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ON THE THEOREM OF STAUDT IN MOUFANG PLANE

VACLAV HAVEL, Praha.
(Received March 27, 1954.)

In this paper the author generalizes the Staudt theorem on map-
pings which preserve the harmonic conjugacy of point-quadruplets.
The validity of this theorem is known in the case of Desarguesian
plane. The author extends the theorem to the projective plane in
which the Theorem of Complete Quadrilateral holds.

§ 1. Introduction.

We shall investigate the projective plane 7z in which the Theorem of Complete
Quadrilateral holds universally. We take the symbols introduced in the pa-
per [3].

Definition 1. a) Let p, p’ be lines and S a point not collinear with p, p'. The
perspectivity between p, p’ mediated by S s the mapping A «— A’ of p on p’ so that
forevery Aep—p’is|S, A, A’| and for every Aep n p'is A = A'.

b) The composition of finite number of perspectivities is projectivity.

Definition 2. Staudt projectivity is ome-one point-mapping A «— A’ of the
line p on the line p’, which preserves harmonic quadruplets ([2], introducing chap-
ter).

Lemma 1. Projectivity is the special case of Staudt projectivity.

Proof (fig. 1). Given perspectivity p «— p’ mediated by S. Let (4BCD) be
valid on p. Without losing the generality we may suppose that A’ 4= p n p’ ==
=+ C (because (ABCD) = (CDAB)).

Choose p, = A’C; then S mediates perspectivities p «— p, «— p’ for which
(4ABCD), (A'B,CD,), (A'B'C'D’) hold ([3], lemma 2a). The composition of
mentioned perspectivities is the given perspectivity, thus from definition 1b we
infer the assertion of the lemma.

Later we shall prove the main theorem of this paper namely that Staudt
projectivity may be composed from some projectivity and some semiauto-
morphism (cf. definition 4).
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Loo Kexe Hua and JI. A. Cropraros have proved this theorem for Desar-
guesian planes; for Pascalian planes cf. e. g. [4], p. 275, theorem I. In the case
of Pascalian plane the problem is simple because projectivity is uniquely de-
termined by three pairs of corresponding points (this assertion is not valid in
Desarguesian plane, cf. [5], theorem 4; [4], p. 275, theorem I). We shall prove
the main theorem in algebraic way. We use the results of Loo Keng Hua
(see [5]); further we use the introduction of coordinates by RuraH MouraNG

(6], § 2 [7], § 2, [4], § 1)

A=A D' ¥ ¢’

Fig. 1.

§ 2. Generalisation of results of Loo Keng Hua.

Definition 3. The alternative ring (with unit) is a non-vord set with binary
operations +, . so that all elements form a commutative group with respect to addit-
1om, all elements distinct from zero form an alternative grupod (with a unit ele-
ment) with respect to multiplication and both distributive laws for multiplication
over addition are satisfied.

We note that in alternative grupoid the weak associative law holds (x*y = x(xy),
(@y)x = 2(yx), 2y* = (vy)y).
Definition 4. The mapping x — x’ of an alternative ring A into an alternative
ring A’ is called a) homomorphism, if the identities
(@a+b) =a +0, (1)

(ab)’ = a'b’ (2)
hold,
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b) antthomomorphism, if the identities (1) and

(ab) = b'a’ (2")
hold,
¢) semihomomorphism, if the identities (1) and
(aba) = a'b’a’, (3)

(@) = (a')? (3
are valid,

d) Jordan homomorphism, if the identities (1) and
(ab + ba)' = a'd’ + b'a’ (4)
hold.
For associative rings Loo Keng Hua has proved in cited paper this theorem:

Theorem 2. Every semihomomorphism between two rings without zero-divisors
is either homomorphism or antihomomorphism.

This theorem holds for alternative rings too. We follow the proof of Loo
Keng Hua using the identity ((ab)c — (cb)a)’ — (a'd’)c’ — (¢'b’)a’ = (a(bc) +
+ ¢c(ba)) = a’(b’c’) —c'(b'a’).

We shall prove this identity. We shall rewrite the expression v = (a + ¢) .
.b(a + ¢) — aba — cbc; we obtain v = (ab + cb)(a@ + ¢) — aba — cbc = aba —
— (cb)a — (ab)c + cbe — aba—cbc = (c¢b)a + (ab)c. Similarly v = (@ + c¢)(ba +
+ be) — aba — cbec = a(be) + c(ba). By (1), (4) and by preceding equations is
v = (@ 4+ c)b(@ + ¢')—a'ba =a'(bc)—c'(ba’)=(ad)c + (c'b)a’.In
the other parts of the proof of Hua that is no need of changing anything.

Further Loo Keng Hua has proved this theorem for associative rings:

Theorem 3. If the characteristic of the rings is not 2, then semthomomorphism is
equivalent with Jordan homomorphism.

The proof is also valid for alternative rings because the weak associative law
for multiplication holds.

§ 3. Auxiliary lemmas.

The concept of alternative division ring is introduced in [3], § 2. Now we
introduce the point-coordinates of line p on = ([6], § 2, p. 766). Let zero corres-
pond to the point O, unit to the point £ and the symbol co to the point U,
where |0, K, U| on p. Thenevery point X == U of p may be characterized through
an element of an alternative division ring D with a characteristic distinct
from 2. Except for the symbol (4BCD) we shall use the equivalent symbols
(abed) or (abcoo) respectively.
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Lemma 2. There is
(abed) <> — (@ —c) Y b—c) = (@ —d) (b —d) .  (5]1)
(abco) <>¢c = L(a + b) (5,2)
for varitous a, b, c,d e D.
The proof is contained in [3], theorem 2, lemma 5.
Lemma 3. Let x, f e D, « == 0. Then the mappings
x':ocx—{—ﬂ, (611)
' =2xx + f (6,2)
preserve the harmonic quadruplets.

Proof. First of all we note that (6,1) is one-one because from (6,1) it follows
x = o~ Yz’ — f§). The equation

2@ —0b)" 1= (a—c)"1—(a—d)! (7)
is equivalent with (abcd) for various a, b, ¢, d e D ([3], lemma 3). We put x =
=a,b,c,d in (7) and we obtain (a'd'¢c'd’) < 2(xa + f— (xb + ) 1 =
= (3@ + f— (3¢ + H) + (3@ + f—(ad + B)) P <>2(a —b) "t = ((a —
—¢) 1 — (@ —d)~1) a1 <> (abcd). Further we infer (abcoo) <= ¢’ = L(a’ +
+b0)sac+pf=2%xa+ 4+ ab+ f)<=ac+ f=3x(@a+b) + f<c=
= }(a + b) <= (abcoo).

Similarly for (6,2).

Note. Given a homomorphism (antihomomorphism) between two alter-
native division rings we put b = 1 in (2) and obtain a’ = a’l’ so that 1’ is the
unit. If we put b = a~! (for @ = 0) then (ab)’ = 1" = a’(a~1)" and consequently
(@) =(a')7".

Similarly for antihomomorphism.

Lemma 4. Semihomomorphism between alternative division rings with a cha-
racteristic dictinct from 2 preserve harmonic quadruplets.

In the case (abcd) the proof follows from theorem 2, equation (7) from (1) and

from the preceding note.
In the case (abcco) the proof follows from theorem 2, from (5,2) and (1).

§ 4. Proof of the main theorem.

Given lines p cxw, p’ c#’, where z, ' are projective planes in which the
Theorem of Complete Quadrilateral holds. We investigate the point-mapping o
of p into p’ preserving the harmonic quadruplets. We choose points U, U’ =
= Up and introduce on p (p’) coordinates from some alternative division ring
D (D') with a characteristic distinet from 2 so that U (U’) is ideal point. We
denote zero and unit from D (D’) with the symbols 0, 1 (0’, 1').
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By (6,1) it is possible to choose the mapping ¢, of p on itself so that z,0, = 0,
2,0, = 1 for given z; == x,. For if z, += 0 #+ 2, % x, we choose § = (x;' —
— 71", & = — fz, and if 0 = x, =+ x, we choose p = 0, x = — x,. In the
mapping ¢ = o ‘e the zeros, units and ideal elements oo, oo’ correspond.

Suppose (abc0). Then by (5,1) — (@ — ¢) " 'a = (b — ¢)~ 1. Given nonzero
distinct elements a,b,a +~ b = 0 we compute c¢c. We infer a !(a —c) =
=b"1b—c)=>—1—alc=1—>b"lc=

c=2a1—b1)"1. (8]
Further we obtain by means of

(@' +bY)"1=(a"Ya+bb 1)t =
a(a + b))~

¢ = 2a(a 4+ b)~b for a =0 +
+b+ —a. (8,2)

By hypothesis (abc0) =~ (ag bo cp 0")
is satisfied so that

—
co = 2(ap)(ag — be) o . (8,3)

The case ¢ = %(a 4 b) is not possib-
le in (8,1) because the relations (abc0), (abc0) are different.

Suppose (abcoo). From (5,2) and from (abcoo) = (a’b’c’c0’) follows co =
= (ap + bo).
From (x 0o 2z 0) follows (zo 00’ 2(z0) 0’) by (5,2) and finally (2z)0 = 2(0).
Consequently from (~2— + %)9 = %Q + 2‘2 we deduce the identity
(@+y)o=20+yo. (')

(The cases x = 0 or y = 0 are trivial.)

We put in (1’) x = 20, y = 2w and obtain (2(v 4 w)) 0 = (2v)o + (2w)e.

Further we put in (8,3) b = 1—a so that we obtain (2a(1 —a))p =
= — 2(ap)(1 -— ap). From this it follows (a?)o = (ap)? by the preceding equat-
ion where we set v = a, w = —a®.

Thus in the whole we have (xy 4 yx) o = ((x + y)? —2* —9?) o = (xo +
+ y0)? — (%0)> — (vo)? = (x0)(yo) + (yo)(xp). Therefore ¢ is a Jordan homo-
morphism and by theorem 3 ¢ is a semihomomorphism. Thus ¢ has the type
zg = (x0)(e) + Po-

Lemma 5. The mapping (6,1) of a line on itself is a projectivity.

Proof (cf. [6], p. 766; [4], p. 278—9). We choose U as an ideal point on line p
and using the known Hilbert configuration we introduce coordirates from an
alternative division ring D with a characteristic distinct from 2.
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In fig. 2 let us fix O, U, A,a,u, P,Q, R. Weput x = QX, X' = pn P(x n

n RU). Point P mediates a perspectivity X — S between p, RU, point P me-

diates a perspectivity § — X’ between RU, p. By composition of both preced-
ing perspectivities we obtain
the projectivity X — X'. The
algebraic meaning is known:
x' = x + a, where small let-
ters denote elements from D
corresponding to the points
of p.

Now we choose in confi-
guration of fig. 3 0, E, U,
A, P, @ fixed; then R is also
fixed. Let 4 == 0. We put
z=QX,X'=pn Pxn RS).

P Then Q mediates a perspec-
tivity X — S between p, OR
and P mediates a perspecti-
vity § — X’ between OR, p
so that X — X'is the projec-
tivity.. The algebraic mean-
ing is known: z’' = ax.

Thus the mapping 2" =
=ox+ pfora,feD, x +0
is a projectivity.

Note. If (by hypothesis
of begin of this chapter)
7 =n', then the auxiliary
projectivity may be con-
structed which maps O on
O,E on E' and U on U".
For p = p’ have given the
proof at the beginning of this

Fig. 4. chapter. Let p = p’; we shall

investigate only the case in

whlch every point of O, E,U,0', E’, U’ is distinct from p n p’. We introduce

the signification of fig. 4, thus we choose p, = O'U, S, = EE’' n 00, O' = O,,

U=1U,, E,= EE' n p,. Thus S, mediates a perspectivity between p, p,, S,

mediates a perspectivity between p,, p° and the resulting projectivity is the

composition of these perspectivities.

Similarly for the cases where some of the six points is equal to p n p'.

As a whole we have proved that the Staudt projectivity between lines p, p’' Cc =
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may be composed from a projectivity between p, p' and some semiautomorphism
on p'.

At the end of this paper we shall prove this lemma:

Lemma 6. a) Let the plane  be Pascalian. If the semiautomorphism is a projec-
tivity it reduces to the identity mapping.

b) Let = be non Pascalian. Then there exist non-identical semiautomorphisms
which are projectivities.

Proof. ad a) By [4], theorem I, p. 275, projectivity is uniquely determined
by three pairs of corresponding points. The elements 0,1 and the symbol co are
self-corresponding in any semiautomorphism on the line p. The only projecti-
vity with these self-corresponding elements is the identity.

ad b) On the line p there exist at least two projectivities o, == o, with self-
corresponding symbols 0, 1, co. By lemma 1 and by the main theorem there
exist the expressions o, = p,0; (¢ = I, II) where p, is an identity and p, are
semiautomorphisms. The proof follows from these expressions.
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Peswowme.

O TEOPEME UHITAVATA HA IIJIOCHOCTII MV®AHT.

B. 'ABEJI, (V. Havel), [Ipara
(IToctynuano B pegaruuio 27/111 1954 r.)

Jlo-Ken-Xya mokasan jisi miiockocreii [lesapra rteopemy Illraynra o ro-
4eYHOM OTOOpasKeHNM [BYX HpPsAMBIX H2 ce0A, IpU KOTOPOM He HApYIIAeTCA
rapMoHHYecKoe oTHoIIeHne Touek. Camprit 06ImMuil THI TPOEKTUBHOI NIOCKOCTH,
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B KOTOPOM elife MOKHO [0OBOPUTH O FapMOHMYECKOM OTHOIIEHUH, €CTH IJIOCKOCTH
7 ¢ YHUBepCcaJdbHOI Teopemoil o mosHOM Terpasgpe. B Hacrosueit crarbe
crpaBemuBocTh Teopemsr lllrayara pacimmpena Ha Takye MJIOCKOCTH: |

[Iyc1p 7=,7"-— nBe Takue miaockoctu ¢ adduuusiMu koopanunaramu Mydaur
(u3 anprepuaroBubix Tea 7', 7" xapaxrepuctuku = 2). Ilyers, maasie, o ects
oro0paskeHne KOODAMHATHON OCH P C @ B KOOPAMHATHYI0 0Ch P’ C &' mnpH
KOTOPOM COXPAaHAIOTCA IapMOHMYECKHe OTHOIIEHMsS M IpH KOTOPOM Hecol-
CTBEHHEIE TOYKH NPAMBIX P, p’ COOTBETCTBYIOT APYT APYTY. OTO 0TOGpaskeHie
MOMHO IOJYYuTh 13 agPUHHOro COOTBETCTBUA HA NPAMOIL P (T. €. NPOEKTUB-
HOI'0 OTHOIUEHHMA C HENOJBUKHOII HeCOOCTBEHHOW TOYKM) M M3 CEeMHIOMO-
MOPQHOTO COOTBETCTBUA HPAMOH p M p’ (T. €. U3 COOTHOLIEHUs, B KOTOPOM
COOTBETCTBYIOIUE APYI APYIY KOOP/JNHATHL CBA3aHBI UM COOTHOIIEHMEM IOMO-
Mopdusma uau autH-romomopdusma). Teopema mmeer apdunmsiii xaparrep,
TAK KaK Ha MeCTO HecOOCTBEHHBIX TOYEK NPAMEIX P, p’ IIPU IIOCTAHOBKE KOOPHU-
Har OblTa BEIOpaHa Mapa COOTBETCTBYIOMMX JAPYT ApYyTy Todexk. Ho oro me
yMaJisteT 0GI{HOCTH TeOPEeMEL.
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