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FOR A VIBRATING STRING

JAROSLAV KURZWEIL, Praha

(Received August 10, 1966)

0. By the Van der Pol Perturbation of the Equation for a vibrating string the
following boundary value problem is meant

(1,0) Uy — Uy = &(1 — u?)u,,

(2,0) 0<x=<1, 120, u(0,1)=u(l,)=0,

¢ being a small parameter. Instead of (1,0), (2,0) the more general problem (2,0),
(3,0) Uy — g, = ¢ h(u)u,,

will be considered assuming that

(4,0) his an even function defined on E, its derivative of the second order h” is
continuous, h(0) > 0, h'(&) < 0 for & > 0, h"(£) < 0 for & > 0.

The results are analogous to those proved in section 6 of the author’s paper [1]
for the problem

(5,0) Uy — Uy = (1 — ul)u,

with boundary conditions (2,0).

In the paper quoted it was proved that for ¢ small enough there exist classical solu-

" tions of (5,0), (2,0) such that there exists the uniform limit o(f, x) = lim u(t +
n=1,2,3,...
+ 2n, x); of course, v(t + 2, x) = v(t, x) and v is continuous, but the derivatives

dv/ot, dv[ox are continuous at (¢, x) only, if t + x +n + 9, and t — x +n + 9,

n=..-—1,01,..., 9 being a fixed real number.
Here it will be proved that there exist classical solutions u of (3,0), (2,0) such that
there exists the limit o(r, x) = lim wu(t +2n,x) if t+x+n+9, t—x=*
n=1,2,3,... ~
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+n+39 n=..-101,...,9 being a fixed real number; v is continuous .at
(tx)onlyift +x+n+ % andt—x+n+9%,n=..-101,... »

1. Let H be defined by H(¢) = [§ h(o) do. It will be proved that there exists
a unique a > 0, H(a) = 0. Put g(¢) = %a for 0 < & < 1, g(& + 1) = —q(¢) for
¢ € E,. The main results of this paper are formulated in the following Theorem:

Theorem 1,1. There exist functions ¢ and  which fulfil the conditions (iii), (iv)
of section 4, [1] and to every 6 > 0 there exists an &, > 0 that for 0 < ¢ < &, the
following assertions take place:

(i) the solution u of (3,0), (2,0), u(x, 0) = ¢(x), u,x, 0) = y(x) exists for t = 0
and is bounded,

(ii) there exists a number 3 = 3(¢) such that the limit

(1,1) limu(x, t + 2n) = v(x, 1), n =1,2,3, ...
exists, if
(2,1) X+t+9+2n, and —x+t+8%+2n, n=...-1,01,...

The limit (1,1) exists uniformly for (x,1)e D = €0, 1) x <0, o), if D is compact
and (2,1) is fulfilled on D,

(iii) v is continuous at (x, t), if (x, 1) fulfils (2,1) and
(3.1) [o(x, 1) —q(x +t — %) + g(—x +t — 9| £ 6,
ifx+t+3+nand —x+t+3%+nn=..-10,1,...

Note 1,1. Let (x;,#)€<0,1) x <0,), x; +t; =93 +n, or —x; + t; =
=9+n n=..-1,01,... It follows from (3,1) that lim  (x, t) does

(x, )= (x1,11)
not exist, if 6 < a.

Note 2,1. The same result is valid, if g is replaced by g* which is defined as follows:
there exist numbers 0 = &, < & < ... < & =1, g*(&) = %a for &; £ & < &rivys
i=0,1,..,2i + 1 <1, q¥(&) = —%a for &y S E<Epia, i=0,1,..,20 +
+2=Lg*¢+ 1) = —q*¢&) for £€E,.

Note 3,1. Theorem 1,1 holds, if h” is continuous and the assertion of Lemma 1,2
holds ((4,0) need not be fulfilled).

The problem (3,0), (2,0) will be treated by the method developed in section 4, [1].
Let L, be the Banach space, the elements of which are locally integrable functions

y=y(€) on E; y(&+2)=y¢) ae on E;, [2y(&)d¢é=0, |y]= |yl =
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= o Iy(é)l dé. If yeL,, let I,y = Y be absolutely continuous, dY/d¢ =y ae.,
{5 Y(&)d¢ = 0. Obviously

1) Y(e) = Fu(a)da i %Jj(a — 2) v{o) do = %f”(a — &= 1) ofo)do.

0 g
The transformed equation is (cf. [1], (18,4))

(5’1) Elz = f(}', T, 8) >
dr

f being defined for y € L; by

61) S35 6) = 3h (y(g) - Y(—é +2 —Z-)) (y(f) -y <— E+2 E))

and the averaged equation is (cf. [1], (20,4))

dy
(7.1) 5 =0

fo being defined for y € L, by
B0 50) = [ M) = X2+ 20) 00 (¢ + 20) 4o

Let C' be the Banach space the elements of which are functions y € L, that have
a continuous derivative y' = dy[d¢, [|y|| = |y]c: = max [y'(£)|. It may be proved in
g

a similar way as in [1], Lemma 1,4, that f(, 7, €) and fo(y) € Ly(C") if y € L,(C") and
obviously f and f, fulfil a Lipschitz condition with respect toc y on every bounded
* subset of Ly(C"). Therefore equations (5,1), (7,1) may be examined on L, or on C'.
Let (5,1) be examined on C' and let y = y(r) be a solution of (5,1) on <ty, 7,),
Y(7) = I; y(z). Put Y(&, 7) = Y(7) (&) for &€ E,, €1y, 1,). It was shown in [1],
section 4 that u defined by u(x, ) = Y(x + 1, et) — Y(—x + ¢, &) is a classical
solution of (3,0), (2,0). Therefore Theorem 1,1 is a consequence of the following

Theorem 2,1. There exists a function e C' (J may be chosen analytic) and to
every 6 > O there exists an gy > 0 that for 0 < ¢ < ¢, the following assertions take
place:

(i) the solution y of (5,1), y(0) = ¥ exists for t = 0 and Y(z) = I, y(7) is bounded
fort =0,
(i) put Y(& 1) = Y(z)(&); there exists such a 8 = 9(¢) that the limit

(9.1) lim Y(& © + ie) = Z(&, 1), i=1,2,3,...
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exists for £+ 9 +j, j=...-1,0,1,..., t€E,. The convergence in (9,1) is
uniform for &€ A, t €0, oo), A being a subset of E,, whose distance from the set

{3 +j}j=...—1,0,1,... is positive, ¢ being fixed,

(iii) Z is continuous at every point (&, 1), & + 3 +j,j = ... —1,0,1,... and
(10.1) 2(67) - a(é - 9)| = 8
foré£9+j4,j=...-1,0,1,...,1€E,.

The proof of Theorem 2,1 is contained at the end if section 4. Section 2 contains
auxiliary results, in section 3 a set U is defined, which is invariant in the following
sense: if j € U, then y(¢) € U. The proof of Theorem 2,1 is preceded by a series of
Lemmas, the main result of which is that Y(ie), i=0,1,2,...1s a Cauchy sequence
in some sense.

2. Lemma 1,2. Let h fulfils (4,0). Put H(¢) = [§ h(c) do. Then there exists a unique
a > 0 that H(a) = 0. h(¢ — a) + h(¢ + }a) is decreasing on <0, ta + 1) and

(1,2) h(—%a) + h(3a) > 0, h(0) + h(a) <O,
(2,2) H(¢ — %a) + H( + 3a) > 0 for ¢€(0,1a).

Proof. It is obvious that there exists an a, such that h(¢) > 0 for ¢ €0, a,) and
h(&) < 0 for & e (ay, o0); as h'(&) < 0 for & > 0, lim h(¢) < 0. Therefore there exists
g o0

a unique a such that H(a) = 0. Obviously H(¢ — %a) + H(¢ + %a) =0 for £ =0
(His odd) and & = a, (d/d&) (H(¢ — 4a) + H(Z + 1a)) = h(¢ — %a) + h(¢ + a) =
= h(a — &) + h(a + &). h(3a — &) + h(ia + &) is decreasing for & = 0 as the
derivative h'(3a + &) — W'(a — &) = [}2X8 h"(n) dn is negative for & > 0. Hence
h(—%a) + h(4a) > 0, h(0) + h(a) < 0 and H(¢ — }a) + H(¢ + %a) > 0 on (0, 1a).

In the sequel the following Banach spaces will be used: L;, C', M, L,, L}. L,
and C! were introduced in section 1, the elements of M are bounded measurable
functions Y defined on E;, Y(¢+2) = Y(¢) on E;, [JY()dE=0, Y]y =
= sup lY({)[, the elements of L, are locally square integrable functions Y on E,,

Y(£)§= Y(E+2)ae., [5 Y(E)dE=0, | Y], = (5 Y*(&) d&)'/* and the elementsof Lj
are absolutely continuous functions Y on E;, Y(&) = Y(¢ + 2) on E,, [§ Y(&)dé =
=0, |Y]es = 3 [9(&)]dé y = (d)d¢) Y. L, C', M, L,, L} are such subspaces of
the above spaces that in addition Y(¢ + 1) = — Y(&) holds for £ € E;.

For every fixed v and ¢ > 0, f(., 7, &) maps any of the above spaces into itself
and a Lipschitz condition is fulfilled on any bounded set. As f is continuous in all
variables, (5,1) may be examined on any of the above spaces. If X is one of the above
spaces, the fact that (5,1) is examined in X and y is a solution defined on {t,, t,), will
be described by y is a solution of (5,1) in X on{ty, 7, (and in an analogous way solu-
tions of (7,1) and other equations will be described).
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Let yeL;, Y = I,y; then
(3.2) 5‘; H(Y(E) = Y(—& + 26)) = 2. h(Y(&) = Y(—¢& + 20)) y(—& + 20)-

Hence

(42 700 = 8) [ M) = ¥(= 4 22)) 0 =

B }th(Y(é) = Y(=¢ +20) (&) + (=& + 20)) do =

d1[?
_ EEZLH(Y(é) — ¥(~¢ + 20)) do .
Define for Ye M
(5.2) £2)(8) = }1 f :H(Y(é) ~ Y(=¢ + 20)) do.

Again f5(Y) e M, if Ye M (cf. [1], Lemma 1,4).
The following lemma is a consequence of the above considerations (as I, may be
interpreted as a bounded operator from C' to M).

Lemma 2,2. If (7,1) is examined on C' if y is a solution of (7,1) on {(ty, T2) and
if Y(t) = I y(1), then Y is a solution of

v,
(6.2) ol 100)

(considered on M) on {1y, 1,).
Observe that

(7,2) fo(g@) =0 (inM),

q being defined at the beginning of section 1.
If yeL,, then f(y,1,¢)eL;. The following Lemma is a consequence of the
uniqueness of solutions of (5,1).

Lemma 3,2. Let y be a solution of (5,1) (examined on Ly, C') on {ty, 12D, y(t,) €
€ Ly, Cy. Then y(z) e Ly, C, for t e {1y, 12).

Note 1,2. Lemma 3,2 may be modified as to hold for solutions of any of equations
(5,1), (7,1) or (6,2) on any of the spaces M, C*, L,, L,, L}, if the right hand side of the
equation is defined on the respective space.

In the sequel a series of estimates will be established. It is supposed that A is
a fixed function; hence the number a and the function g are fixed. These estimates
hold for 0 < ¢ < ¢, and by ¢, a sufficiently small positive constant will be denoted,
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which may be dimished, if necessary, without mention of it specially. At the beginning
of section 4 a n > 0 (small) is introduced and a D > 0 (large) is introduced in
Lemma 12,4. Both 1 and D are to be locked as free parametres, while K, K, ...
cees Hyy Hay oo ¥, 0,9, T, a, R are fixed. (Especially these constants are independent
of ¢, n, D, §.) Ky, K, ... are to be sufficiently large; it would be possible to replace
them by a single K sufficiently large, but as y and ¢ have to fulfil several inequalities
where some of the constants K, K,, ... appear (cf. Theorem 2,3), K, K,, ... are
distinguished by indices in order to avoid any misunderstanding. N; depends on 7
only, N, depend on 7 and D only (i.e. they are independent of ¢, j).

Lemma 4,2. Put R = 2a + 12. There exist ¢, > 0 and K; > 0 that the following
assertion holds: If y € Ly, ”ﬁ“L1 < R,T€E, 0 < ¢ < g, then there exist solutions y
of (5,1) and y, of (7,1) (considered on L,), y(¥) = § = yo(%) on (%, % + &) and

(8,2) yE+e) =7+ fo(§)e+z, |z|., <K&,
(9,2) yo(F+¢e) =F+foP)e+ 20, |2z0]r, S K&,
(102) @) SR+ 1, [yo(®)|e, SR+ 1 for et i+e).

Proof. The proof that y and y, exist on <%, ¥ + &) is standard and that (10,2)
holds for sufficiently small ¢. (8,2) follows from the fact that

o) =7 +J1f()7, o)do + zy(1), |zy(7)|L, S Ke* for T<T=<T+e

and that [7*° f(7, 0) do = & fo(). (9,2) follows in a similar way.

Lemma 5,2. Let y be a solution of (5,1), (7,1) in Ly on {1y, 1,), ¥(t;) € C'. Then
y(t) e C for 1€ {1y, 1), y is a solution in C' and y(&, t) = y(r) (&) is a continuous
function on E; x {ty,7,). Conversely every solution of (5,1) (or (7,1)) in Cy is
a solution of (5,1) (or (7,1)) in L,.

The proof is omitted as it is a slight modification of the proof of Lemma 6,4, [1]
(The only change being in that, that ¥; = Y on (0, L,) and therefore Y; is bounded
on (0, L,) and y, is bounded on (0, L,), as in case of equations (5,1) and (7,1) equation
(34,4), [1] is linear in y,. The converse statement follows from that the natural map
of C! into L, is linear and bounded.)

Lemma 6,2. Let jeC', ||7|., =R, T€E;, 0 <& < &, Then the solution y of
(5,1) in C' on <%, T + &), (%) = J fulfils

(11,2) Y& 7) = 5(8) =J'th (Y(c, o) Y<—€+2§,a>).

.[y(é, o) - 7(&) — y(— c:r zg,a) + i<—§+2§>]da 26 7),
|22(&, 7)| < eKo[|53)| + 1], ¥(E 1) = y(2) (&), E€E,, telf i +ed.
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Proof. The solution y exists according to Lemmas 4,2 and 5,2. As the value at ¢
is a linear bounded functional on C!, we obtain

(12,2) y(E 1) = 9(E) + jh (Y(é, o) — Y(-é +2 g a)) .

.(y(é,a) —y(~€ + 2§,a>)da.

Hence z,(¢, ) = [fh(Y(¢, 0) — Y(—& + 20/, 0)) (§(&) — F(—¢& + 20/e) do. The
estimate of |z,| in (11,2) holds, as |[y(o)|, £ R + 1 for 0 € (%, % + &) (cf. (10,2))
and therefore [Y(é, a)l SR+ 1foréeEy, aedi i+ &) (cf. (4,1)).

Lemma 7,2. Let j e C!, ”)7”1,, <R, T€E,, 0 < ¢ =< ¢, Then the solution y of
7,1)in C' on (%, T + &), ¥(%) = § fulfils
( y

(132) (&) - 3(0) = %”:h (Y(g, ") - Y(—«: + 2‘;51) (& m) —
— J(&))dodn + z5(¢,n),

|23(E.7)| < eKs|5(8)], CeEy, Tedii+e).

The proof is similar to the one of Lemma 6,2.

Proof. Starting from
. 1 T (M2
(142) e =30+ 5 j j h (Y(é,n)—Y<—£+2§,n>>y(f,n)dodn,
zJo

we obtain that z3(& n) = 35(&) [ (5 n(Y (&, n) — Y(=¢& + '70/5 n)dody and the
estimate (13,2) for z3(¢, n) holds.

Lemma 8,2. Let y have the same meaning as in Lemma 7,2. Then
(15.2) [p(& ) — 3| S k(&) + 1), EeE,, tecit+e).

The proof of Lemma 8,2 is based on the Lemma 9,2.

Let X be a Banach space; X will be called an ordered Banach space, if for some
Xy, X, € X the relation x; =< x, is defined and if the following conditions are fulfilled:

(i) the relation < is transitive;
(ii) if x; < x,, then x; + x < x, + x for x € X;
(iii) the set of all x = 0 is closed.

(Of course x; < x, has the same meaning as x, = x;.)
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Lemma 9,2. Let X be an ordered Banach space, let A be a linear bounded operator
from X to X such that ||A|| < 1 and Ax 2 0 if x 2 0. Let we X and let for some
X, XX

(16,2) x; £ Axy +w, Ax, +w =< x,.
Then x; < X,.

Proof. Put x = w + Aw + A%w + ... Obviously x = Ax + w. It follows by
induction that
X, SwH Ax; Sw+ Aw + A%, < ...,
Xy Z w4 Ax, = w+ Aw + A%x, = ...

Hence x; = x < x,.

Proof of Lemma 82: Put x,(¢,7) = |y(6, 7) — ?(’g’)]. If y is a solution of (5,1),
then it follows from (11,2) (cf. (10,2)) that
(17.2)  x,(&1) < K‘[

T

(xl(é, o) + x, (—5 + 2g a)) do + eK(lykg)[ +1),

(eE;, telf,T+¢).

Let X be the space of bounded and continuous functions x on E; x <%, T + &) with
the usual norm and order relation. For x € X put (4x) (& 1) = K [5(x(¢ o) +
+ x(—& + 20/¢, 6)) do; obviously 4| < 2Ke. Of course, we assume 26K < 1.
(K being kept fixed during this proof.) Put w(¢, t) = eK[|§(&)] + 1], x, = 2w. (17,2)
may be written as x; < Ax; + w. It remains to verify that Ax, + w < x,, i.e. that

2eK(|7(&)] + 1) = KJ_TSZEK (]i(f)| + |5 <_5 +2 ;_7>

+ 2> do + eK(|7(&)| + 1)
which is equivalent to
2
[5(8)] + 1 = 2eK|9(&)| + £Kj |7(0)| do + 4eK .
0

As [ |#(0)| do = ||7||z, < R, the last inequality is fulfilled for 0 < & < &, & being
sufficiently small. (15,2) is a consequence of (16,2) (K in (15,2) being equal to 2K from
this proof). If y is a solution of (7,1), then it follows from (12,2) that

x,(& 1) £ %ijxl(é, n) dn + eK|5(¢)] .

Gronwell inequality implies that x,(&, ) < eK|5(¢)| exp (3Ke) and (13,2) holds in
this case. Lemma 8,2 is proved.
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Let us examine the equation of variations of (5,2) for Y = ¢

dw ,
(18,2) — = Foy(q) W,
dz

the right hand side of (18,2) being defined by
(19.2) (Fox(a) W) (¢) =
- j Wa(€) — a(=& + 20)) [W(&) = W(~E + 20)] do.

Lemma 10,2. Let W be a solution of (18,2) in M on {ty, 7). Then
(20,2) (@), = [W(er)] L, exp G(H(O) + h(a)) (r = 71)), Telry, 1)

Proof. It may be verified that (d/d7) [W(7)|Z, = Q:(W(r)) — Q(W(2)), Q1, Qs
being defined by

0.(0) () = j f “Wal) — a(—¢ + 20)) U(e) do e

0,(0) (&) = j j :h(q@) — a(—& +20)) U(~¢ + 20) U() do de

for U € M. The definition of g (cf. the beginning of section 1) implies that [3 h(q(&) —
— g(—& + 20))do = h(0) + h(a) so that
(21.2) 0.(U) = (h(0) + h(a)) |V, -

Let us substitute n = —¢ 4 20 for o in the expression for Q,:

0:(0) (¢) = f f “Ha(®) — aln) U(E) Uln) d& dn.

It follows from the definition of ¢ that h(q(¢) — g()) = h(0) for 0 < ¢ <1, 0 <
sn<1and for 1=¢&<2 1=1n<2 h(q(¢) — q(n)) = h(a) for 0 < ¢ < 1,
lsn<2andfor 1 £6<2,0sn<l Puto(é)=1for0=¢<1, o) =0
for 15 ¢ < 2. Then h(a(¢) — a(n) = h() [o(®) o(r) + (1 — o(8) (1 — alr)] +
+ h(a) [w(&) (1 = o(n)) + (1 = (&) w(n)] for & ne<0,2). Hence (as [2 Wd¢ =
=0) Q,(W) = 2(h(0) — h(a)). (fo W(&)d&)2. As h(0) > 0, h(0) + h(a) < O (cf.
(4,0), (1,2)) it follows that h(0) — h(a) > 0; therefore

(222) 0:W) 20, W, < (hO) + hia) W],
and (20,2) follows.
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3. The purpose of this section is to prove that if je C' and ¥ =1 ¢y fulfil certain
conditions, T € E;, 0 < ¢ < &, then there exists the solution of (5,1) ((7,1)) in C' on
(%, % + &), y(¥) = ¥ and that y(¥ + ), Y(¥ + ¢) fulfil the same conditions as 7, Y.

Let us describe the conditions which will be imposed on 7, ¥. Let us choose numbers
Ho» ys o> M3, 0 < pty < py < da < ps <4a+1, pp + py = a, py — 3a < 45 (cf.
(10,1)) in such a way that |H(y) — h(0) n| + |H(a + n) — h(a)n| < §|h(0) + h(a) |1
for l”ll S U3 — Ha,

(1,3) |H(n2) = H(n) = h(0) (n2 — n1)| = 76|h(0) + h(a)| |12 — ny],
|H(a + n2) — H(a + ny) = h(a) (12 — n1)| < 76[h(0) + h(a)] [n2 — my|
for |, [m] < #s — pas
(23)  |h(n) — B(0)| < }|R(0) + h(a)| for 2u, —a < <2u; —a,
|h(n) — h(a)| < 3|h(0) + h(a)| for 2u; <1 < 2p5,

(3.3) h(uo — %a) + h(po + %a) > 0,
(4.3) h(uy — %a) + h(py + %a) <O,
(5:3)

inf [H(¢ - 4a) + H(¢ + 3a)] > 12(uy — o) |1 (g — 3a) + h (uy + 3a)] .

Ho=Esp2

It follows from Lemma 1,2 that it is possible to fulfil conditions (1,3)—(5,3).

Let v, ¢ and y be positive numbers, 0 < y < 1; v = 1 may be arbitrarily large and ¢
and 1 — y are assumed to be small. Let |4| denote the Lebesgue measure of 4, 4
being a Lebesgue measurable subset of the real line. The conditions which are to be
satisfied by j, Y are the following ones:

(6,3) jeCt,

(7,3) there exist numbers o', o, B, ', =% < &/ < a < B < B’ <  such that

s V) S —py for —3SESA,
—u Y@ < —pp for o LEZa,
o Y@ po for a=gEZB,
po S Y= py for BSESP,
p Y@ s py for B sELS,

(8,3) |A| 2 y, A being the set of these ¢ from < —14, ) that u, < |¥(¢)| < ps,

(9.3) FE)zvz1 for el ),
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(10,3) 5@ 2 v[1 = (= ¥(8) — mo)2(uy — mo)] for Eelo,ay,
3@ 2 v[1 = (F(©) - mo)2(my — #o)]  for &e<B, B,
(11,3) FE = -2 for el(—%1),
(12,3) 13 (7(&) — q(& - 95))* ¢ < 0%,
90 €<{~1, 1) being defined by ¥(39,) = 0(of course, 9, is unique and « < 9, < f),
(13.3) 17l S R.

Denote by U = U(v, ¢,7) the set of such j, that conditions (4,3)—(13,3) are
satisfied by 7, ¥ = I,.

Observe that (6,3), (9,3) imply that v(f — ) < 2pg, B/ <o’ <1 —y. Let je U,
%€ E,. (13,3) and Lemmas 4,2, 5,2 and 3,2 imply that the solution y of (5,1) (or of
(7,1)) in C*, (%) = J exists on (%, ¥ + &) and fulfils (8,2), (9,2), (10,2) and y(z) e C*
for te<%, 7 + &) . Hence

Lemma 1,3. y(# + ¢) fulfils (6,3) (for 0 < & < &).
The proof that Y(% + ¢) fulfils (7,3) and (8,3) is based on the formula

(143)  Y(& T +e) = Y(&)+ i € .rH(Y(é) - ¥(=¢ + 0))do + Z4(%),
(€Ey, |Zy(f) S Kse?, 0<e=Ze.

In order to prove (14,3) suppose that y is a solution of (5,1) and start from

V& T +e)= (&) +

+ %rh <Y(:, 7) - Y(——é + 2§,r>) [y(f, ) — y(—é + 22,:)]&.

Applying the operation I, one finds that

Y(E 7+ ¢) = Y(¢) +

L %E”I;{h (Y(é, o) - Y(—é +2%, r)) I:y(é, ) +y (—5 +25, :)jl} de
_ ﬁﬂzg{h <Y(£, ?) - Y(—f + 2£,T>>y (—5 + 2£,t)} dr.
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As I{h(Y(E, ©) — Y(=¢ + 2tfe, 7)) [W(E 1) + ¥(=& + 2tfe, 1))} = H(Y(S7) —
— Y(—¢ + 2(te), 7)), we obtain that

20 =3[ (e - x(=e +2.)) -
- H(f’(é) - 17(—6 + 22))] dr —
__I;{J':Hh (Y(é, 7) - Y(—c + 22, r))y(-{ + zi,T)df},

Observe that [T** h(Y(¢) — Y(—¢ + 20)) §(—¢& + 20) do = 0 (cf. (3.2))- Therefore
it follows from Lemma 8,2 that there exists such a K, (depending on R, K, K) that

J‘Heh(Y(é,r)— Y<—§+23,r>)y(—§+ 2f,r)dr
P € €

L e ()
- H <Y'(é) - ?(~5 +2 z>)] dr

(14,3) holds, y being a solution of (5,1), K3 = K,. If y is a solution of (7,1) then Yis
a solution of (6,2) (cf. Lemma 2,2) and we may start from

2
< 1Kqe

and that

< 1K,é*.

Y& +5) = 7(E) + H_HTH(Y@, ©) = ¥(=& + 0, 7)) do dr =
- 7(9) +41_1 : .rH(Y(c) ~Y(—¢ + o)) do + Z3(8),
746 = i f o :[H(Y(é, O = V(=& + 0,7) — H(T(E) — F(—¢& + o)] do .

¥

As |y(@)|L, £ R + 1 (cf. (10,2)), it follows that || Y(z)|» < R + 1 and (6,2) implies
that |Y(r) — ¥|» < Ks|t — #| for 1€ (%, % + ). Hence there exists K¢ such that
|Z3(8)| = Kee?. (14,3) holds for K; = max (K, K).

Lemma 2,3.

(153)  Y(& 7 +¢) = a(€ — %) + W(E) [ + 4e(h(0) + h(a))] + Z4(E),
|Z4(®)] = de . [3[1(0) + h(a)| (ns — 1a) + 4Kse + K4(1 — v + 0)],

if ma < |¥(8)| £ ms.
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In order to prove (15,3) choose such a ¢ that #2 < ¥(£) < p; and start from

(14,3). Put W(¢) = Y(&) — q(¢ — ), 9o€{—1%,3> being defined by (12,3). It
follows that

Y(E % +¢) = q(& — 9) + W(E) + W(&) iarh(q(é = 9) -
—q(—¢ + 0 — %) do + Z4(8),

Z4(&) = Zy(¢) - is -rh(q(é = 90) — q(=¢& + 0 = 8)) W(=¢ + o) do +

0

+e .iJZ[H(q(é —99) — a(—E + 0 — 8) + W(E) — W(=E + o)) —

— h(a(& = %) = a(=¢ + o = %)) (W() = W(=¢ + 0))] do .

Let A’ be the set of such 6 e{—1, 1) that lW(—é + a)[ < py — ta; as IA’I =2y
(cf. (8,3)), the last integral may be estimated by (cf. (1,3)) 2 4|h(0) + h(a)| 2(us —
— 4a) + 2K,(1 — y) and

(16,3) th(q(é - %) —a(=&+ 0 — 9)) W(—¢ + 0)da| £ Kqo,

]

K, being a positive constant (cf. (12,3)). Therefore
|Zu(&)] < K38 + €. 1Kq0 + . }h(0) + h(a)| (13 — 3a) + 2K4(1 — ) ;
as

[[Hate =90 = o=z + = 39 a0 = 0) + ),

0
(15,3) holds. :
Let &€ A’ (cf. (8,3)). Then |W(¢)| < 43 — $a and it follows from (15,3) that
(173) Y& % + ) = q(& — )| < (43 — a) [1 + $e(h(0) + h(a))] +
+ 3e[4{h(0) + h(a)]| (s — 3a) + 4Kse + Ko(1 =7 + 0)] < w5 — da,
0<e=g

" provided that }e,|h(0) + h(a)| < 1and 4Kz, + Ko(1 — 3 + @) < 3|h(0) + h(a)] .
. (13 — %a). The last inequality holds for &, sufficiently small if

(18,3) K/l —y+0)< %lh(O) + h(a)| (p3 — %a)

which is one of the conditions for y and .

Let A; be the set of such & € {—4, %) that p3 2 |Y(¢, T + &)| Z po. (17,3) implies
that there A < A4, ,i.e.
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Lemma 3,3, Y(7 + ¢) fulfils (8,3).
Put %, = inf [H(¢ — 4a) + H(¢ + 4a)]; #; > 0 according to Lemma 1,2.

ITELE Y7

Lemma 4,3, If p, < Y(&l) < p, for some & e{—%1%), then Y(£, % + &) =
> (&) + dens, if —p2 < (&) S —po for some &y € {—4, 1), then Y(&,, T + ¢) <
< ¥(¢,) — ey (y being a solution of (5,1) or (7,1), 0 < & < &).

Proof. Let o < ¥(&;) < py; it follows from (14,3) that

2
Y(&,,F+ €)= Y(&) + }ts.J H(Y(¢)) — g(=¢& + 6 — 8))do + Zs(&,y), & €Ey,

Zy(E) = Za(&) + e j THF(E) - F(=t + o) -
— H(Y(&) — q(—¢, + 0 = 9))] do.

As (=&, + 0) = q(=¢& + 6 — 8) + W(—¢&, + 0 — ), we obtain that |Z4(¢,)| <
< K% + e . Kgo (cf. (12,3));

J 2H(Y(éx) — (=& + 0 — 8))do = H(Y(&,) — 4a) + H(¥(&) + 3a) = , .

As the case —p, < ¥(¢,) < —p, is analogous, Lemma 4,3 holds, provided that
Kye2 + 1Kgoeo < 33¢,80. The last inequality holds for &, sufficiently small, if

(19,3) 2Kg0 < %,

this being another condition on g.

Put %, = h(uo — %a) + h(u, + %a), —x5 = h(u; — %a) + h(u, + %a). According
to (3,3), (4,3) and Lemma 1,2 one obtains that », > 0, %3 > 0, h(¢ — 1a) + h(¢ +
+ 3a) = %, for 0 < & < po, h(¢ — 1a) + h(E + 3a) £ —x; for py < & < ps.

Lemma 53. (i) If {)7(61)| < po, for some & e{—1,%1), then y(&,, % +¢) =
Z §(&) (1 + de. %)

(i) If |§(2)| = 1, my < |¥(E2)| S ps for some & €1, 4D, then |y(&,, % + ¢)| <
=< If(éz) (1 - %&. ”2)-

Proof. Let y be a solution of (5,1). Starting from (12,2) one obtains that

(20,3)  y(& T + &) = F(&) + 1 e F(©) J 2h(}”'(é) - Y(=¢ + o)) do + z(¢),
z5(8) = e j :[h(Y(é, 10) — Y(=¢ + 0,40)) ((& 30) — W(=¢ + 0, }0)) -

— h(¥(&) — Y(—¢ + 0)) (7(€) = H(=¢ + 0))]do, E€E,, 0<e=<e
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(cf. (3,2))- By means of (15,2) and (10,2) one may estimate
(21,3) |z5(2)] < £Ko(|5(E)] + 1), ek
If y is a solution of (7,1), then starting from (14,2) one obtains

(223) & T +e) = F(&) + LeF(©) f Zh(Y(c) — ¥(=¢ + 20)) do + %),

0

3 [

z5(¢) = % J’”“ jzh(Y(f, 1) — Y(—=¢ + 20, 1)) y(& 1) do dn —
- ieyz(a) J:h(f’(é) — Y(¢ + 20))do, C€E;.

Again (15,2) implies that the estimate (21,3) holds for z}(&), £ € E, (K, being enlarged,
if necessary). As

~rh(f’(zf) - Y(-¢+0))do = rh(Y(c) —q(=¢ + 0 — 9))do +
¥ F[h(Y(é) —q(=¢&+ 0= 99) = W(=¢ +0)) = h(¥(¢) — a(=¢ + 0 = 9o))] do =

= [h(Y(f) - 3a) + h(?(é) + 1a)] + z4() Ize(é)l < Ky, (€K

one obtains that

(233) (&7 +e) = 5 [1 + 2e(h(F(&) — 3a) + h(T(&) + 3a))] + 2:(8)
|2:(8)] < Ko + |7(8)| e[eKo + 20K10], Ee{=3, 1>, 0<e =&,
y being a solution of (5,1) or (7,1).
As |7(&)| < po, it follows that h(¥(£,) — 4a) + h(¥(&,) + 3a) Z #, and (i) of

Lemma 3,3 holds, provided that 3%, > 260Ky + }0K,,. This inequality is fulfilled
for ¢, sufficiently small, if

(24,3) 2K10Q < Ao,

which is another condition on g.

Let |?(§2)l =21, = |Y(fz)l < uj; as h(Y(fz) - %a) + h(Y(gz) + -%—a) = %
(ii) of Lemma 3,3 follows from (23,3) provided that 4eo|h(us — 3a) + h(us + ta)| <
<1, du3 = 260Ky + }0K,o. The last inequality is fulfilled for ¢, sufficiently small,
if

(25.3) 2K 00 < %3 .
Lemma 5,3 is proved.

Put x, = min (§x;, $%2, 75%:/(11 — Ho))-

572



Lemma 6,3. Let y be the same as above.
() If o < Y(&1. % + ©) < py, for some & € (44> then

Y(ELT+e) = (1 + exg) [1 — (Y(EL, T + &) — mo)2(1s — 1o)] 3
(ii) If = = Y(éz: T+ 3) < —po, for some & €<~ %, 3, then
WEF+e) Z vl + ver)[1 + (Y(E % + &) + mo)2(11 — Ho)] -

Proof. It follows from Lemma 2,3 that 0 £ (&) < g, (of course, Y(¢;) < 0is
<

not possible, as |Y(£1, T+e)— Y(£1)| S| YE+e) - Y| = |yE+¢) - Fle, =
< e fo(7)|, + K1€® < po, 0 < & < &, & being sufficiently small (cf. Lemma 4,2).

If 0 < ¥(¢,) £ no, then (i) of Lemma 6,3 holds according to Lemma 5,3, (9,3) and
(7,3). Let therefore o < Y(&;) < . It follows from (20,3), (22,3) and (21,3) that

¥(&i, T+ e) 2 F(&y) [1 + %sﬁh(f’(él) - ¥(=¢ +0) da] .

(1 - 4%3”1/(#1 - ﬂo)) + -517;8"1 }7(51)/(#1 - ﬂo) + 25(51) ,

125(51)1 < 82K9()~’(£1) + 1) s 232K9 }7(61) >

g, being so small that }e, 3 h(Y(£,) — ¥(—¢&, + 0))do = —1. If in addition x,
= 96601ty — o) Ko; then

et 49z e [1ede I - V(=& + o) de 1= dell o)

As §(&,) = v[1 = (Y(&)) — wo)/2(1s — 1o)] (cf. 10,3) and

rh(Y(fl) - Y(=¢; + 0))do = rh(f’(él) —q(—¢& 4+ 0 — 9))do +

o [T o=t + 0= 80 = W21+ ) < HF(E) — a2 + ) o 2
0 = h(Y(¢)) — 3a) + (¥(E) + 3a) — K0 = —%3 — Kyq0
(cf. (12,3), Lemma 1,2), it follows that
W& T+ 8) Zo[1 = (V&) = w2 (1 = mo)][1 — de . (s + Krs0)]

[t = gger (i — Ho)]
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Taking into account that Y(£1, T + &) = ¥(&,) + %ex, we obtain that
y(él, 7+ 8) = {V[l - (Y(él’ T+ 8) - ﬂo)/z(lh - /lo) + %3”1/2(#1 - ﬂo)] .
1= 2o (s + Kun@)] [T = ggees (= o)1 [1 — Fgo (s — Ho)] -
1+ el (s = o] 2 v(1 + e J(uy — wo)) -
L= (Y(E T+ 8) = ko)[2(1y — po)] - [1 + fxerey (g — po)] -
. [1 - %3(%3 + K11Q) - 72;38%1/(ﬂx - ﬂo)] .

If
(26’3) [1 + 1'168”1/(/‘1 - :“0)] [1 - %3(”3 + KuQ) - %48”1(111 - ﬂo)] =21,
then
(27.3) (& F+ &) 2 V(1 + ggeea[(y — po)) [1 — (Y(E0s T + &) — po)/2(1s — 1o)] -

(26,3) is fulfilled, if x,/(n; — Ho) > 12%3 + Kyj0, 0 < & < &, &, being sufficiently
small. Therefore (27,3) holds, if

(28.3) e < (Kus(p — o)) ™" [oer — 125¢3(ny — o)] -

The right hand side of (28,3) is positive (cf. (5,3) and the definitions of ,, %, before
Lemma 5,3) and (28,3) is another condition on ¢. (27,3) makes the proof of (i) of
Lemma 4,3 complete.

As (ii) is analogous, Lemma 6,3 is proved.
Some of the above results make possible to prove the following theorem.

Theorem 1,3. Let v 2 1, ¢ >0, 0 <y < 1 and let ¢ and y fulfil (18,3), (19,3),
(24,3), (25,3) and (28,3), j € U(v, ¢, ). Then Y& + ¢), Y(F + ¢) fulfil (6,3) and

’ (29.3) there exist such numbers oy, ay, By, B, —% < o} <oy < By < B, < 3,
a<ay, fy < B, o <ai, fi < B such that

—pus = Y(EE+e) S —py for -3¢,
—ﬂléY(f,f+8)§_#o Jor ay &=y,
—Ho S Y(ET+e)S py for oy SEZP,
ﬂoéY(f,f+£)§ Hy for ﬂlégéﬁis
mEY(EE+e)S py for PiSE<H,
(30,3) ET+e) 2 (1 + exy) for Eelay, Br),
(31,3) YE T+ &) = (1 + exy)

1= (YT 4 e) — )2y — po)] for Eedai gy,
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VET+8) = (1 + exy).
U= (V& + ) = )2 — )] for Ee<Bu i
(32.3) WE&E+e) Z —2 for fe<—1.4).
As usually y is a solution of (5,1) or of (7,1) in C* on <%, ¥ + &), y(?) = j.

Note 1,3. Observe that (29,3)—(32,3) with the exception of o < oy, By < B,
o« < ay, By < B’ may be formulated shortly: Y(¥ + &), y(¥ + &) fulfil (7,3)—(11,3).

Proof. y(% + &) fulfils (6,3) according to Lemma 1,3. It follows from Lemmas 4,3,
53 that Y(o, ¥ + &) < po — 318, Y(B T+ &) = po + 006, y(EF+¢e) 2 v(1 +
+ $exy) 2 W(1 + exy) for & € (o, B). Therefore there exist a;, f1, & < o; < By < B,
Y(oy, T + &) = —po, Y(By, T + €) = po and (30,3) is fulfilled. It follows from Lemma
4,3 that the image of {(—1%, 3> by Y(., T + ¢) contains the interval {—pu, — ex,,
U2 + &%, ). Therefore there exist o, 1 € {—3, 3>, Y(af, T + &) = —puy, Y(B1, T + &) =
= ui;. According to Lemma 6,3 y(&3, T + &) = 3vif po < IY(Q, i+ a)l <y, for
some &;€{—1%,1>. Therefore the numbers of, oy, By, B are unique, of < ay,
By < By and Y(& % +¢) < —py on <%, 0f) and Y(& % + &) = py on (By, 1). As
Yo, T +8) S —py — &g, Y(B,T4+8) 2 py +exg (cf. Lemma 4,3), we obtain
that o« < af, i < B'. Let us prove that |Y(& % + g)| < ps for Eed—1, 4. If
|¥(¢4, % + )| > ps for some & €{—1%,%), then (14,3) implies that |¥(£)| 2 na,
¢, being sufficiently small (g, is independent on 7). [7(64)‘ < Us, therefore necessarily
&y € A and (17,3) implies that |Y(£4, %+ s)l < ps. Therefore (29,3) and (30,3) are
fulfilled. (31,3) holds according to Lemma 6,3. Let us prove (32,3). It follows from
(30,3), (31,3) and Lemma 5,3, (i) that (&) = —2, if {elof, B U(—},ad U
U (B, 1. Let & € (By, B'); it follows that ¥(&;) < py» Y(&y, T + &) > py. Obviously
o <o) < By <P (cf. (29,3)); therefore (&) = v > 0. It follows from (15,2)
that y(&;, 7 + ) = F(é1) [1 — 26. K,] — 2. Ky hence y(&y, T+ ) = —1if2¢0 . K, <
< 1. As the case that &; € (o, a}) is analogous, (32,3) holds.

Lemma 7,3. |y(Z + )|, < R.
Proof. Put y.(¢) = max (y(& % + ¢), 0), y-(§) = max (=y(¢, 7 + &), 0).
£3
Iy + o)., = 2f yo(&)dE + ZJ y(8)de.
-3 -3

As y (&) =2 (cf (323)), y(&i+e)=y:(8) —v-(O) [Y(&T+e)|=p, it
follows that

%

r yo(6)de =YL T +¢) — Y(~%,f+£)+fz y-(Q)dé s 2u,+2<a+4.
-3 -%

Hence |y(z + &) £2a + 8 + 4 = R.
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Let g, € M be defined by qo(¢) = q(¢ — 90) for ¢ ¢ E, (9 being defined in (12,3))
and put x5 = }|h(0) + h(a)|.

Lemma 8,3. Let S;, S, be solutions of (6,2) in pf on{ty, 12D, |Sft) — oy <
< py — 3a, 1€ty 12), J = 1,2, Then [[Sy(7) = §,(v)||r, < exp {—2ws(t — 71)} -
. HSI(TI) - Sz(ﬁ)“z,za 7€ {7y, T2)-

Proof. It may be verified that
d 2
[ en - sierar=
dr J,

[ [0 - e a6~ si(e 20 -
— H(Sy(& 1) — 8,(—¢ + 20, 1))} dodr =
_ j: j:(sz(é, 2) = S,(& 1)) hA(S2(E 1) — Sa(—& + 20,7)) +
+ (1= 2)(S4(& 7) = Sy(—¢& + 20, 7)) (S5(&, 7) — So(—& + 20,7) —
— 5,(6.7) + Sy(—& + 20,7))dodr, 0<i<1, A=i&7).
From the above assumptions it follows that
|A(S2(&, ) = Sa(—& + 20, 7)) + (1 = 2) (S4(& %) = Su(=¢ + 20, 7)) — qo(¢)] =
Spy—3a

and according to (23) h(A(Ss(E 1) — Sa(—& + 20, 7)) + (1 — 4) (Sy(& 7) —

— Si(= & + 20,7))) = h(qo(&) — qo( — € + 20)) + zg(&, T o), lzs(f, T, a)i < %‘h(O) +
+ h(a)|. Hence (cf. proof of Lemma 10,2)

%E(sz(é, 1) — 5,(& 7)) A€ = 04(S,4(v) = S5(v)) — Qa(S4(x) — Sx(0)) +

+ j‘z JZ(Sl(é, 1) — S3(&, 1)) z8(&, 15 6) (S1(&, 7) — Sa(é, 1) —

0
— Si(—=€ + 20,7) + Sy(—¢ + 20, 1)) do d&.

" Taking (21,2), (22,2), (1,2), the definition of x5 (before Lemma 8,3) and the estimate
for zg into account, we obtain that

(%r(sz(é, 1) — 5,(&7))? d& £ [—8us + x5 + 2s] jz(sz(g, B — Sy 1) dé .

Therefore ||Sy(t) — 84(7)| L, < [|Sa(ty) — Sy(ty)| 2, €xP (—2%5(c — 7,)) and Lemma
8,3 holds.
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Lemma 9,3. Let SeM, ||§ — qofy < ps — 3a, |S = qofl, S0, T€Ey, >0
being sufficiently small (cf. 34,3)). Then there exists the solution S of (6,2) in M on
(E, % 4 &), S(F) =8 and |[S(1) — qo|ly < ps — 3a for teF T+, 0<e =< g

(2o being small enough). -

Proof. A standard argument proves that S exists on <%, ¥ + &) and that ||S(z)| <
<
= M3 + 1’

(33 SO =5+@ - R0 + 20). |Z20)] < Kl - 2

forte(t T + e). Put V=8 — qo,f&(5) (&) = % [3 h(ao(&) — qo(—¢ + 0)) (V(&) —
— V(=& + 0))do + Z,(&). Taking into account that 0 and a are the only values of
4o(&) — go(— €& + o), we obtain from (1,3) that |Zz(€)| < %Zlh(O) + h(a), (13 — ma)

j%%@—qwf+a»w=mm+uﬂ=—Mm+hwr

[

As

fmﬂrwwf+mW4+@ngw,

0

one obtains from (33,3) that

S(& %) = ao(6) = V(9) = (= = 2) - 4{(0) + h(a)| V(&) + Z4(¢, 7).
|Z5(&7)| < (v = D) Kize + (v — 7). 55[h(0) + R(a)| (13 — ) + Koz — 7).

As|V(E)] £ pa — 3a, 3 — pp =2(us — 3a) < 2, it follows that [S(&, 7) — go(¢)] <
< (s — 3a) [1 — (z — ). 3[h(0) + h(a)[] + (x — ¥) Kyse + (z — 7). 4[h(0) +
+ h(a)| (13 — %a) + K2t — 7)*. Hence [S(&,7) — qo(&)| S 3 — Jafort <t < T +
+& (0 <& < &) if 4{h(0) + h(a)| (us — 4a) = Ky30 + Kizo. The last inequality
holds if &, is sufficiently small and

(34.3) 1{R(0) + h(a)| (u5 — 3a) > Kyse.-

Lemma 9,3 is proved.

Lemma 10,3. Let S e M be the same as in Lemma 9,3. Then there exists a solu-
tion S of (6,2) in M on (%, o), S(¥) = § and ||S(t) — qo|m = us — ta, |S(z) —
= dol|z, < exp (=2x5(t = 7)) |5 = o] ..

Proof. As g is on time independent solution of (6,2), it follows from Lemmas 8,3
and 9,3 that S exists on (%, % + &) and fulfils |S(t) — go|ls < p3 — 34, |S(x) —
— qo|lL, = exp (—2x5(r — 7)) |§ — qo| 1, there. Then S and both inequalities are
extended to <%, ¥ + 2¢) and Lemma 10,3 follows by induction.

It follows from (29,3) and (30,3) that there exists a unique &; € <}, 1) such that
Y(94, # + &) = 0; obviously a; < 8; < B;. Put g,(¢) = (¢ — 9,).
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Lemma 11,3. | Y(% + &) — q,| 1, < o, y being as usually the solution of (5,1) or of
(7,1) in C' on (%, % + &, (2) = 7€ U(v, 0,). 0, y fulfilling (18,3), (19,3), (24,3),
(25,3), (28,3) and (34,3).

Proof. Define § as follows: 5(¢) = ¥(¢) if u, < lY(ﬁ)[ < 3, §(¢) = 4a,if 0 <
< (&) < 2, 8(¢) = —4a, if —p, < 7(¢) < 0. 1t follows from Lemma 10,3 that
there exists the solution S of (6,2) in M on (%, ¥ + &), S(f) = § and that

(35.3) [S( + ¢) — g0, < exp (—2%s¢)|| S — o1, -

Let Y, be the solution of (6,2) in M on <%, ¥ + &), Y4(?) = ¥, ¥ = Iji. Y, exists and
]Yo(r)' < R,t€{% T + &), as in the case that y is the solution of (7,1), Yo(7) = Y(z)
for v € (%, ¥ + &) (cf. Lemma 2,2). One verifies easily that [|(d/dr) (Yo(c) — S(7))] ., <
< Ky4 Yo(r) — S(t)|L,- Hence

(36.3) [Yo(e) = S@)||. < (1 + Kise) [¥ = §],,, T2
O0<e=Zg,

(a1

+ €,

&o being small enough (cf. (8,3)). If y is a solution of (5,1), then || y(% + &) — yo(% + &), <
< 2K,¢? and

(37.3 [+ €)= ¥alt + O = 2K,e2,

I, being a bounded linear operation from L; to M, |I,| = 1. Of course (36,3) is
fulfilled, if y is a solution of (7,1) (Y = Yo, as stated above). It follows from the
definition of § and from (12,3) that |¥ — §||,, + IS - doll, = | ¥ — g0, £ 0
Hence and from (37,3), (36,3) and (35,3) one obtains that |[Y( + &) — qol|, <
< 2K &%+ (1+Kys8) | ¥ = S|, + exp (—2xs¢) (¢ — | ¥ — S| ). Using | ¥ - 5|, <
< 4us(1 — 7)"/* we obtain that

(38.3) [Y(Z + &) — qof1, = }
< oexp (—2xse) + (Kys + 2xs) & . 4us(1 — 9)/2 + 2K, & .

Assume that o(1 — exp (2xs80)) = 2K,€5 + (Kys + 2x5) (1 — y)'/? &, which is
fulfilled for ¢, sufficiently small, if

(39,3) 2150 > (Kys + 2x5) (1 — p)'/2
Then it follows from (38,3) that | Y(% + &) — go||., < ¢ and Lemma 11,3 holds, as
the definition of g, implies that | Y(¥ + &) — 4], < | Y(% + €) — qo] L,-

Theorem 2,3. Let v = 2, let ¢ and y, ¢ > 0, 0 < y < 1 fulfil (18,3), (19,3), (24,3),
(25.3), (28,3), (34,3), and (39,3), let € U(v,0,7), T€E,, 0 < & < &, & being suf-
ficiently small. Then there exists the solution y of (5,1) (or of (7,1)) in C' on (%, ¥ +¢),
¥(¥) = yand |y(x)|r, £ R + 1forvedi, T + &), and y(T + &) e UM(1 + exy), 0, 7).
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Proof. The existence of y and |y(7)|., £ R + 1 for te(i, ¥+ &) follows
from Lemmas 4,2 and 5,2. It was proved in Theorem 1,3 that y(¥ + ¢), Y(f + €)
fulfil (6,3), (7.3), (8.3), (9,3), (10,3), (11,3). Lemma 3,2 reads that Y(# + &) fulfils (8,3)
and y(% + &) fulfils (13,3) and (12,3) according to Lemmas 7,3 and 11,3. Theorem 2,3
is proved.

4. In this section Theorem 2,1 will be proved. Let § € U(v, y, ¢). According to
Theorem 2,3 there exists the solution y of (5,1) or of (7,1) in C* on 0, &), y(0) = §
and y(e) e U((1 + ex,), 7, 0). It follows by induction that the solution y of (5,1) or
of (7,1)in C*, y(0) = j exists on <0, o0) and y(ie) € U(W(1 + &x,)’, y, 0),i = 0,1, 2, ...
Put §;, = y(ie), ¥; = Y(ie). As y, € UM(1 + &x,), 7, 0), there exist numbers o}, &, f;
Bi, —F <o <a; < B; < B; <% such that (cf. (7,3), (29,3))

(1.4) —u3 Y6 = —py for -3 <&,
-k = ~i(€) S —po for =& =a,
—po S V()L po for o, <EZB;,
o = ¥(&) = py for ﬂ_5<ﬁ;,
p S YV(E) < py for BiSES i=01,2,...
and (cf. (9,3), (30,3))
(2’4) fz(f) = V(l + 87‘4)i for ¢ela;, By, i=0,1,2,....
Hence
(3:4) Bi— o < 2ugv (1 + &)™, i=0,1,2,...

and (29,3) implies that
(44) <oy <Piry <Pi, ap <oy <Piyg <Bi, i=01,2,....
Therefore then exists a number 9,

(5.4) 9 =lima, =limp,, o, <8<p,, i=0,1,2,...

Put xs = 8(uy — o) 5 ' It follows from Lemma 4,3 that
(6’4) i(f) S —up for Ced—%a_, i
Oz m for lefiud, iz

The decisive step for the proof of Theorem 2,1 is in proving that Y; is a Cauchy-
-sequence (in a sense which will be precised later). For this purpose choose an n > 0

v
v

KG/E,

k
k = xefs .

(arbitrarily small n < % — |9|) andput Jin)= U S +1T+n 3+1+1—n),
I=—-w
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J(n) = E; — J(n) and define S, e M by

S(¢) = Y(&) for EeJd(n),
5(¢) = —%a for ¢e(9 —n9),
S5{¢)= 3a for £e<9,9+n),

and q' € M by ¢'(¢) = q(¢ — 9) for £ € E,. Let | |, be the quasinorm in M defined
by || Y|, = sup [Y(&)], & being restricted to <§ — 1+ 17, § —nd>ULY +n, 9+

H
+ 1 — 1), Ye M. From |¥(¢)| £ p, for & € E, it follows that
(7’4) ”i - gi"Lz = 4.“3’71/2
Let S, be the solution of (6,2) in M, S(ic) = S,. Put Ny = Ny(n) =2puev™ "2z 'n™"' +
+ x¢ + 2.

Lemma 1,4. Let i < Ny[¢, 0 < ¢ < gy < 1. Then

(i) Y(&) £ —mpfor £ =19 — n), ¥i(£) 2 py for £ + 1, 1),
(ii) S; exists on Cie, 0) and ||S(t) — q'||m S ps — %a for € (ig, ).

Proof. Leta, B = 0; (1 + «)’/* is nonincreasing in o, hence

(8,4) 1+9°=21+9 for y=20, 621.
Let k 2 x4/e, k being the least integer,
2ﬂ0v‘1(1 + 8x4)_i+k < 2#0V_1((1 + 8%4)(2pov“x4'1'1“+1)e'1)-—1 <n.

Hence according to (6,4), (3,4) and (5,4) ¥{(¢) < —p, for (=%, 9 — ), ¥(¢) 2
> p, for €8 + n,%). (i) is proved. As Y;e M, ¥y S ps, s + 2 = a, it
follows that ||§; — 'y < s — 4a and Lemma 1,4 follows by induction from

Lemma 9,3.
Let v; be the solution of (7,1) in M, v(ie) = 7, i = 0,1,2, ..., V(1) = I, v(7).

Lemma 2,4. (i) v; exists on (i, ), v,(je) € UM(1 + ex,)’, 7, @),
(il) if 0 < i <}j,j= Nle (i,] being integers), then

V& je) < —pa for Se<—%,8 —n),
K(é’]g)g Ha far 6€<‘9+":%>'
Proof. It was stated at the beginning of this section that ;e U(v(1 + ex4)’, 7, 0)
and (i) follows from Theorem 2,3 by induction. (ii) may be proved in an analogous

manner as (i) of Lemma 1,4, as Theorem 2,3 holds for solutions (5,1) and (7,1) as
well.
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Lemma 34.

020, i,j=Ne.

(9.4) ISi(ie + 0) — Sj(je + 0)|1, < exp (—2%s0) |Si — §)|L.

Proof. As (6,2) is autonomous, Lemma 3,4 follows from Lemmas 8,3, 1.4.

Lemma 4,4.
(104) [Si(ie + ) — Si(je + 7)|m =
< Kygexp(—xst) |Si = §jfp for 120, i,j=Nyfe.

Proof. S;, S; are solutions of (6,2) (in M), which is an autonomous equation and
the value at a fixed £ is a continuous functional on M; hence

(11,4) %(f,]'ﬁ + 1) — g-s—i(f, ic + 1) =
at ot
2
= i—JO[H(Sj(é,js + 1) — Si(—¢ + 20, je + 1)) — H(S{(& ie + 1) — S(—¢& +

+ 20, ie + 1))] do = H(h(0) + h(a)) [S;(& je + 1) — S(& ie + )] + Z(&, 1),
E+9+2

Z(¢,7) = i J (H(S|(&.je + 1) — S{(—& + 0, je + ) — H(S{&, is + 7) —

E+9
= S(=¢+ 0,ie + 7)) — b(o) [/ je + 1) — S(—¢ + 0, je + 1) —
— S{&ie + 1) + S{—¢& + 0, ie + 7)]} do —

1 [ere+2
- ZJ b(o) [S(—¢ + o,je + 1) — S{(—¢ + 0,ie + t)]do = B, + B, .
&+

b(o) = h(0) for £+ 9 <o <&+ 9+ 1, b(o)=h(a) for E+9+1<S0<E+
+ 9+ 2. As [S{& i+ 1) — ¢ ()| S us — da, [S)(Ede + 1) — (&) S ps — 4a
(cf. Lemma 9,3), it follows from (1,3) that (cf. Lemma 8,3 and |§; — §}||,, <

< J@)[3; = Sillw)

L L c+o+2 ‘ -
|B1| <z 16lh(O) + h(a)l [IS,-(&,]& + 1) — S{¢&, ie + ‘r)l +
£+8

+ |Sj(—é +0,je + 1) — S{—¢& + o, je + 'c)|] do 1. §|h(0) + h(a)l .
|Si(& je + 1) — S{&, ie + T)| + Ky6||S(jE + 1) — Sie + )|, <
< 313|h(0) + h(a)l . |Sj(§, je + 1) — Si& ie + T)| +
+ @) Ky oxp (—2¢57) |5 — Sille
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B,| < K17”51'j(f3 + 1) = Sie + 7)|1, £ V(2)Ky7exp (—2%57) ||S; - 5|l a; therefore
Z(&, 7)| = 55[h(0) + h(a)| . [Si(& je + ) — S(& ie + 1) + K4 exp (—2xs7) .
S — §;|» = A. Z is continuous in 7 (¢ being fixed). Put

d(z) = 4. 3[n(0) + h(a)| Z(Z, 1) sen (S)(& je + 7) — S(&, ie + 1)) 4~
¢(r) = Kyg exp (—2xs7) ||S; - Sillw z(¢,7) 4™,

Then Z(¢, 7) = d(v) ()& je + 1) — S{& ie + 1)) + ¢(z),
(124)  [d@)| < &-4R(0) + h(a)|, |c(z)| < K5 exp (=2257) |S; — 8] e
Instead of (11,4) we have
%(&_‘,js + 1) — %(é, ie + 1) =

= [3(1(0) + (@) + d()] (S,(& Je + 1) — S{& ie + 1)) + (7).
The variation of constants formula gives
(13,4) Si(& je + 7) = S{& ie + 1)) =

— (5/(¢) - 52) exp j THHO) + @) + do)] o +

N f "exp { J T3(W0) + h(a)) + d(o,)] dal} () do .

(13,4) together with (012,4) ir:ply
S8 je + 7) = Si(& ie + )| < [|S; = Sillar exp {H(h(0) + (a)) 7} +
13, = Sl Kus j ;cxp (=250 + 4(h(0) + h(@) (x — o)} do <
< (8 = 8l Kuo exp (=7).

Lemma 4,4 is proved.
Let v;, V, be the same as in Lemma 2.4.

Lemma 5,4. V; exists on <ie, o), |Vi(t)|s < R + 1 for t e e, ©) and

(14,4) Vi(iz + 0) = Si(ie + o), < | ¥ = i]|L, exp (K»o0),
620, i2Ne.

Proof. It follows from Theorems 1,3 and 2,3 that V; exists on {je, (j+ 1)e) and
that [vje)|r, S R, j =i,i+ 1,i +2,..., according to (10,2) |lo(r)[,, < R + 1,
1 € (ie, ); hence |V(t)|y < R+ 1, 1€ (ie, ). As V;is a solution of (6.2) (in M),
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and || V()| is bounded, it may be verified that (d/da) | V(i & + o) — Siie + o)L, =
< 2K, Vi(ie + ) — S{ie + o)||7, and (14,4) holds.

Lemma 6,4.
(154) | Vi(ie + ©) — S{ie + D)), £ |¥i = S|, Koz exp (K227), i Z Nyfe.

Proof. As S; and V; are solutions of (6,2) in M (cf. Lemma 2,2), S, Vi, 8S/dr,
dV;[ot are continuous in t (¢ being fixed) and

2
Mﬂéw+ﬂ—gﬁ@nu+ﬂ=lqumgﬂ-m@f+zmm-
T ot 4],
- H(Si(é’ T) - Si(“f + 20, ‘c))] do .
Hence

aov; .
\ ‘(é,is+‘c)—‘£(£,ia+r)§__
ot ot

< Kp|ViE 1) — Si& 1)| + Ky rlvi(—z: +20,7) — S(—¢ + 20,7)| do £

= K21lVi(f, T) - Si(fa T)‘ + \/(2) K, exp (Kzo'f) HY! - gi”Lz'

Remember that Vi(&,, ig) = Sy&, ie) if &, edd —1+n §—m U +n, 3 +
+ 1 — n). Therefore

Vi, ie + ©) — Si&,, ie + 7)| < ||V — 811, K2z exp (K227)
for t = 0, and Lemma 6,4 holds.

It was proved in Lemma 2,2 that Y is a solution of (6,2) (in M), if y is a solution

of (7,1) (in C') and Y(r) = I; y(x). A similar result holds for the solution of (5.1),

if the concept of generalized differential equation (cf. [1], section 1) is used. For

yeC', teE,, ¢ >0 put F(y,1,¢) = [§f(y,0,7)do, f being defined in (6,1), i.e.

(cf. (3,2))
(16:4) F(y, 7, ¢) (£) =

- %jth(Y(f) — Y(—=¢& + 20fe) (y(&) + y(—¢& + 20]s) — 29(—& + 20]e)) do =
B %jth(y@) — Y(=& + 20[¢)) (y(&) + y(—¢& + 20[¢)) do —
— JeH(Y(&) — Y(=& + 21[8)) ,
(17,4)

Fo(y, ) = fo(y)©, fo being defined by (8,1).
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It was proved in [1], section 1 that every solution of (3,1), [1] is simultaneously
a solution of (52,1), [1]. Hence

Lemma 7,4.If y is a solution of (5,1) ((7,1)) (in C') on <ty, 1,), then y is simultane-
ously a solution of

(18’4) d_}_) = Dt F(y’ T, 8)5
dr

(19,4) dy _ D, Fy(y, 1)
dr

in C' on {14, 7,).
For ye C', t€E, and & > 0 put F¥(y, 1, &) = I; F(y, 7, ¢). It follows from (16,4)
that

1 T
F¥(y,1,¢)(§) = 5_[ H(Y() — Y(=¢ + 20[e)) do — Lel, H(Y(E) — Y(—¢ + 2t/e)).
0
The right hand side of the last formula contains Y and not y; define for Ye M
(20,4) Fi(Y, 7€) (¢) = %f H(Y(¢) — Y(=¢ + 20/¢)) do,
0

F3(Y,%,6) (&) = 3ol H(Y(Z) = Y(~¢ + 2¢]s),
FH(Y,%,6) (&) = Fi(%.%,6) (9) - F3(¥,7, ) (6).

As H is odd and Y(&) — Y(—=& + 20fe) = —Y(&") + Y(=¢&" + 20f¢) if & =
= —& + 20/e, it follows that Fi(., T, ¢), F3(., 1,¢), F*(., 1, ¢) are maps from M
into itself.

Remember that a map Y from {74, T2) to M is said to be a solution of the general-
ized differential equation

(21.4) 4 b, FH(¥, 1, o)
dr

“in M, if Y(z) e M for t e {1y, 1,), if 21D, F¥(Y(<), 0, ¢) exists (with respect to the
norm || |l) and if ¥(z,) = ¥(z3) + [ D, F¥(Y(1), 0, ¢) for 13, 7, € (ty, 7,). Put

(22,4) Fy(%r) = o fE(Y),
fo being defined in (5,2), i.e.

2

Fo(Y,7)(8) = i-r.LH(Y(g) - Y(—¢ + 20))do.
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It was proved in [1], section 1, that every solution of (3,1), is simultaneously
a solution of (5,1), [1]; therefore V; (V; are solutions of (6,2) (cf. Lemma 2,2)) are
solutions of

(23,4) 4 _ D, F5(Y, 7).
dt

The following Lemma is a consequence of Lemma 6,4 and of the fact that I, is
a bounded linear map of C! into M.

Lemma 8,4. Let y be a solution of (5,1) ((7,1)) in C' on {1y, 72), ¥(7) = I, y(v).
Then Y is a solution of (21,4) ((23,4)) in M on {1y, 15).

Let G* = M be the set of such W, that w = (d/d&) W exists and is continuous and
that |w]z, = [3 [w(é)| d& < R + 1 = 2a + 13 (cf. Lemma 4,3). Obviously || W[, <
< R + 1 for We G*.

Lemma 9,4. Y(7), V(ic + 1) e G* for 1 2 0, 0 < ¢ < &, (g, being small enough).

Proof. It follows from Theorem 2,3 that ||y(je)| ., |vdi +Jj)e)| S R, i,j =
=0,1,2,....(10,2) implies that |y(je + 7)|r,, |od(i +Jj)e + 7)|e, S R + 1 for
0 £ 7 £ ¢. Lemma 9,4 holds.

Lemma 10,4. For every { > O there exists such an g, > 0 that |[2[f(y, 7, &) —
- fO(y)] dT”L; §. Ca l:fy € G*’ 0<e é €0> T15 T2 EEI'

Proof. As [I%F[f(y,7,€) — fo(y)]dr =0, j=..-1,01,..., it may be
supposed that 0 < 7, — 7, < &. In this case one verifies easily that u ﬂf Lf (y, T, 8) —
— fo(»)]dt|, < K,3¢ and Lemma 10,4 holds.

Lemma 11,4. There exists a function y,(¢, T) defined for ¢ >0, T > 0, non-
decreasing in ¢, that y,(e, T) > 0 with € > 0 and that ||y(ie + 1) — vie + 7)|., <
Sx(e T)fori=01,2,..,0=5t=T,0<¢= ¢

Proof. v; being a solution of (7,1) in C* is simultaneously a solution of (7,1) in L,
and similarly y; is a solution of (5,1) in L,. According to Lemma 9,4 y(z), v(ic + 7)€
€ G* for © = 0. From the special form of f and f, (cf. (6,1) and (8,1)) and from
173 < %y[lL, (cf. (4,1)) it may be verified that there exists a K,4 > 0 such that
L0l 2 Ko 00+ 1,50) = 705 s < Kol and 1y +u +
+ 0,78 =Sy +u,1,8) = f(y + v, 7,8) + (3, 7 ¢) |, = Kaalullr, [o]eiify, » +
+u,y+v,y+u+veG* teE, e > 0 and that the same inequalities hold, if f
is replaced by fo. Lemma 11,4 follows from Lemma 8,4 and Theorem 1,1 [1].

Letus fix a T > 1 that

(24,4) (1 + Kyo)exp(—3xsT) < %.
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The principal part in the proof that lim Y(¢, © + ic) exists for £ + 9 + j, j =

=...—1,0,1,... as it was stated in Theorem 2,1 is played by an estimate for
(23,4)  |Y(je + 1) — Y(ie + ©) — V(je + 7) + Vi(ie + 7)[,, 7€<0, T).

(cf. Lemma 17,4). According to Lemma 7,4 Y(t) is a solution of (21,4), Vi(), V(1) are
solutions of (23,4) in M. As f(y, 1, ¢) is periodic in 7 with the period &, and f, is
independent on t, Y; and Y; defined by Y(7) = Y(ie + 1), Y,(x) = Y(je + 1) are
solutions of (21,4) and W, W; defined by W(t) = V{(ie + 1), Wj(t) = V(je + 1)
are solutions of (23,4) in M, Y{(0) = ¥, = W/(0), Y,(0) = ¥; = W/(0). The required
estimate is based on the following formula

(25.9) (1) = ¥(0) = W) + W(o) =

- D,IF(Y2): 0, 5) — FH(W,(x) = Wi5) + ¥(2). 0.0)] +

¥ j DLFHE) = ) + Vi) 0.8) = () 0. (9) -
~ P (W) 0, ) + FH(W(2), 0,2)] +

t
[P0 = PO0%(0, .5) = FAONLE). 0.0 + FiOK2). ..
0

Let |h(Z)| < K5 for |¢] < 2us.

Lemma 12,4. Let [[5]|,, < D,0 <& S &y < 1,450K, < 1. Put N, = 8K,sDx; ' +
+ Ny + 2. Then
(26,4) Weo)| <2 if Eed(n), T=N,,

(27.4) lodé ic + )| =2 if Eed(n), ie+t=N,.

Proof. As y is a solution of db/dt = g(b, 7) in M, g being defined by g(b, 1) (¢) =
=1h(Y(& 1) — Y(=¢& + 2t/e, 7)) (b(E) — b(—¢ + 21fe)) and as  |g(b, 7)|y <
< K|\ by, it follows that | y(z)] s < D exp (K,s7). Let i, be the least integer such
that i;e = Ny; then |y(ie)| < D exp (K,5(Ny + 1)). It follows from Lemma 1,4,
(i) that p, < ,Y(é, i,a)| < ps if &€ J(n); according to (29,3) p, < [Y(i,js)[ < us,
if £€ J(n), j = iy, i, + 1, ... and Lemma 5,3, (ii) implies that
(28.4) [¥(&, je)| < max (D exp (K5(Ny + 1)) (1 — dm28)’ ™7, 1),

j=inig 1,
Ifje = N, — 1, then j — i; = exp (Ks(N; + 1) D . 8% 'e™" and (cf. (7,4)) (1 —
— $x6) T < [(1 + dp8)exp(Kps(Ny + 1)) D. 8x%; e ™' S [1 + exp(K,s(N, +
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+ 1)) D]™". Hence and from (28,4) |y(¢, je)| £ 1 for j =iy, iy + 1,..., E€ J(n).
If Eedn), je<t<(j+1)e j=inip+1,..., then |[p(& )| S 1+ 4K, 2
and (26,4) is fulfilled. (27,4) may be proved in an analogous manner, as all necessary
Lemmas and Theorems 1,3 and 2,3 are valid for solutions of (5,]) and (7,1) as well.

Lemma 13,4,

(204) |

j;D,[F:(wm ~ Wx) + Y(2), 0, ) = FX(Y(x). 0,0) -

— FW(0). 0.8) + FA(W(D) 0.0)]| <

n

S Kss(n + | ¥ = Yl ua(e, 7)), 2=1,2, e, 2N,.

Proof. Put 7, = tm/n, m =0, 1, ..., n. According to the definition of the integral
% D, F(v(1), o) (cf. [1], section 1) the integral on the right hand side of (29,4) is the
limit in M for n - oo of the expressions

n—1
(30,4) ZO[F:(WJ-(T,,,) — W{tm) + Y{Tw)s Tmt15€) —
— F(Yit)s Tms158) — Fr(Wi(tm)s Tms 15 €) +
4 B0 e ) — FEOFan) — Wea) + Ve 1) +

+ FY(Y{tm) T €) + Fa(Wi(tn), Ts €) — Fa(WiTm)s Tws €)] -

U() = Wie) = WD), () = Yix) = Wi(s), ¥(E, A ) =

- %J""“H(m(«:, ¥) = W{(=¢ + 21fe, <) + AU, 7) — AU(=& + s, 1) +

+ BZ(E ) — BZ(—& + 2[5, 7) dr.

Then the value of the bracket in (30,4) at & for a = 11is equal to

2
P(E1,1) — (20, 1) — P(& 1,0) + ¥(E,0,0) = a—‘%’ﬁ(f, LB,

0<41, B<1.

T

3’y

(31.4) a1 op

2= j "W [UE T) — V(=€ + 2ufe, )]

Tm

2(& 7) — Z(—¢& + 2tfe, 1)) dr.
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According to Lemma 10,4 (as |Z|y < 4]Z|.,, Z = I.2)

(32.4) 1206, )| < 36 )

From

IIA

W(t) = W(3) + thg(W,(a)) do, I=1ij, 0t

one obtains that

(334)  U() = U + j t j 1 [‘;if(w,.(o) + 1 U(0)) U(o)] d1do.

ofs (o _
[a—Y (W(o) + 2 U(o) v@] -
= ijzh(m(é, 0) — W(—¢ + 2y,0) + AU 0) — AU(—¢ + 2y,0)).

JJU(E 0) — U(=E + 2y,0)] dy.

Let &, eJ(n). As |W,(€, 0')[ SR+1, I=ij (Theorem 23), U=W; — W,
J3|U(=¢ + 2y, 0)| dy < 2|U(0)], + 4n.2(R + 1), it follows that

= Kos[|U(o)| + 0]

o8 [ZEono)+ 2uepvo) @

and (33,4) implies that |U(z)|, < |U®)|, + K25 [:[|U(o)|, + n] do. Hence (by
Gronwal’s Lemma) |U(7)|, < Ka6[||U(?)], + 7], 02 <7 <%+ Tand

(35.4) 10, < K[|V = Tllg + 1], 05T,
as |U(O)|, = | ¥; — ¥i[,- From (33,4), (34,4) and (35,4) one obtains
(364) |UG) ~ U@, S KasKaolt = O[1% = Bl + ], 0Stsc<T.
As iW,G, a)l < R + 1,1 =i, j, there exists K,, such that
W& ©) = Wi(=& + 26J5, %) + AU(E.©) = 2U(=£ + 2efe, )] £ Kar

and the sum (30,4) is majorized by (cf. (31,4), (32,4))

T T
1K, U |U(&, 7)| de +j |U(=¢ + 21/e, 7)| d'c] 2u(eT).
0 0
Taking into account that [U(—¢ + 2tfe, )| < 2(R + 1) and |U(=¢ + 2t/e, 7)| <
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< |U()|,» if =& + 2t/ € J(n), one obtains that
ﬂU(—é + 2tfe, 7)| dr < r” U(7)], dr + (2R + 1) 2n(T + 1)..

Therefore (35,4) implies that for ¢e J(n) the sum (30,4) may be majorized by
K,s[||Y; — Y|, + n] and Lemma 13,4 holds for « = 1, as the sum (30,4) is arbitrarily
close to the integral in (29,4), if ¢ = t[m is sufficiently small.
Fora = 2 puto = t/n,
V(& B, v, A) = sl HW(E, ) — W{—& + 21, + A0)[e, 1) + BU(E t,) —
— BU(—& + 21, + A0)fe, 1) + ¥ Z(E, t,) — 7 Z(E + 21, + A0)]e, 1))

The value of the sum in (30,4) at ¢ is equal to

n—1

Y {PE1,1,1) — Po(60,1,1) — V(& 1,0,1) — W,(&1,1,0) +
m=0
+ P, (6,1,0,0) + ¥,(0,1,0) + ¥,(&0,0,1) — ¥,(&0,0,0)} =
nol iy
“mzo 04 0B dy & Ard)

(0 < B,y, 2 < 1 being fixed numbers).

af;:av = —o I{h"([JU(& t) — U(=¢ + 2x,, + A0)[e, 7,,) (Z(&, 1) —

— Z(— & + 2z, + A0)[e, 1)) (Wil =& + 21,y + A0)[e, T,) +
+ Bu(—¢& + 21, + A0)[e, 1) + y2(—E& + 2z, + A0)[e, T,))} +
+ ol (W' ([.) [u(—¢& + 2z, + A0)[e, T,) Z(—E + 2(t,, + A0)[e, 1) + .
+ U(—¢ + 2t + A0)[e, Tp) 2(— & + 2(t,, + A0)[e, 1,) ]} —
= LWL [a(—& + 2w+ 20 ) 206 7) +
+ U ) 2(=8 + 21w + A0)fe, T)]} = A; + 45 + 45

A, and A3 may be transformed in the following way (according to the formula
2
I{aB + Ab) = AB — % [ ABd¢,I,.a = A, Ib = B):
0
Ay = —oh'([)U(=¢ + 2(t, + 20)[e, ) Z(— & + 2(1,, + L0)e, T,) +
1 2
- EGJ' W) U= + 2ow + J)fes 1) Z(=E + 2e, + 10)Jes 7.) dE +
0

+ oI {h"("|.) U(=¢ + 2z, + A0)fe, 1,)) Z(—& + 21, + 20)[e, T,) [WHE, Tw) +
+ wi( =& + 2, + Ao)fe, 1) + Bu(é, T) + Bu(—E + 2z, + Ao)fe, 1,) +
+92(&, Tn) + y2(—& + 2(tm + 20)[e, 7,)]} S
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Ay = ah'(].) U(—¢ + 2z, + 10)[e, T™w) Z(¢, Ty) —
- %a M U(=¢ + 25, + 1), ) 2(¢ %) de —

— ol {h'(].) [U(-¢ + 2(z,, + A0)[e, ) 2(€, T,) +
+ U(¢, 1,) z2(—¢ + 2(t,, + Aa)[e, )]} —
= ol {h"(].) U(-¢ + 2(z,, + o)fe, 1,,) Z¢, 7).
[wie, T,) + wi(=¢& + 2z, + 10)fe, z,) + Bu( t,) +

+ ﬂ Ll(_f + Z(Tm + 20)/ H Tm) + Y 0(63 Tm) + Y v(hé + 2(Tm + 20)/8’ Tm)]} °
Hence we obtain

37,4) o (f,i,ﬂﬁ’):AH‘ Ay
( ’ 04 0B Oy '

— ol ([)U(-¢ + 2(t, + Ao)fe, 1,,) .
NZ(= &+ 21, + o), Tn) = Z(¢, )] + ga.f:h'('/.) U(-¢ + 2z, + 40)fe, ,,) .

. [Z(—-f + 2(x,, + 10)[e, Tp) — Z(¢, )] dé —

= ol {n'(-]) [U(-¢ + 2(t,, + 20)/e, Tw) 2(¢, Tn) +
+ U(¢, ) Z(—¢ + 2z, + 20)[e, )},

A, = —al{h'("].) U(-¢ + 2(t, + o)fe, 1,,) .
L=Z(-¢ + 2(t,, + A0)fe, 1,) + Z(¢, 1,)].

[, Tn) + S ué z,) +

$Tn) + ¥ 2(=¢ 4 e, 4 A0)le, 7)1},

A+ Ay =51 4,

As = —olg{h”('/.) U(e, Tp) [z(¢, T,) — Z(-¢ 4 2(t, + 20)/e, 7.)] .
D(=¢ + 25, + 40, )+ Bu(=¢ + e, 4 20)[e, 7,,) +

+yu(—¢ + 2z, + A0)[e, o)},
6 = —al{h"(-].) U(-¢ + 2(t, + o)le, 1,,) .
[z(¢, Tp) — Z(-¢ + 2(t,, + 20)/e, T)] .

Dvie ) + puge, W) + 70 7,)]) .
'The value of the sum (30,4)

A

at £ is equal to the Sum of the expressions (37,4) for
m=0,1,..,n—1. Obviously (cf. (32,9))

(38,4) 44| < oK2011(e, T) fo ZIU(—f + 2, + Ao)fe, Tp)| -
wi(=¢ + 2z, + A0)fe, 1,,) + Bu(—¢ + 2(z,, + do)fe, 1,) +

tra=&+ 2 4 Ao)fe, z,,)| dé . '
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It follows from Theorem 2,3 that |y(1)|,,, ||o(ie + D, SR +1 for 720,
i=0,1,2.... Hence =

(39,4) f :Iw,-( =&+ v, + Ao)fe, 7,) + Bu(—& + 2c, + 20)e, 1,,) +
+y2(=¢ + 2z, + Ao)fe, 7,)|dE < SR + 5,

(40,4) U@ = W) = WD) < 2R + 2.

From (36,4) one obtains

(414) [ =g + 2ot o) +

+ Bu(—E + 2z, + J0)fe, 7)) + p (=& + 2ty + A0)fe, 1,.)| d& <
= (SR + 35) Kao[| ¥ - T, + 4],

it follows from Lemma 12,4 that

(424)  |w{—=¢ + 2z, + do)fe, 1,)| < 2, [u(—¢ + 2t + 0)]e, )| <4,
[z(-f + 2(t,, + Ao)le, T,,,), =4 if ie, je=N,, —¢+ 2z, + Ao)fe e J(n) .

Therefore if —¢ + 2(t,, + A0)fe € J(y) for & e J (1), then

(43.4) Jw . )]U(é, )| Wi =€ + 2(c, + 20)|e, T,)) +

+ Bu(—& + 2t + A0)]e, Tw) + y2(=¢ + 2t + A0)]e, ‘cm), d¢ <
< (2R +2).10 = 80 (R + 1)

and in any case

(44,4)

f ,U(f> Tm)l Iwi(‘f + 2(z, + io)le, 1,) + Bu(—¢ + 2z, + io)le, 1,) +
0,2y Je(n)
+72(=& + 2Anw + do)fe, 7,)| dE < (2R + 2) (SR + 5) = 10(R + 1)2.

The condition that —¢ + 2(z,, + l0)fe e J(n) for ¢ e J(n) is equivalent to (2, +
+/'La)/e;9——ﬂ, 2(1',,,+/la)/£—9+11)n.u (i+9-n, i+9+n) =0, ie.

1=—

2ule¢ U (i +29 =20 = dofe, i+ 29 + 27 — Aofs). (38,4), (41.4), (43,4) and

1= =00

(44,4) imply that
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(454)  |4g| < 0Kaoa(e: 7) {S(R + 1) Kyo[ | ¥ = ¥, + ] + 10(R + 1)},
m=20,1,2,....,n—1
and

(46.4)  |Ao| = 0Kz x4(e, T) {S(R + 1) Ky6[|V: = Tj|, + 7] + 80(R + 1) n}

if 2t,/e¢ U (i+ 29 —2n— Aofe, i+ 29 + 2n — Acfe). Assume in addition

that o = n/l, | being a positive integer, i.e. that t = n.n[l. Ast,, = mo = mt/n, the
number of points 2t,, /e which belong to an interval (i + 29 — 27 — Acfe, i + 29 +
+ 21 — Jo/e) does not exceed eo ' . 2 and the number of intervals (i + 2% — 25 —
— Aofe,i + 28 + 2y — Aofe),i = ... —1,0, 1, ... which contain some points 21, /¢ =
= 2o6mfe, m = 0,1,...,n — 1, does not exceed (2T + 1)/e. Therefore the number
of numbers m for which we have to use (45,4) doe snot exceed 2(2T + 1) 6~ '#; for
the remaining numbers in (46,4) is used;

(47,4) "§|A6[ S Koo 1a(e, T) {5(R + 1) K[| ¥: — Y|, + n] + 10(R + 1)*}.
2T + 1)1 4 Kao 24(e, T) {S(R + 1) Kyo[ | ¥i — Y|, + 1] + 80R + 1)} T <

= Ko 11(8’ T) [HYz - 71“'1 + '7] .

(47,4) was proved for t = nn/l, n, I being positive integers, 0 < t < T; as A4 depends
continuously on t (t,, = tm[n), (47,4) holds fot all £, 0 < t < T. Similarly one obtains

n—1
(48.4) ' ZO|A5| < Ko xa(e T) [V = Fifl, + 1]

Let Ih’(é)l < K, for |é| < 2p,. From (36,4) and Lemma 1,4 one obtains that

(49,4) Iah'('/.) U(—& + 2ty + A0)[e, Tp) [Z(— & + 2(r,, + /16)/8, T) — Z(&, 1,,,)]| <
= 0K31K26[u Y, - ?.I“'I + ’7] 2X1(8’ T)

if —¢&+ 2z, + Ao)fee J(n), ie. if Ztm/sf 6 (i+84+¢—n i+3+E&+n).

As |Uy < 2(R + 1), o

(50,4) [oh'()) U(=¢ + 2t + A0)[e ) [Z(—¢ + 21, + A0, 7,) — Z(E, w)]| <
< 0K31 2(R + 1) 2x4(e, T) .

Assuming in addition that ¢ = #I, i.e. t = nn/l, | being a positive integer, the number

of m’s such that 2t,fee U (i+ 3+ & —n, i+ 9 + & + 1) may be estimated in

i=—o
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a similar way as above by (2T + 1) ¢~ !5 and from (49,4) and (50,4) one obtains

:i;ah’('/-) U(=¢ + 2, + 20)[e, 1) [Z(=¢ + 2z, + A0)[e, 1,) — Z(€, 1,)]| <
< K Kool |V = G, + 0] 20a(e, T) T +
+ 0K3 2R + 1) 2xy(e, T) 2T + 1) 67! <
< K[| ¥ = Tl ale, T) + 1]
Hence
kS % zah’('/.) U(=¢ + 2ty + 20)Je, 1) -

!m=0

Jz(=¢€ + 2, + Ao)fe, 1) — Z(E, Tn)] dE| £

(51,4)

= Ksz[uffi - YJ”’! X1(3’ T) + "I] :

As the left hand side of (51,4) depends continuously on ¢ (t,, = tm/n), the assumption
that ¢ = nn/l may be omitted and (51,4) holds for all 1,0 < t < T.

(52.4) LW (L) U 1) 2= + (2t + 20)[e, w)}| <
< 2k J UG )| [2(=& + (22, + J0)e, 7,) de .

According to (36,4) and Lemma 11,4

(53.4) Lo . 1066 5] 2(=¢ + 2 + 0 )] d¢ 5
=< Kzs[uyi - TCH'. + 1] x4 T).-

According to Lemma 12,4 |2(—¢ + (2t,, + A0)[e, 1,,)| S 4 if —¢& + 2(t,, + Ao)[e e
€ J(n), ie = N,. Therefore (as |Uly < 2(R + 1))

(54.4) J !U(f, 1',,,)| |Z(—§ + 2(t,, + o), ‘rm)l dé <
€0,2>nJc(m)
S42R+1)4=32R+1)n
if =&+ 2(1,, + Ao)[e e J(n) for E€ T (n), ie. if

21,,,/3¢.U (i+29—2n—2cfe i+ 29+ 2n— Jafe).

1= — o0

From Lemma 11,4 (and |U||,, < 2(R + 1)) one obtains

(55.4) |U(E )] [2(—€ + 2t + Z0)[e, T,)| A < 2(R + 1) 14(e, T) .
€0,2>nJc(n)
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(52,4)—(55,4) imply that

(56,4) J:lU(f, r,,,)l |z(—f + 2(t,, + Ao)fe, 1:,,,)| dé £

< Kool |9 = ¥illy + n] (e T) + 2R + 1) (e T) -

(57.4) [ :lU(é- e [2(=& + ey + Ao)fe,2,)] dE <
< Kadl| 7 — Tl + 1] 2o T) + 32R + 1)1

if 2t,/e¢ U (i +29 —2n — dofe, i + 29 + 2n — Aoe). Estimating the number

of m’s,m=0,1,...,n — 1suchthat27,/ee U (i +29—2n— Acfe, i +29+2n—lo/e)

(having introduced the additional assumption that o = nfl, i.e. © = nn[l (I being
a positive integer), which will be omitted after (58,4)) in the same way as in the
proof of (47,4) by 2(2T + 1) 6™ '# one obtains from (56,4) and (57,4)

(58.4) @}Q{h’(‘/.) U(&, ) 2(—€ + 2(t, + Ao)fe, 1,)}| =
< [Kae[| ¥ = Yilly + n] (e, T) + 32(R + 1) 0] T +
+ [Kao[ | ¥ = Tifly + 0] (e T) + 2R + 1) gu(e, T)] 22T + 1) 5 <
< K[| ¥ = ¥y (e T) + 0]
Similarly
(594) (X o1 () U=E + 2o + do)fe ) 26 )} =
< Kao[[|¥i = Ty (e T) + 4]

As the value of the sum (30,4) at ¢ is equal to the sum of the expressions (34,4) for
m =0,1,...,n — 1, and as the sum (30,4) is arbitrarily close to the integral in (29,4)
if ¢ = t/n is sufficiently small, it follows from (47,4), (48,4),(51,4), (52,4), (58,4) and
(59,4) that Lemma 13,1 holds for a = 2, too.

Lemma 14,4. Put U(t) = Wj(1) — W1) — Y,(t) + Y1) and assume that i, ¢; =
= N,. Then

(60,4)

j DLIFA(Y() + U(). 0.) = F(Y(c), 0.9)]

0

=
n

< Ky [j;]]U(ﬂ‘],,dr ; f,], “=1,2.
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Proof. For n > 0 put ¢ = t/n, 1,, = mo, m = 0,1, ..., n. Then the integral in
(25,4) is the limit of

n—

614 T [P0 + U)o+ 0,6) = F2(Y50) + Ufeu) ) -
— Fa) o+ 0,0) + P2, 2 )]
Let o = 1; put

o6, ) = f HY(&) = /(= + 20,e) + A T(&) — 2 U(=¢ + 20,/)) do, .

Tm

Then the value of the sum (61,4) at ¢ is equal to

n—1 n—1 aQD
Z (q)m(‘f’ 1) - (pm(f’ 0)) = z = (é, A’) N 0<i <1 s
m=0 m=0 O0A

% (69 = f"”h(-/.) (U ) = U(=¢ + 26,[e, %,)] do, .

m

Let [h()| < K3, for [¢] < 18(R + 1). Let & e J(n). As |U(E,, 1,)| < |U(zn)]
|U(é, 'c,,,), < 8(R + 1) (cf. Theorem 2,3) for ¢ € Ey, the value of the sum (61,4) at &,
may be estimated by K;, [o ¥y(0,) do;, ¥, being defined by

(62,4) ¥y(0y) = 2| U(t)||m » if 016 Tpey), —& + 20,/ee J(n),
y’1(‘71) = ”U(Tm)”n + 8(R +1), if o€ (1',,,, Tm+1) , =&+ 2'fm/ﬁ ¢ J("I) .

If ¢ = nfl, i.e. if © = nn/l, the number of such m’s that —¢ + 21,,/e ¢ J() may be
estimated similarly as in the proof of Lemma 13,1 by 2(2T + 1) ¢~ '»; hence

t n—1
(63.4) fl//l(al) do; 2% |U(z,)|, + 16(R + 1) + 2T+ 1)y, 0<t<T.
) m=0

(The assumption that ¢ = yn/l may be dropped, as the left hand side of (63.4) is
continuous in #.) (60,4) holds for o« = 1.
Let a = 2. Put
?,(&, 2, B) = Jel {H(Y,(& 1) — Yi(—& + 2(z,, + 20)[e, Tp) +
+BUE¢ 1) — BU(-E + 2(x, + Ao)[e, )} -

The value of the sum (61,4) at & is equal to

n—1
ZO[¢m(éa 1’ 1) - ¢m(€5 1’ 0) - Qm(éa 09 1) + ¢m(é’ 0’ 0)] =
" n—1 az¢m

-3

=0 0] 0B

(&ALB), 0<ip<1.
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% (&4 B) = —ol (W (]) [ w) — U(=& + 2, + o), )] -

(=& + 2t + Ad)fe, T,) + Bia(=E + 2c, + A0)[e, T,)]} —
= ol {h(].) @(—& + 2(z,, + A0)e, )}

& > 0 being fixed. Suppose that ¢ < en. Similarly as in the case « = 1 one obtains
(cf. (63,4), (64,4))

n—1

(654) X ofH(]) U(=¢ + 2eu + 20)fe7,)| < Ko f "Yi(or) doy <

n—1
S Ky2Y | U], + 16(R + 1) 2T + 1) 1] -
m=0
(65,4) implies

(66.4) mg’ % j :alh('/.) U(=¢ + e, + A0)fe, 7,)| dE <
< K32[2:Z:“ U(e,)], + 16(R + 1) 2T + 1) 7]

Let [W(Z)| < Kys for & < 18R + 1) as [5(z,) + B (5)]e, < SR + 1),
[0(tm)|s < 8(R + 1), y(& tm) + B, )| < 10, if &i, &f = N, it follows that

(67.4) lalg{h’('/-) U(E, 1) (=& + 2(,y + A0)]e, 1) +
+ Ba(=& + 2z, + 20)fe, 1,)]}| £ 0. 40K;5(R + 1)

and that

(68,4) |oT{R (")) U(E, 1) [yi(— & + 2(z,y + A0)Je, 7,) +

+ Ba(—E + 2tn + do)fe, T)]}] £

J\(0,2>nlc(ﬂ)

S 0 K33 - 320R + 1) [|U(z,)], + 7],

<o

< 0 Ks3[|U(r,)], S(R + 1) + 45 8(R + 1) 10] £

|
f + 0
€0,2>nJ(m)

if —&+ 2(t, + do)fee J(n) for EeJ(n) n{0,2), ie. if 21,/¢ ¢ G (i+29-

— 21 — Jofe, i + 29 + 21 — 2ofe) (cf. the proof of (45,4)). Proceeding in the same
way as above in the proof of (47,4) one obtains

©4) 1T o) T 5 D¢ + 2en + o 50) +
+ Bu(—¢& + 2(t, + o), rm)]}l <

< K33 .320(R + 1) ["go" U(ta)ls 0 + Tn] + 40K55(R + 1) . 22T + 1) 5.
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Similarly
(70,4) l ioaig{h'('/.) U(—¢ + 2(t,, + 40)[e, 1) [V,(& 1) + BI(E, r,,,)]}l <
< Kj3.320R + 1) ["\: 1Tl o + Tn] + 40K35(R + 1) . 22T + 1) 1.

(60,4) for o = 2 follows from (65,4), (66,4), (69,4), (70,4), as sum (61,4) is arbitrarily
close to the integral in (60,4) if o is sufficiently small.

Lemma 15,4. Let i¢, je > N,, 0 < t < T. Then

(71.4) < Ksole| ¥, — ¥ill, + 1]

M

JtD,[Fz(VZ(t), 0, &) — F3(W{1), 0,¢)]

0

Proof. Like in the proof of Lemma 13,4 put U(t) = Wj(t) — Wy(1). Put ¢(¢, B) =
= 1 [{ DI {H(W{(&, 1) — W(—E + 20[e,7) + B U(£, ©) — p U(—¢& + 20/e, 7))}. The
value of integral in (71,4) is equal to ¢(, 1) — (&, 0) = (d¢p[0B) (& B), 0 < B < 1
(cf. (20,4) and the definition of [4D,F(x(z), o), [1], section 1, after (51,1)). Put
T,=me,m=01,..,lett, <t <41,

B, = —%sjthDaI{{h('/.) [UE ) — U(=¢& + 20[e,7)]}, m=0,1,...n—1,

B, = 1o j "D I{H()) [UE ) — U(=& + 20/, 7)]}

Tn

h(:|.) = h(W(& 1) — W(—¢& + 20fe,7) + BU(E, 1) + BU(-C + 20/e, 7)) .
Then

a_(p _ n
(72,4) Py (& B) ,.,2=0B""
As

j fDaF(x(r), o) = J ” gg (x(c), o) do

(cf. [1], section 1, after (52,1)), it follows that [% D,F(x(), o) = F(x(«), B) —
— F(x(«), @) and

J fD,F(x(r), o) = J ” [—Zg(x(a), a)] do — J ” % ({0 )0 + () F) = F(o(o, ).
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Apply the last formula to the integral defining B,,. As U(— &+ 20/e, 1), Wi(—¢&+20/e, 1)
have the period ¢ in o, one obtains

(34) B, = f "I = W(]) [l =& + 2006, 0) + Bu(—& + 2ae, o)] .
U, 0) = U(=¢ + 20[e, 0)] — h([..) u(—=¢& + 20]e, o)} —
— Jvrm*llé{—h’(//) [w{=¢& + 20/e, 1,,) + Bu(—¢& + 20/, 1,)] -
U ) = U(=E + 20]e, 1,,] — W([[)u(=¢ + 20/e, )},
m=20,1,...n—-1,
W([.) = K(W(& o) — W(=¢ + 20fe,0) + BU(E 0) — BU(=¢ + 20fe, 0)),
W(ll) = KWlE ) = W= + 208, %) + BU(E ©) = BU(=E + 205, 7,.),
h(*:]..), h(/[) having an analogous meaning.
I{—h("[..) u(—¢& + 20[e, 0)} = h(*[..) U(—¢& + 20[e, 0) —
— Lh([..) [wi(& o) + wi(=¢ + 20[e, 0) + Bu(é, 0) + Bu(—¢ + 20]e, 0)].

Applying the last formula and analogous formula for I(—h(/[) u(— & + 20/e, 1,,)) to
(73,4) one obtains

(144) B, = f ")) U= + 206, o) — h(J]) U(=& + 20fe, 7,)] do —

= [ R = 2010 + (= 2] 0] U6 0) -
— W(]])[w{—¢ + 20/e, 1,,) + Bu(—¢ + 20e, 1,,)] U(¢, t,)} do —
- J-tm“I':{h'("/--) [wil& o) + Bu(&, 0))] U(=¢ + 20/z, o) —

= W) [wid& wn) + Bu(s ww)] U(=¢ + 202, 7,)} = B,y + Byo + B,z

As W; and W; are solutions of (6,2)in M and as | fo(Y ||y < Ksq for Ye M, ||¥]|, <
< R + 1, it follows that

I\

(75.4) [Wiz) = Wi(#)|s € Ksazr = %), I=1i,j, 0<t<r.

Taking into account that [U(e)[[y < 2(R + 1), [h([..)], [h(/])] < K5, |H(8)] < K6
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for £—R — 1, R + 1}, one obtains from (74,4), (36.4), (35,4) and (75,4) that

|B,..| < f ") = B |U(=€ + 20fe, 0)| do +

T,

+ J‘MHIh(//)l |U(=¢ + 20[e, 6) — U(—¢ + 20fe, 7,,)| do <

m

= £2K36 K, Kze[”?j - Ynl‘.n + ’7] + K35J ![12(0-) do,

Tm

¥, being defined by ¥,(0) = eK,sKof[ |V, — Til|, + n], if —& + 20/c€ I(n),
¥,(0) = 2(R + 1) if —¢ + 20/e € J (). Therefore

J W,(0) do < 2KysKoe |7, — Tl + 1] + on. 4(R + 1)

Tm

and
(76.4) le,1| < eKyq[e| ¥ - Yill, + 01,
(77.4) |Th (].) [wid = & + 20fe, 6) + Bu(—¢ + 20]e, 0)] .

. [U(é’ O') - U(é: Tm)]}l é
2
< Ksﬁj Iw,.(—é + 20fe, 0) + Bu(—¢ + 20[e, a)| .
|U(E 0) — U(E, tm)| A2
Taking into account that |w(s) + Bu(o)|., < R + 1 (cf. Theorem 2,3),
wi(—& + 20fe, 6) + Bu(—¢& + 20/e, 0)| < 2,if —& + 20[e € J(n) (cf. Lemma 12,4),

U(E, o) — U(E, 1,)| < eKysKaol |V = Vi, + 1] if E€(n), o€ltm tmes> (of.
(36,4)) and ||U(0) — U(x,,)|| s < 26K, (cf. 75,4)), one obtains that

ﬁw,-(—f + 20/e, 0) + Bu(—¢& + 20]e, o-)| ‘U(é, o) — U(&, r,,,)] dé (R +1).2eK3,,
0

and that if —¢& + 20fee J(n) for &eJ(n), ie. if 20]e ¢ U (i+29—2n, i+
+ 29 + 27), then e

J‘:‘wi(—ij + 20fe, o) + Bu(—¢& + 20fe, 0)| ‘U(f, o) — U(¢, ,)| dé <

IIA

j + J S eKysKog[ |V — T, + 1] (R + 1) + 412 26K, .
€0,2>nJ(n) €0,2>nJc(m)
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Therefore

JWMI lewi(_f + 20[e, 0) + Bu(—¢ + 20fe, 0)| [U(E, 0) — U(E, 7,,)

Tm

dédo <

< &2KysKoo[ | Y, — Vil + n] (R + 1) + &2 16K5, + 263(R + 1) K3,
and from (77,4) one obtains

[ frm

(78,4) f HI.s{h'("/--) [wi(—¢ + 20fe, 0) + Bu(—¢ + 20/e, 0)] .

[U(¢ 0) = U w1} d”g < &Ky |¥; - T, + 1]

Let [R"(&)] < Ko for |¢] < 4(R + 1).
(79.4) |[LL1'(+]-) = H(N] [wi(~& + 20/e, o) +
+ Bu(—¢& + 20fe, 0)] U(¢, r,,,)}| <

< Kj, le(l — B) (W&, 0) — Wi(—¢ + 20[e, 0) — W& 1,) + W(—E + 20]e, T,,,)I .

U )| Wl =€ + 20[e, 0) + Bu(—¢ + 20]e, 0)| d¢ <
< eK30Ksy . 2(R + 1) (R + 1)

(cf: (75.4)).

If —¢+ 20eed(n) for Eed(n), ie if 20/e¢ U (i +29 —2n, i+ 29 + 2n)
then i=-e

(80,4) (AR () = W(ID] [wd = ¢ + 20]e, 0) +
+ Bu(—¢ + 20/e, 0)] U(E, rm)}l <

= K U +J ]g Ko . 2K 36| U(z,)|, - 2(R + 1) +
€0,25nJ(m) <0,25nJc(m.

+ K30K348 . 2(R 4+ 1).2.4n S . 4R + 1) K3oK3,Koo[ | Y, — Y|, + 1] +
+ &n . 16(R + 1) K39Ks, < eKoo[ | ¥, — ¥if|, + 1] .
(79,4) and (80,4) imply that
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(81.4)

j "IN = WO (= + 20]e, o) +

1V Tm

+ Bu(—¢ + 20/e, 0)] U(E, 7,)} do| <

< &Kol |V — Tifl, + 1] + 81 K30K3u(R + 1)? <
< @Kal|Y — Y, +n].

It follows from ||U(x,,)|» < 2(R + 1), Lemma 8,2 and Theorem 2,3

(82,4) llg{h'(//) [wi(—& + 20/e, 0) + Bu(—¢ + 20/, 0) —
= wi(—& + 20fe, 1,)) — Bu(—¢ + 20]e, 1,)] -

UG )} = Kae le(l = B) [wi(=¢ + 20/, 0) — w(—¢ + 20)e, 1,.)] +

+ Bwl(—& + 20[e, 6) — wi(—¢ + 20fe, 7,,)]| lU(i, )| do <
= Ky 2R + 1) 2. 2K,[(1 = B) [wiwn)|z, + Blwita)L, <
< £.4K36K,(R + 1)2.

If —¢+20feed(n) for Eedn), ie. if 20/e¢ U(i + 29— 2y, i+ 28+ 27),
there i= -

(83.4) |I{h(J]) [wi(— & + 20[e, 0) + Bu(—¢& + 20[e) — w(—& + 20e, 7,,) —

— Bu(=¢ + 20fe, 1,)] U(E ©)] £ Kse q . f ) <
0,250 J<0,25nTe(n)
= Kso - U@y & - 2Ka[(1=B) Wit o+ Bl wiltm) | ,] + Kag-4n. 4. 2R + 1) <

< e 2K36Ko6Ka(R + D) [| ¥ = Y|, + 1] + 7. 32(R + 1) Ky =
= Koo ¥; = il + ]
(82,4) and (83,4) imply that

(84,4)

er*llg{h’(//) [Wi{—¢ + 20/, 0) + B u(—& + 20]e, 0) — w—¢ + 20e, 7,,) +

Tm

+ Bu(—¢& + 20/e, 6)] U, 1)} do| <

< eKyole| ¥ — T, + 1] + 6. 16K36Kao(R + 1) < 6K y3[e] ¥, — B[, + n] -
1t follows from (78,4), (81,4) and (84,4) that

(85.4) |Bo.2| < eKaale| ¥, — By +1], m=0,1,..,n—1.
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As le,sl may be estimated in the same way as |B,,,,2|, one obtains (cf. (76,4), (74,4))
(86.4) B < eKas[e| ¥, — T, + n].

J "D, F(x(c), o) = f ’ gg (x(e), o) do

a a

The formula

applied to B, gives
(874) B, - J (=W (L) (=& + 20fe, ) + Bu(—¢ + 20)e,0)]
[0 o) = U(= + 20, ] — h(-1.) u(—& + 20fs, )} do =
= f' h([..) U(=& + 20/e, o) do — ftlé{h’("/..) [wi(=¢ + 20/c, o) +

n Tn

+ Bu(—¢ + 20/e, 0)] U(E, o)} do —
- ftlé{h’("/-') [wi& o) + Bu(é, 0)]U(-¢ + 20/e, 6)} do .
As [h(“[.)| £ Kys, |U(=¢ + 20f5,0)| < 2R + 1) and |U(=¢ + 20/e, o) =
= Kool |V — Filly + 0], if =& + 20/e€ J(n). 0 < 0 < T(cf.(35.4),7, < t < 1, +

+ ¢, t £ T, it follows that

(88,4)

j W[ U(=E + 20fs, ) do| < eKasKao[| Ty — T, + 1] +
4neKys 2R + 1) < Kougle] ¥, — vil, +n).
As o) + Bu(@)]u, £ R + 1, [U0)|w < AR + 1), (L) < Koy, it follows that
(89,4) [h(7].) [wd =& + 20[s, 0) + Bu(—¢ + 20]e, )] U(Z, o) <
< K36f:[w,-(—.f +20f¢,0) + fu(—¢ + 206, 0)| |U(E, 0)| dE < Ky . 2R + 1)2,

Taking into account that lwi(—é + 20fe, 0) + Bu(—¢ + 201z, a)l <2, if =&+
+ 20/¢ € J(n), one obtains that

(904)  |L{W'(7].) [w{=¢ + 20fe, 0) + pu(—~& + 20[e, 0)] U(Z, o)}| =

<0,2>nJ(m) <0,2>nJc(n)

S KoKl |Y — Vi, + n](R + 1) + Ky6.417.2. 2R+ 1) = Kys(|¥; = T, + 1),

if —& 4 20feeJ(n) for {eJn), ie. if 20/ ¢ U (i+29—2y i+29+ 2n).

1= —w
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(89.4) and (90,4) imply that
1

(91,4) Jﬂ I (] [wi(— ¢ + 20fe, 0) + Bu(—¢ + 20fe, 0)] U(E, 0)}| <

1V Tn

< K[| ¥; = Tilly + n) + 4onKse - 2R + 1)* < eKas(| ¥, — Fil, + 1)

Ij‘t I (7]..) [wi& o) + Bu(é, 0)] U(—E + 20/e, 6)] do

T,

may be estimated in the same way as

>

ft IR (].) [w =& + 20, 0) + Bu(—¢& + 20]e, )] U(E, 0)}

Tm

it follows from (87,4), (88,4) and (91,4) that
(92,4) |B.| < Kuo(e|¥; — ¥, + 1), 0O<e=<e<1).
Lemma 15,4 is a consequence of (86,4) and (92,4).

Lemma 164. If ¢, ¢ =2 N,, 0 <t < T,0 < ¢ < g, then

(93.4)

;; j DIFIH (), 0. ) = FiW(2) 0.0) = FOH () .8) + FiW (), o]

=
n

< eKsol |V = Ty + n] -
Proof. For Ye M put
st = Ei ),
ot
i.e.
f1(Y 7, 6) (€) = 3H(Y(E) — Y(=¢ + 2tfe)) ,
o6 = [ LF10%(0) + 2 U(e) 0.0) (&) = F5W(e) + 2 U(e) (9] o,
0
U(o) = Wo) — Wio),

fo being defined by (5,2). Then the value of the integral in (93,4) at ¢ is equalto
(cf. (20,4), (22,4) and

j D, F(x(z), o) = j ’ L (s(0),0)dov (e, 1)~ 9(6.0) = 22 (68), 0< i<t

a a
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b9 =] [(%f; (W) + £.U(0).2.) Ue)) 1) -
- (%f; (W(o) + 2 U(s)) U(a)) (e:)] o,

(95,4) (‘% (W(z) + 1 U(z), o, 5) U(f)> &) =

= Yh(W(& ) — W(—¢ + 20[e,7) + L U(& 1) — A U(—¢ + 20/, 7)) .
JUE 1) — U(=E + 20fe, 7)] s

(96,4) <%%(W,.(z) + 2 U(), o) U(T)> ) =
_ ﬂzh(w,@, ¥) = W(=& + 20,7) + AU(E ) — AU(=E + 20, 7).

U 1) = U(=¢ + 20,7)] do .

Putt, = me, m=0,1,2, ..., 1, St < Tpyy,
5= [T [(% o)+ 201009 o)) 6) -
_ <%f;i(m(o) + AU(a) U(a)) (g)] do, m=0.1,..n—1,
n-[ (% o) + 000 .9 o)) (o) -
- (% 0ve) + 200 V) ]

oy
As |h(y)] < Kso if |y| < ps, it follows from (35,4), (95,4) and (96,4) that
(97.4) B = eKai[|Y; = Vi, + 1] if e d().

It follows from the definitions of f{ and fg (cf. (5,2)) that

J‘tm“[ff(l/[/i(rm) + A U(‘L'm), o, 8) - f(,)k(VVz(Tm) + 4 U(TM))] do =0 ’
Hence i

_ (‘ZLE (Wi(t) + 2 U(1,)) U(r,")> (5)] do = 0
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and

n= [ [(% (4(0) + 7 00),2.9) U2)) ©) -

Tm

_ (%f_){: (Wi(x,) + A U(z,,), 0, ¢) U(rm)> (g)] do —

- [(‘j.jf—y (K(e) + 10(e) V() ) @) -

Tm

- (L e+ 206 Ve )] do = B+ B

As |h(y)] £ Kso, |W(v)] £ K5 for |y] < s, and as [[(1 — 2) (Wi(o) — Wi(x) +
+ AWo) — W(t,)|u < ¢Kaq according to (75,4), it follows from (95,4), (35,4) and
(36,4) that |B,, ;| < e2Ks,[||¥; — ¥.|, + n] if &€ J(n). |B,,.| may be estimated in
the same manner; hence

(98,4) |B.| < 26%Ks3[|Y; — ¥, + n] of &eJ(n) and

Lemma 16,4 follows from (97,4) and (98,4).
The following Lemma is the required estimate of (23',4).

Lemma 174. If ic, je 2 N,,0 <1< 1,0 < ¢ < ¢, then
(99.4) [Y(je + ©) — Y(ie + 1) — V,(je + ) + V{(ie, 7)|, <
< Kse[ |V~ i, (e + xa(e, T)) + 1]

Proof. The right hand side of (99,4) is equal to [Y,(r) — Y{(r) — Wj(z) +
+ W{1)|, (cf. the definition of Y}, Y;, W;, W; after (24,4)), (25,4) implies that

(1004) [¥0) - %) — o) + W), <
| [ PP 0.0 = 0K = )+ 1) 0,9 +
+ U D) — W) + (). 018) — FH(Y(2), 0,0) -

0

— FX(W(1), 0,8) + F*(W(), 0,8)]| +

n

ft D[F*(W,(x) 0, &) — F¥(W{1), 0, ) = F§(W,(x), o) + F§(W2), 0)]

0

|
+

n
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According to Lemma 14,4

j;Da[F*m(r), 0.8) — FX(W(x) - W(x) + Y(c). o, s)]/f

b

(101,4)

T
< z_K34[ 172 = (@) = We) + (o), de + n].
0
From Lemmas 16,4 and 15,4 one obtains

(1024) f ;D,[F*(W,-(T), 5,5) = F(W(2). 0,0) — F§(W2), o) + Fi(W{x), a)]rf

< e(Kso + Ksa) [| Y, = 1|, + nl.

n

Therefore (100,4), (101,4), (29,4) and (102,4) give
1Y) = Yie) = wile) — ()], <

< 2Ky, j ;n Y(5) — Y{5) = W2) + W), dv + 2Ky +
+ 2K35(n + |V = Y|, e, T)) + e(Kso + Ks,) (7 - 7, + 4] <

< 2K34f | Yi(z) - = @) + WD), de + Kss[| ¥, = ¥, (e + 2.(e, T)) + 1]

and Lemma 17,4 follows by Gronwall’s Lemma.

Lemma 18,4. If je, ie = N,, 1T < 1 < T (i, j being integers), 0 < ¢ < ¢, &, being

small enough, then

(103,4) [Y;(je + 1) — Yi(ie + 7], < ‘
Y- Tl + Ksen'?, 4T<c<T.

Proof. It follows from (99,4)
[¥(Ge + 7) = Y(ie + 1), < [Vije + ©) = Vi(ie + 7)], +
+ Kso(e + x(e, 7)) | Y(je) — Y(ie)], + Ksen, 0<t<T.
As |85 = Sillw = ||8; = Si|s = | ¥i = V)|, (cf. the definition of S; after (6,4)),
(10,4), (15,4) and (7,4) imply that
[Vije + =) = Vilie + 9)]a < |Vj(Je + 7) = S,(je + 1), +
+ [[S(je + ©) = Sfie + 7)||, + ||Si(ie + 7) - Viie + 7)||, <
= K, exp( %57) ” Y, - Y,”n + Ksn'/2,
Ks; = 813K, exp (K,,T), 0Lt < T.

606



Hence (n < 1)
|| Y(js + 1:) — Y(ic + I)H,, <
= “YJ - Y,”,, [Kse(a + Xl(g’ T)) + Kjo eXP(*’fsT)] + (K57 + Kse) 1'%,
0Lt=T.
Let &, be so small that (cf. (24,4))
2K s6(g0 + 11(20s T)) + Kyoexp (—4%sT) = 3.

Then (103,4) holds with K53 = K, + Kss and Lemma 18,4 is proved.

Lemma 19,4. Let L = L() be such a positive integer that
() (us — ny) < 4Ksgn'’?, Ny = N5(D,n) = N+ LT.
If &i, ¢f = N5, then
(1044 17, — T, < 8Kaan'™

Proof. Let 0 < ¢ < ¢, &, & = N5. Let [ be such a positive integer that 17T <
le<T Put j,=j— Ll iy =i— LI Obviously ¢iy,g; = N,. As S(¢, ic) =
= Y (& ie) = V(&) for e J(n), k=0,1,..., it follows from Lemma 1,4 that
19, — 'y < 12— da, [T, = q', < s kas thercfore |7, — T, [, < 2 — .
It follows from Lemma 18,4 by induction that

“ )7j,+kz - ?il-{-kl”n = (%)k (#3 - Hz) + 4(1 - (%)k) Kszs’l”2 , k=0,1,2,....
Hence (104,4) follows for k = Land Lemma 19,4 is proved.

Proof of Theorem 2,1. Let us choose 7, v, ¢ such that the conditions of Theorem
2,3 are satisfied. Let D be sufficiently large and choose a j e U(v, y, ¢), ||7]x < D.
(i) of Theorem 2,1 is consequence of Theorem 2,3.

Let & > 0 be fixed. Let us choose an 7, > 0; as |Z,, < ||Z],forZeM,0 <y <
< 1y, it follows from Lemma 19,4 that |Y(je) — Y(ie)|,, < 8Ksen'/? if ei, ej =
= N4(D, n). And it follows from Lemma 18,4 that

(1054) | Y(je + 1) — Y(ie + 1)|,, < 8Ksen'/® if &i, & = N4(D,n),
iIT<t=T.

Assuming that 4e, < T one finds that || Y(je + ) — Y(ie + 1)|,, < 8Ksgn'/?, if
ei, 6 = Ny(D,n) + 3T, 0 < 1 < &. Hence Y(¢, je + 1) converges uniformly with
j = oo for e J(ny), €0, o0) and (ii) holds.

(iii) is a consequence of the fact that the convergence in (9,1) is uniform (Y(¢, )
being continuous). As ||Y(je) — q'[, < us — 3a < 16 for & = N, (cf. Lemma 1,4
and Y(¢, je) = §(&) for & € J(n)) and as | ¥(r) — Y(je)|u < eK5(R + 2),(cf. Lemma
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8.2, |y(ig)]r, = R, [¥(ie)| < 3[y(ie)]) for o<z < (it Do j=012 .., it
follows that |Y(& © + je) — q(¢ — )| < 30 + eKo(R + 2) if EeJ(n), & = N,,
7 = 0 and (iv) follows from (9,1). Theorem 2,1 is proved.

Note 1,4. Observe that all estimates are independent on , if j € U(v, y, @), | 7| s <
=< D and that the constants Ksg, K, and N5 are independent on ¢. Of course, the
solution Y of (5,1) depends on j and ¢ and so does Z (defined by (9,1)). Assertion (ii)
of Theorem 2,1 may be strengthened (cf. (105,4)): The convergence in (9,1) is uniform
in the following way: Let A be a subset of E; whose distance from the set {3 + j},
j=..—1,0,1,.... Then for every ff; > 0 there exists such a B; > 0 that

[Y(&© +ig) — Z(&7)| £ B ifE€d, 120, 7eU®v,7,0), [|§]u <D, ic = B,.
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