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Yexocropankmii maTemaTndecknii wkypman, 1. 6 (81) 1956, Ilpara.

ST ST - AL S G i B 0 L A WO A A

O HEPASPEIIUMOCTU ITPOBJIEMbBI TOMRKIECTBA CJIOB
B I'PYIIHIE 1 HEROTOPBIX APYTI'IX TTPOBJEM AJI'EGPHI

II. C. HOBNKOB, Mocxsa.

Hpouurano una IV cpesge yexocnopankux marematukoB B IIpare 5/IX 1955 r,

Paborsl, 0 KOTOPBIX OyHeT MATH pedsb B 9TOM HOKJAJe, IPUHAMJIe;KAT Hanpa-
BJICHWIO, BO3HUKINEMY M3 MaTeMaTHmdecKon Jornkm. JHO CcBA3aHO ¢ MOHATHEM
,,aJITOpuTMA‘’ MM 3aKOHA, TO3BOJISAIONIETO0 aBTOMATHYECKH pemaTh 3adadn
olpefeleHHOT0 Kpyra. B marematmre mW3BeCTHO MHOTO TIpobJieM, COCTOANIMX
B TOM, 4TO TpeOdyeTcs HAUTU alITOPUTM JJIA peIleHusi 3a/ia4 TOU UAM APYrou
cepuu. Mpt Oynmem paccmMaTpuBaTh WM3BECTHBIE aJITOPUTMUYEcKUe IIPOOJIeMbI
anaredOpPLl AJIA TPYNI ¢ KOHEYHBIM YKUCJIOM O0Pa3yoImuX, 3aJaHHBIX KOHEUHBIM
YHCIIOM OIPEJeJIIIOMIX COOTHOMEHMI: NPoGeMy TOKIecTBA CIIOB, IPOOIeMy
COIPSKEHHOCTN CJI0B M HpoGieMy maoMopmaMa Ipyni. BoIpoc 0 BOBMOK-
HOCTU pemiaTh aJropuTMUYecKrNe NMpo0JeMbl He MOT OBITH IOCTaBJIEH BO BCeU
IIOJIHOTE JO TeX 10, HOKA IOHATHE aJropurTMa, X0Td U ACHO BCeMU LpecTaBiia-
eMoe, He OBIJIO CKOJIBKO-HUOYAb TOUHO onpeneseno. Ilpu rakom nososkernn noJ-
HOCTHIO BaKPhIBAJACh BO3MOKHOCTH YyCTAaHABJIMBATHh HECYIECTBOBAHWME aJiro-
puTMa JJIs1 pelieHus TOro Wik APYyroro Kpyra 3ajgad. Passurue maTeMaTndecKou
JIOTUKY TO3BOJIMIIO IaTh TOYHOE ONpefesieHne HOHATHA ajJroPUTMa WA 3aKOHA;
aT0 OBUIO ocyiiecTBiieHO B 30 rogax Hamero crojerus B psaje pabor (Hépuy,
Topunr u RKaunn). Brocnegersme Obisim gaHbl Apyrue GopMbl ONpefeseHn s
anroputrMma (lloct, Mapxos, HonMoropéﬂ nYcnenckuin). OTKpBITHE onpe-
nejieHnsd TOHATHUA aJTOPUTMA II03BOJIMJIO0 OOHAPYKHUTH HAJWYWEe aJITOPUTMM-
YeCKM Hepa3pemMMEIX MpoliieM cHadajla B MaTeMaTWyecKou Jormire (mpobiema
paszpemuMOCTH JIOTUKN IIPegHKATOB), a 3aTeM M B caMOU MaTeMaTuKe. TaK
Mapros u llocT fokazanm HepaspemuMocTh IPoHIJIEMBI TOFKIECTBA CJIOB B acCOo-
INATUBHBLIX cHcTeMaX. TIOPUHT MOKa3ajl Hepa3pemnMOoCcTh IIPo0IeMbl TORIeCTBA

CJIOB [JId IIOJIyrpyuit ¢ COKparleHusIMu.

Hawmu 6b11a [OKa3aHa Hepas3pemuMOCTh IPOOJIeMBl TOKecTBa CJIOB B I'PyIIIe
7 HepaspemumocTh HpoOJeMbl CONPAKEeHHOCTH CIIOB B rpynme. XoTsa Hepea-
pemnMocTh MPoOJeMbl COUPSKEHHOCTH SIBJAETCSA TPUBHAJIBHBIM CJIEACTBAMS3
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Hepa3peIUMOCTH UPOOJICMBI TOKAECTBA CJIOB, MBI JAeM HEIOCPEICTBEHHOC
AOKA3aTCJILCTBO HEPA3PEMIMMOCTH TPOOJICMBL  COUPAMRCHHOCTA 3HAUYNTEJIBHO
doJsiee mpoctoe. JTO 0OCTOATENIHCTBO MMCET 3HAUYCHME JTIA TCX I'COMCTPUUYCCKUMX
IPUIOKCHNAY, KOTOPBIe MOMKHO U3BJCYL W3 JIaHHOM padornl. Bmectre ¢ rem
OKa3ajioch, YTO Pa3BMBasg METOMBI, YHOTpeOJIeHHBIe JUIS JOKA3aTeJheTBa He-
Pas3pemmmMocT TPOOJIEeMbl CONPSIKEHHOCTU CJIOB, MOKHO TTOJIVUATH 3HAUUTCIb-
HO OoJice TpocToe MOKA3aTeNhCTBO HEepaspemuMocTH TPodJeMLI TO;KICCTBA
croB B rpymme. IIpaBia, mpuw 3TOM PeBVIBTAT HECKOIBRO OCHAONACTCH TIO
CPaBHEHMIO ¢ paHee MoJyiydeHHBIM. llpesxkne crpounach KOHKpeTHasi I'pyImna
¢ HepaspemuMOou TPoOJIeMOU TOMKIAECTBA CJIOB; TellePh Ke JOKasbIBacTCsa He-
CYIECTBOBAHME aJTrOpuTMa, YCTaHABIIMBAIOMIENO PABEHCTBO WM HEPaBEHCTBO
¢JIOB, OOIIero JJiA BceX TPy, 3aJaHHBIX KOHEYHBIM YHUCJIOM OliPe/IesIsaioninx
cooTHOmeHn. [loKazaTeanbcTBO HEPa3PeIMMMOCTH TPOOIEeMBI CONPsI;KEeHHOCTH
ocHoBaHO Ha peayiabrare llocra. Iloct BBesr cuctembl npeodpasoBaHmMil CJIOB,
KOTOpBle HA3LIBAIOTCS CHCTEMaMH TPOAVKIMA. JTU CHCTEMbl ONPenciisioTcs
cJIeyIomuM o0pa3oM: paccMaTpuBaeTcs OIPeNeJIcHHAsg COBORYIHOCTH OYKB,
HaszpiBacMasi ax@aBUTOM CHCTEeMbl ¥ TIPOM3BOJILHAS KOHEYHAS COBOKYITHOCTH
nap cnos (4;, B;), 1+ =1, 2, ..., 4, cocraBiaennsx u3 sTnx OyKB. IlpeoOpasona-
HHS B cUcTeMe DPOAYKIUN OCYIECTBATIOTCA 110 ¢cXeMaM

AX > XB,, XB,—» AX

rie X — moboe ¢Ja0Bo, cocrosamiee n3 OyKB ajfaBuTa faHHoU crucTeMbl. Kemn cito-
BO X MOsKeT ObiTH nepepaboTaHo B €JIOBO Y mpeoOpPasoBaHMAME IO YKA3AHHBIM
cxeMaM, TO Mbl 6yieM TOBopuTh, 94to X pasno Y B cucreme npoxayKouit. lomonnn-
TEJILHO YCJTOBUMCS, YTO PABEHCTBO B CUCTEME NPOAYKIIAIT peIeKCHBHO M TPaH-
autuBHO. llocr morasams, 4ro cymecrByer cmcTreMa HPOAYKINH, IS KOTOPOM
HeT aJIrOPUTMa, LO3BOAIMIETO JJIsA J0O0U Mapsl CJI0B Y3HATH, PABHBI OHU nm
Her. HepaspemumocTs 1POOJIEMBI COMPSKEAHOCTH CJOB B TEOPWUW TPYII SIB-
JAeTcs CIeICTBUEM CJedYyIolel TeOPCMBL:

Teopema 1. farosa 6wt nu Owvina cucmema npodyryuit K cywecmeyem
epynna Y ¢ KOHEUHBIM YUCAOM 0OPABYIOUWUL U KOHEUHVIM YUCAOM ONPEOeATIOWUX
COOMHOULEHUTL MaKas, Ym0 Kaxncdomy caosy X € & moucno nocmasumbsv 6 coom-
eemcmeue ca060 P(X) e U, npuvem coomeemcmeue D obaadaem caedywuumu

ceolicmeamui:

1. Cywyecmsyem aazopumm, NOZEOAAIOUWULE NO ca08y X RNOCMPOUMb CA0E0
D(X).

2. Ecau crosa X u Y pasnot (e pasnst) 6 &, mo caosa D(X) u ®(Y) coomeem-
cmeernno conpacenvl (He conpancerst) 6 epynne .

Onumem rpynny U m coorsercrsue P(X).
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Ilycrs ay, ..., 0, —andasnr cucremsr npopyknun & 1 (4,B,), =12, ..., 2 —
onpefiesIA0IIAA cucTeMa map c¢aoB. Aindasur COOTBETCTBYOMIEH rpynnbl A
COCTOUT M3 OYKB

P1> P2 ;
: +- + .
Ayy ooy Uy Ay yovny Oy
. + .
q 4"
. e
r, re

‘ . +- +
ll, .o oey lA, ll g o ey l/‘{
n 0O0paTHBIX UM 3JIEMEHTOB.

Ilycrs CJIOBO A IZ[MG@T BUL Qg g ... Gy YCIIOBAMCA, YTO cuMBOJ A+ 0003Ha-
4aer cioBa a; @ ... Gg. 1 oma onpeneﬂﬂfomne cooTHOMeHus1 rpynnsl U Mo-
I'YyT OBITH 3alIMCAHBI CJEAYIOIUM 00pPa30M:

Alp A, = qtl;plg, +=1,2,...,4;

P = Py
Bip.B; = rlplr] ; 1=1,2,...,4;
qPsq"T = Pq ;
Q0 = a,9; 5 ajq = ¢ a;;
ria; = an;; ajr}? =raf

CoorBercrBue P(X) ompepensercs cjeAyoIIuEM 00pa3oM:
DP(X) = p; Xp, X+ .

[losrydyenHBIM pe3yibTaT MMeeT cJiefyionlee reoMeTpuiecKoe IIPUIIOKeHHe.
Bonpoc o romotonumm myTem Ha [ABYMEPHOM IOJIM3Jpe PABHOCHUJIEH BOIPOCY
O CONPSKEeHHOCTH . 3JIeMEeHTOB (YHAaMEHTAJAbHOU TPYNIBL 3TOTO IIOJMAIPA.
(. Ipyrod cTOPOHBI KasKJasg rpyllla ¢ KOHEYHBIM YUCJIOM 00pasyoIimX W KO-
HEUHBIM 9HCJIOM OHPEeNAONIX COOTHOIIEHMH SBIACTCH ¢ yHIaMEeHTAIbHON
TPYNIION HEKOTOPOro [BYMEPHOro moJsmdfpa. }3 nomydeHHOro pesysbrara
BBITEKAeT, 4TO CYINeCTBYeT ABYMEPHBIU MOJM3AP ¢ Hepa3zpemmMmou mpobaemon
FOMOTONNM IIyTeH,

Tns moxasaTesbecrBa HEPa3peMMMOCTH ITPOOIIeMBl TOMKIECTBA CIOB IS BCeX
IPYIII ¢ KOHEYHBIM YMCJIOM OUPefesAnnX COOTHOMEHN MBI olpefesiieM He-
KOTOPEIe CIIeNUaJbHBle COOTHOMICHNUS MedIy ciaoBaMu. MBI HasbiBaeM CJI0Ba
X nY rpynnsl AeJlyKTUBHO - 9KBUBAJeHTHBIMN, €CJN, IPUCOEIMHUB K Oonpeae-
JAIOMUM COOTHOIMEHUAM T'PYIIILl paBeHcTBO X = 1, MOKHO BBIBECTH PaBEHCTBO
Y = 1u o6parmno.

I_LJIFI rpynn OInMCaHHOTIO BRIOIE THUIIA MMeeT MeCcTO CJ/JACAYIolllad TeopeMa:

Teopema 2. /ledyrmuenas sreusasenmmuocms caos (P Xp.X )2 u (p, Y p, Y +)2,
ede X u Y — caosa us 6yre nodaagasuma a,, ..., Gy, PABHOCUALHA CONDI HceH-
Hocmu ca06 P X P, Xt u p, Yp, Y.
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Tar Kak cymecTBYIOT TPyNNbl YKasaHHOTO TUna, IJs KOTOPHLIX HE cymie-
CTBYET aJrOPUTMA, PEIaroIiero BOIPOC O COUPAKEHHOCTY CJIOB B Py X P, X ™,
TO [JIA TeX i€ TPYII HeT TaK ke ajJropurTMa, Pemaroiiero BOmpoc O JeAyKTHB-
HOII DKBUBAJIEHTHOCTH cJjioB Buma (p;Ap.Xt)%. Bwmecre ¢ Ttem odeBHIHO, YTO
CYHICCTBOBAHUE TPYIIL ¢ HepaspemuMoi 3ajaden NelyKTMBHON SKBHBAJICHTHO-
¢cTU 03HAYAET HePa3pPeIInMOCTL MPOOJIEeMBl TOMKIeCTBa IJIA BCeX I'PYIIL

Summary

THE UNSOLVABILITY
OF THE PROBLEM OF THE EQUIVALENCE OF WORDS IN A GROUP
AND SEVERAL OTHER PROBLEMS IN ALGEBRA

P. S. NOVIKOV, Moscow.

Presented at the Fourth Congress of Czechoslovak Mathematicians
in Prague on 5th September, 1955.

TuriNG has proved that the problem of the equivalence of words for semi-
groups (with cancellation) is unsolvable. Starting out from this result, the
author of the present paper proved that the problem of the equivalence of
words for groups is unsolvable (Works of the Steklov Mathematical Institute
XLIV, 1955). A trivial consequence of the above result is the unsolvability of
the problem of conjugate words in groups. The latter result can, however, be
proved directly and much more simply than in the quoted paper. The possibi-
lity of a simpler proof of the original problem, i. e. the unsolvability of the pro-
blem of the equivalence of words (in a somewhat weaker form) then follows.
The present paper is devoted to the main ideas of these proofs.

The new proof of the unsolvability of the problem of conjugate words (for
groups with a finite number of generators and defining relations) is based on
a certain result of PosT. Post introduced so-called systems of production and
proved for them that the problem of the equivalence of words is unsolvable.
The author of this paper has proved the following theorem:

Theorem 1. T'o each system of production K it is possible to finda group U with
a finite number of generators and defining relations such that to each word X ¢ & it ¢s
possible to associate the word D(x)e W in such a way that the transformation @
has the following properties:

1. There exists an algorithm by means of which it vs possible to find, to each word
X e &, the corresponding word @(x) e .
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2. If the words X , ¥ are equivalent (non-equivalent) tn &, then the words
D(X), D(Y) are (are not) conjugate in A.

By means of this theorem the unsolvability of the problem of conjugate words
for groups with a finite number of generators and defining relations is reduced
to the unsolvability of the problem of the equivalence of words in Post’s
systems of production. The construction of the group U is described.

The simplification of the proof is important for several problems in algebraic
topology. For instance, from the unsolvability of the problem of conjugate
words for groups with a finite number of generators and defining relations it
follows that there exists a two-dimensional polyhedron for which the problem of
the homotopy of its paths is unsolvable.

In the above-mentioned paper of the author, the unsolvability of the problem
of the equivalence of words for groups is proved by the construction of a con-
crete group with a finite number of generators and defining relations for which
the problem is unsolvable. The author now derives a somewhat weaker result:

There does not exist an algorithm which would, for each group with a finite
number of generators and defining relations, permit a decision on the equivalence
of its words. |

In the proof the concept of so-called deductive equivalence of words in
a group 1s used: the words X, Y of a group are deductively equivalent if, on
adding the equality X = 1 to the defining relations of the group, it is possible
to derive the equality ¥ = 1 and conversely. The unsolvability of the problem
of the equivalence of words for all groups with a finite number of generators and
defining relations is reduced to the unsolvability of the problem of the de-
ductive equivalence of words and, using the second fundamental theorem
which the author presents in this paper, to the problem (already solved)
of the unsolvability of the problem of conjugate words. S
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