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ON ACCESSIBILITY OF BILINEAR SYSTEMS
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In this paper we will present an explicit formula for solutions of a bilinear system
a B
(1) = (Y Au)x + Y by;,
i=1 i=1

where 4;, i = 1,2,...,a, are n-by-n matrices and b;, j = 1,2,..., f, are vectors
(both independent on time), and w = (u, v) = (uy, ..., Uy vy, ..., V) ranges the set W
of all vector-functions which are measurable on [0, o) and have values in an interval
[ 1] < E,pp

Further, we will construct an involutive distribution Von E,, (using the terminology
of [2]) and show that the set of all points accessible along solutions of (1), which
fulfil an initial condition x(0) = w, is just the maximal integral manifold of V' which
passes through w.

Notations. We use Euclidean norm ” . || in E,. Dimension of a finite-dimensional
vector space ¥~ is denoied by dim . Symbol {p € P; P(p)} represents the set of all
elements p € P with property P(p). Any solution x(.) of (1) corresponding to we W
and fufilling an initial condition x(0) =  is denoted by x(., w, w). Finally, by I we
denote a unit matrix. '

A connected set S < E, is called an r-dimensional manifold if for each x € S there
is an open nonempty set G < E, and an injection ¢ : G — S such that

1. x e ¢(G),

2. ¢(G)is open in S,

3. Jacobian D¢/Dt is continuous on G and its rank is equal to r for all t € G.
A set S < E, which contains only one element is called 0-dimensional manifold.

The matrices A, ..., A,, and the vectors by, ..., by, from (1) are fixed throughout
the whole paper. We denote by 21 the smallest linear space which contains the matrices
Ay, ..., A, and which with any two matrices P, Q € U contains also QP — PQ. In
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other words, ¥l is the smallest Lie algebra, with a bracket operation [P, Q] = QP —
— PQ, which contains A, ..., A,. Further, denote by B the smallest linear spacc
which contains all by, ..., by, and fulfils an implication A e, be B = Abe B.

Distributional equation. Associate with each x e E, a vector space V(x) =
= {Ax + b; A€, be B}. Such mapping is in [2] called distribution. Let us form
an equation

(2) xeV(x)
and call it distributional equation corresponding to the bilinear system (1).
Solution of (2) is any function x(.) absolutely continuous on an interval J < E,
which for almost all ¢ e J fulfils %(r) € V(x(1)). Beside this type of solution we define
a “global” solution of (2) as any manifold S = E, whose tangent space T(x) at each
x € S equals to V(x). Such manifold is in [2] called integral manifold of V.
It is proved in [2] that if V does not change its dimension in E, then for any x € E,,
there exists an integral manifold of ¥ which contains x. This assumption is not neces-

sarily true in our case. Nevertheless, we will prove that the statement of this theorem
remains true for our distribution V.

Lemma 1. Let Ay €, by e B, w € E,. Let x(.) be a solution of an equation
(3) X =Aox + by, x(0)=w.
Then dim V(x(1)) = dim V(w) for any t = 0.

Proof. Take a t > 0. Then x(1) = ¢"(w + [} ¢~ dt b). For arbitrary A4 €,
b e B, we have
t

('_A"'(/l.\‘(l) + b) = ¢~ Aot oot <u) -+ J e M de I)(,> + ¢ M

0

If we define Cy = A, Cyyy = [Ao, Ci], k=0, 1,..., then all C, €A and hence
e gett = Y (i[k!) C, € A. Evidently
k=0

e by = Y O e
»~ At dt by = — €
J‘o‘ 0 kz0 (k4 1)! omo

and

- k
e M =Y (I‘i) Asbe B .

kz

o

L

Hence e~ *(4 x(t) + b) € V(w) which implies dim V(x(1)) = dim {e™ /(4 x(1) + b);
AeA, beB} < dimV(w).
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Similarly, if we start at the point x(f) and go back along x(.) we get dim V(o) <
< dim ¥(x(t)).

Lemma 2. Let we€ E,. Take P,eN, p,eBW, i =1,2,...,k, so that P.w + p;,
i=1,2,...,k, form a base of V(w). Define a mapping ¢ : E, > E, by

k tj
(4) q)(tl, e tk) = ePk"‘ erw + Z J‘ ePkfk epj+1fj+|el"j(fj'rj) drj p;-
=

Then there exists a neighborhood G of origin in E, such that ¢(G) is an integral
manifold of V passing through .

Proof. Take an integer j, 1 < j < k, and t € E;. Then the function &(1) =
= ¢(ty, .. tj=1, 7,0,...,0) is a solution of (3), where 4, = P;, by = p;, and the
initial condition is ®(0) = ¢(t;, ..., t;_4, 0, ..., 0). Hence according to Lemma 1
for every t € E, we have dim V(¢(t)) = dim V(w).

@ is an entire function on E,. Let us write, for brevity, F(t) = ™™ ... ™",
teE, 1 =<s <k, then

a s L]
‘3_‘3@ — —<F1w + ZFJ'I ~I,r; dt. P/) —
ot o

ot j=1

tj
= FSPSFS_I( Lo + ZF j e Pitidr, P;) + Fypps =

Jj=1 0

j=s+1

F,PF;? (w(t) - Y F f TP d, p,) + Fyabs -

As FPF;'eq and Fy,,p,— FPF;' Y F;[¢e T dr;p;eB we have got
d¢(t)[ot, € V(ep(t)). j=stl

In particular 0¢(0)/0t, = P, ¢(0) + p, = P,w + p,. Hence the Jacobian De/Dt
has at t = 0 rank equal to k and the existence of a set G follows from the continuity
of derivatives dg[dts, s = 1,2, ..., k.

Lemma 3. Let S, , be integral manifolds of V and S; n S, % 0. Then for any
x €S, NS, it exists an integral manifold S of V which contains x and is contained
inS; nS,.

Proof can be found in [3], Lemma 1.4.

Theorem 1. Through each x € E, it passes an integral manifold S, of V which is
maximal in the sense that any manifold S of V containing x is a subset of S,.

162



Proof. According to Lemma 2 through each x € E,, it passes an integral manifold
of V. Fix this x and denote dim V(x) = r, Z = {y € E,; dim V(y) = r}. Let Z, be the
connected component of Z which contains x. Then thanks to Lemma 3 we can define
a new topology in Z, calling open all subsets of Z, which are representable as union
of a family of integral manifolds of V. In this topology the connected component of Z,,
which contains x is the sought maximal integral manifold S,.

Theorem 2. For any w € E, the maximal integral manifold S, of V is a set of all
points which can be linked with w by a solution of (2).

Proof. It was shown in [3], Lemma 1.4, that all points on any solution of (2)
which starts at w are contained in S,. On the other hand, take x € S,,. Then there
are integral manifolds S;, i = 0, 1,2, ..., k, given by formula (4), such that w € S,
xeS,and S;_;nS;*+0,i=1,2,..., k. It follows immediately from (4) that an
arbitrary point x, € S; N S, can be linked with by a solution of (2). The mathe-
matical induction completes the proof.

Auxiliaries. We have defined a Lie algebra 2, generated by matrices Ay, ..., 4,
and a linear space B, generated by vectors by, ..., by, which is closed with respect to
multiplication by elements from 2. We will call elementary any vector b € B if there
exist an index j, 1 < j < f, and matrices P, e, i = 1,...,k,sothatb = P, P,_; ...
... P;b;. The index k will be called degree of b. Of course an elementary vector from B
can have different degrees.

Let us repeat Lemma 2 from [4] as
Lemma 4. For any A € U there exist an integer p > 0, finite sequences ay, ..., d,,

®yy ..., O, Of positive numbers and a sequence iy, ..., is, of integers from interval
[1, «] such that

(5) [Texp (at™A4,) =1 + A" + O(P*'), t—0.
k=1
We denote, for brevity, the matrix on the left-hand side of (5) by F (1)

Lemma 5. Be given A€W and an elementary vector b € B. Then there exist an
integer s > 0, a number T > 0, and a piecewise constant control w € W, such that
for any x, € E, we have

x(Tt, w(Tt), xo) = xo + (Axo + b) £ + O(rF*"), 1-0.
Moreover, w can be taken so that each w;, 1 < i < a + 8, have only values equal

atp
to —1,0,1, and ) Iwil = 1.
=1
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Proof. As be B is elementary there are matrices P;e, i = 1,..., k, and an
index j, 1 = j < B, such that b = P,... P,b;. To each P; there corresponds a matrix
function Fp,, which we will in this proof denote simply by F;, and an integer p; > 0
such that F(t) =1 + Py" + O(t"*'), t > 0.

Now we distinguish two cases: 1. Assume A = 0. Put f,(1, 1, x,) = F ().
(FT'(1) xo + bjt) — byt = xo + (F4(t) — I) b;r. Having defined, by mathematical
induction, fi(t, 1, xo) = xo + (Ft) = I)...(F,(t) =) bjr, i =1,2,...,5s — 1, we
put fi(t, 1, xo) = fo (=7, t, F(1) fo—1(x, 1, F7 (1) X)) = F(t) foo o7, 1, F5 (1) x0) —
— (Fooi(t) = 1) ... (Fy(t) = 1) bt = xo + (F(t) = 1) ... (Fy(t) = I) bjr.

k
If we denote p = ) p; and g,(t, xo) = fi(1, 1, X,) then we get
i=1

(6) 9s(t, Xo) = Xo + bt + O(t"*1), 0.

2. Let A e be arbitrary. Then there exists an integer g > 0 such that F,(t) =

=1+ At + O(t"*'), t - 0. Put s = max (p, g). Then there exist a number T > 0
and a control w € W, fulfilling all restriction on its range, so that

x(Tt, w(Tt), xo) = F(179) g,(t*'", x,) =
=+ A + O(r*")) (xo + bt + O(r*")) =
= Xo + (Axo + b) * + O(r**"), t—>0.

Lemma 6. Be given A € W and an elementary b € B. Then for anye > 0,1 € (O, 1],
and w € E, there exist we Wand T > 0 so that

I 2
Hx(T, w, ) — e (w + j e~ 4t dr b)
0

Moreover, the control w can be taken so that it is piecewise constant and its coordi-
a+p
nates w;, 1 £ i < a + f8, have only values —1,0, 1, and Z |w,-| = 1.
' i=1

<e.

Proof. Take an integer m > 0 and put xq = y, = o,

A/m
x; = eHm (x,-_l +I e " dt b>, i=12..,m,

0

¥, =<1 +-{7—A)y,~~1 v =12 m,
m m
t
% = max || <w -FJ‘e_“t dr b)“
0

te[0,1] |
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Then

H%—*H<C+~Wﬂownl—&lu+()!MW””WW%%+HW%

This implies

bra =l 2 (1) 1Al ermmeiapcs o § (1+ 2 1a1) ' s

< 2 (Al+ o e g o 2
m m
where

= (4] = + o) *141.

There are matrix function F 4 and a vector function g, and indices p, q, correspond-
ing to 4 and b. Put s = max(p, q) and h(1, x) = F,(1'7) g,(t'/?, x) and define
points zo = w, z; = h(A[m, z;_}), i = 1, ..., m. Then there exists a constant K > 0,
which depends only on 4 and b, such that for all i, | £ i < m, we have

i{zi — (1 + iA) Zi, — ib‘ < K(l + “Zi-1“) <i>l+lls .
| m m | m

R O R (R ERRr

Further,

s (14 2 0AL+ K el + 2ol 5.

Hence

el = (14 200+ 50) Jol + 20+ 003, (14 2+ 0) s
< <||u)” + |bH + )ei(l|A||+K) —L_1.

4]+ x

Forany i =1,2,...,m, we have
!<I+1A>3i—1+ib—< +1A>Y: 1——b“
i m m m m H
) 1+1/s ‘ i L+1/s
+ KL<—/—> < (1 + 4 ”A||> Hzi_l — yi_]“ + KL(——) i
m m m
s m i— 1/s
— ¥l = KL( ) s (1 + i!(A(l) | <KL <i) ,
i=1 m m

Jzo - vl =
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Finally,

lzn = xall = |

Zm — ym” + ”ym - xm“ é

i/s 1/s
< AKLeHIAl <i> +ct ok, (i) ,
m m m

It remains to take m so that K,(A/m)'* < e.

Main result. Theorem 3. Given we E,. Then the maximal integral manifold S, of V
is equal to the set of all points in E, which are accessible from w along solutions of
the bilinear system (1).

Moreover, each x € E, can be reached from w along a solution x(‘, w, w), where w

a+p
is piecewise constant, its coordinates have only values —1,0, 1, and )’ ‘w,.] = 1.
i=1

Proof. Evidently all points on any solution x(., w, ) are contained in S,,. On the
other hand take x € S,,. Then there exist integral manifolds q),-(G,-), i=0,1,...k,
which have form (4), such that w e @o(G,), x € @(Gy), ¢:—1(Gi—1) N @(G) *+ 0,
i=1,2,...k

According to Lemma 6 a point x; € ¢o(Go) N ¢,(G) can be reached from w along
a solution of (1) which corresponds to a piecewise constant control, satisfying restric-
tions on its values. By mathematical induction we conclude that for any ¢ > 0 there
exists a piecewise constant control w,, satisfying restrictions on its values, and
a number T, such that |x(T, w,, ©) — x| <.

Let dim V(x) = k. We can choose matrices P; € A and elementary vectors p; € B
so that P;x + p;, i = 1,2, ..., k, form a base of V(x). According to Lemma 5 for
any i =1,2,..., k, there exist a matrix function Fp, and a vector function g,,
denote them for brevity F; and g;, respectively, and indices g;, r; such that

ht,x) = F(t"%) g (t'", x) = x + (Px + p)t + O(t***), t->0, 1, >0,
i=1,2,..k.

Now, define H,(t;,x) = hy(t;,x), t, € Ey, H{ty,...,t;,x) = ht, H;_y(ty, ...
e tingy X)), (ts oo ) € Ey i = 1,2, ..., k. Then H,(t, x) = Hy(ty, ..., t, x) has all
derivatives of the first order continuous on E,, H(0, x) = x, and 90H,(0, x)/dt; =
= Px+ p;, i =1,2,..., k. Hence there exists a neighborhood G < E, of origin
such that H,(G, x) is an integral manifold of V.

Each point in H(G, x) can be reached from x along a solution of (1), corresponding
to a piecewise constant control w, which fulfils the restrictions on its values. But for
sufficiently small & > 0 we have x(T,, w,, ®) € H,(G, x). This completes the proof.

We have actually proved a slightly more general
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Theorem 3a. Let A, be a set of n-by-n matrices and B, a set of n-dimensional
vectors with a property:

1. 0e%U, 0B,

2. AeWUy=> —A4eA,; beBy= —beB,.

Let U be the smallest Lie algebra containing A, and B the smallest linear space
containing B, which with be B contains also Ab for any A eA. Put Vo(x) =
= {Ax + b; Ae Ay, be By}, V(x) = {Ax + b; Ae U, b e B} and form an equation

(7) % eVy(x) .

Then for any w € E, the set of all points accessible from » along solutions of (7)
is equal to the maximal integral manifold S, of (2).

Example. Consider an equation
(8) X = Ax + Bu,

where 4, B are constant matrices of type n-by-n, n-by-m, respectively, and u ranges
the set of all vector functions, measurable on [0, o), with values in [—1, 1]™

Then the set of all points accessible from 0 along solutions of (8) is contained in the
maximal integral manifold of the distribution V which passes through 0, where V is
generated by matrix 4 and columns b;, j = 1,2, ..., m, of the matrix B.

Hence a classical necessary condition for controllability of (8), see [6], which reads:
(9) ‘‘a matrix with columns 4*b;, j = 1,...,m, k = 0,1, ..., n, has rank n”;

follows from Theorem 3.
If we instead of (8) have an equation

(10) X = yAx + Bu,

where all symbols have the same meaning as in (8) and y ranges the set of all piecewise
constant functions which assume only values — 1, 0, 1, then it follows from Theorem 3
that (9) is also a sufficient condition for controllability of (10).
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