’) is a vector bundle over M x M’ and it is easy to see that
CI\(M, M’) = JX(M, M) ® C.
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Remark 7. If M and M’ are real manifolds of class C®, then one can give a direct
definition of complex r-jets of M into M’ based on the same idea as in Remark 3.
Consider the germs p, and p;. of M and M’ at x € M and x’ € M’ as well as their com-
plexifications Cu, and Cu... The complex r-jets of M into M’ with source x and
target x’ can be identified with r-jets of germs of complex analytic mappings of Cu,
into Cuy. and the corresponding real r-jets can be identified with r-jets of those germs
which are complexifications of germs of real analytic mappings of u, into p..

7. Let (E, p, B), dim B = n be a real fibered manifold of class C" and let J'(E, p, B)
mean its holonomic prolongation of order r. It is well known that the elements of
J'(E, p, B) can be identified with the r-jets of J(B, E) satisfying pX = ji,
(= Jao id,,).

Definition 3. The complex holonomic prolongation of order r of a real fibered
manifold (E, p, B) is defined by '

CJ(E, p, B) = {X € CJ'(B, E); pX = jix)} -

Remark 8. Analogously, the complex semi-holonomic or non-holonomic prolon-
gation of order r of (E, p, B) can be defined by

CJ'(E, p, B) = {X € CJ'(B, E); pX = jix)}
or
CJ'(E, p, B) = {X e CJ'(B, E); pX = jix)} -

Remark 9. If (E, p, B) is a vector bundle, then J'(E, p, B) is also a vector bundle
and it holds CJ'(E, p, B) = J'(E, p, B) ® C; the same is also true for the semi-
holonomic and non-holonomic cases.

8. An element X € CT,(E) is said to be in general position with respect to fibres
if pX is an invertible complex n"-velocity on B. A complex contact n"-element XCL,,
on E is said to be in general position with respect to fibres if the same holds for X.

Proposition 2. CJ'(E, p, B) is identified canonically with those complex contact
n"-elements on E which are in general position with respect to fibres.

Proof. Denote by CH'(B) the space of all complex invertible n"-velocities on B.
CH'(B) is a principal fibre bundle over Bwith the structure group CL,,; it can also be
constructed as the extension of the principal fibre bundle H"(B) to the structure group
CL,> L, I Let X e CJ(E, p, B) and let he CH'(B) such that «X = Bh, then
XhCL, € CK(E) and pXh = h. II. Let XCL, € CK/(E) and let X be in general posi-
tion with respect to fibres. Then pX € CH'(B) and pX(pX)~" = jix,, hence X(pX) ' e
e CJ'(E, p, B).
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Remark 10. Proposition 2 holds also for the semi-holonomic or non-holonomic
case provided a complex semi-holonomic or non-holonomic contact n"-element is
defined as the set XCL! or YCL!, where X or Y is a complex semi-holonomic or non-
holonomic n"-velocity respectively.

9. We are now in a position to prove Proposition 1. Choose a plane v not passing
through p and introduce an affine coordinate system in P;\ v with the origin at p
and such that z = 0 is the equation of t; then P5\ v is identified with R3. If R? is
considered as fibered manifold (R?, prs, R?), then k2S is given by z = ax® + 2bxy +
+ cy?, a,b,ceR, ac — b> < 0, and k.t is given by z = 0. If one considers R? as
fibered manifold (R, (pr,, prs), R'), then every complex contact 1°-clement at p
lying on S is given by y = ax + px?, z = (a + 2bx + ca®) x?, o, fe C. This
contact 1%-element is contained in k27 if and only if a + 2ba + ca® = 0, f arbitrary,
QED.

References

[1] C. Ehresmann, Introduction a la théorie des structures infinitésimales et des pseudo-groupes
de Lie, Colloque du C.N.R.S., Strasbourg 1953, 97—110.

[2] C. Ehresmann, Extension du calcul des jets aux jets non-holonomes, CRAS Paris, 239, 1762 to
1764 (1954).

[3] 1. KoldF, Order of Holonomy and Geometric Objects of Manifolds with Connection, Comm.
Math. Univ. Carolinae, 10, 559— 565 (1969).

Author’s address: Brno, Jana¢kovo namésti 2a, CSSR (Matematicky Gstav CSAV v Brng).

123



		webmaster@dml.cz
	2020-07-02T22:00:48+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




