
1973-1974

Jan Pelant
Cardinal reflections and point-character of uniformities – counterexamples

In: Zdeněk Frolík (ed.): Seminar Uniform Spaces. , 1975. pp. 149–158.

Persistent URL: http://dml.cz/dmlcz/703125

Terms of use:

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents strictly for
personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped with
digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://dml.cz

http://dml.cz/dmlcz/703125
http://dml.cz


-144-Cardinal reťlections and point-character of uniformities-

counterexamples 

J. Pelant

It 1s proved in [2) unaer Generalized Cont inuum. Hypothesis 

that uniform covers of X of car•din�lity lesa than K' forma 

uni.form space for any uniform space X and any infinite cardi­

nal \.(. Because of a lack oť better amusements, we raised the 

. quest ion whetht::r this st at ement aepends on set-theoretical aa-
, 

sumptions. As we knew Vidossich s theorem asserting: if X ia 

a uniform space with 6'-point-fi nite base and K is any int"i-

nite cardinal, then tiniform covers of X of car dinality lesa 

than K form a uniformity, we expected that the solut ion of 

the above question could be ůSeful for � -point-finite base 

problem. It is really the case. We are going to show that there 

is a model of ZFC dueto J.E. Baumgartner where there exists a 

uni f'orm space whose uni'form covers of cardinali ty lesa than G)
1

does not forma uniformity. Secondly, we show that for any car­

din9l K , there ia a uniform space with poi nt-character grea­

ter than K • 

I wish to th!lnk J.E. Baumrartner who kindly in-rormed me 

about his resul ts whi ch I needcd in the pres ent not e. 

Definition: Let (X,'U,) be a uniform space. A point-cha­

ract er pc (X, 'U,) is defi ned by oc (X, •U) = min i sup f card U E 

Ill B \ B c 2, & x c uj x E X j \ 33 is a base of U l .

Def'ini t ion: Let K be an inf'ini te cardinal. Let n be a 

positive i n teger. We def'ine � <k,n> es a set of all elemente 

v of (exp K) n such th:lt prl V:> pr2V :> . . . :, prnV and

prnV +. 0 •
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Not at ion: Let n > 1 be a positive integer. For V4 

c. jC ( K , n - 1) , out l/Í; (V) = � U � :X (K, n) I pr1 U ::,

::, pr1 V ::, pr2 U .:> pr2 V ::, ••• ::, pr n-l V..:, pr nu J .

1he ťollowing lemma is br�si.c for the procedura used here: 

Lemma: Let K be an uncount able cardinal. Let n ?: 2

be a positive intE�ger. Let c be 9r\Y mapping from J(,. (K ,n) 

into K such that c(K) E pr2K for ony K fi: jC ( K ,n) • Let

m be a regular cardinal less than t< • For any Pc: K of

cardinality greater than m , there. is V e: ':1C ( K ,n - 1) such 

that pr1v = P and card c( ?l (V))� m •

Before pr oving Lemma, we show how the promised theorems follow 

from this. 

Construction: Let °' be an infinite cardinal. Denote 

-i, \ 
, k Hk =-\' 

2tt, i = 0,1, ••• , 2 J ťor k non-negative integer, H = 

= U -l Hk I k = O , 1 , 2 , • • • J • Put Ml oG ) = -{ f : H --),o, 

--;l, (;Xp oe (lf(h) ) :> f'lt'l?) for any h1, h2 E H such that

hl> h2) and f'lO) + 0 • For ť € M(�), f .-,. Hk is an ele­

mr-,nt of j(, ( � ,2 k 
1- 1) i.n the fact. For V € 1G Cee ,2 k) we

deťine, V = i ť � M( ac;) I f /4 Hk E. U, (V) } • We define now a ba­

se oť a pseudometric uniformity on M(°' : �1, = -f V I V .�

E. 'JC ( áJ
1 

2 i ) i , i ; O , l , 2 , • • • • 

Clairri: ťor i =  0,1,2, ••• •

Chaose f E M( °'), t ake g € st , (f, �
i+'f ) , then

where V S 'X ( c(;,2 1 ) such that

g ev 

pr . V = f' ( 2.a, - '1 ). 
J 2-i,+ ... , j = 1,2, ••• ,2

1
•
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A uniform space Just dcťined · will be denoted by tJ(o,;} • 

Remar ks. l) U(�) need not be Hausdort'f but U ( cc.) res­

tri cted to the set 1f € M(«,) 1,a,r:',..0�(h) :
A,

'°s'.tar :f(h), V h0 l

is H�sdorff and .the t'ollow1ng theorems arč valid ťor thia sub­

space as well. 

2) Construction can be generalized: ex, fj are int'ini-

te ca1,dinals, exp
16 

� ;: -{ A I A c:: OG ,· cerd A --= .(?t J • M( <X, �) 

is a set o:f all mappings f'rom H into exp- a.: >< exp
J' 

ex, such

that pr
1 

:ftn
1
>.:, pr

2 
f(h

1
)::, pr

1 
f(h

2
);:, pr

2 
f(�) wrienever

h1i h2• Analogously, we use sequeoces oť elem�nts oť

exp1oc. >< exp
11 

cc;, for 1J definition of' a uniform space U(cx; ,·�>.

We have mentioned a space U(°'• (l ) aa 9ny uniform space of 

cover-character not great�r than • and point-charactér les$ 

than ('-, is homeomorphic to a aubspace of some product of 

UCc:x.,(i). Unf"ortunately, it·ia clear that. cover-character ar 
U{°',(!,) can be great er t han ex. ·tn general. Nevertheless, the

cover-character of Ula: ,(3). is not greater than if 

card exp
/J

o(... , oe, • Howr.ver, anothur difficulty is point-cha-

ract er. 

The orem 1 : Let K be an inťini te. regular cardinal. U( K+) 

has a point-character- gr·ea ter lhan or equal to K •

of CH K + ) 

Ei U
8

, l < K

Suppose there

such that 'U 
for gny ťE 

exist s 

< 130

MU-c+) 

a uniform cover f/l = I U6 l.,•A 
r1nd card ,{ a I a e A & t cr

• There is i such that

33.;, < 'lL • SupposE A is q w,� 11-ordered set• Oefine a part 1-

t ion of :6-i, , -{ H8 S Cl. 6 A ., by R
8 

• {PC �
-i 

\ a = min f b e

c A I P c Ub J J • Cle.ar ly, -l R8 l „ li A 1a a unif orm cover

and 
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(l} card .(a I a � A & f c U R
8 

} < K for any f e M( K+) •

For each a:, A there 1s V a E. :JC { K+ ,1) such that

VR
8

c: V
8

, it means :f'(l)::, Va for any f EU Ra„ For

u E 1( ( K4 ,2 1) with 'u e: Ra , define c'(u) = min Va • As

V
8 

c. pr1u , c'(u) E. pr1u. (1) implies that

card c' 4 U \ U e � ( K� 2 1 ) & U� f J < k for any fe M( K+ ).

Define now c: � (t<+, 2 1 + 2)--+ K
+ by c(V1 ,v

2
, •••

... , 

t hat t bere is such that card c( ,U, (Q)) � 

?: K • Take f ta M( K+) such that 

( 21, + 1--á- )pr j P = f
2..t, 

, j = 1,2, ••• , 2 1 + 1 •

Then cerd c '� U E. 3C ( K +
, 2í) (fa U 3 � K , which is a

contradict ion. 

Theo re m (Baumgartner) : There is a model of ZFC where the-

re is Q, G exp a.>1 such that card A = a.J1 for each AE 

a, 
G) card (A1 fl A2) <� 

' 
card Q, = 2' 'f and a>o for any 

two distinct elemente of Cl, • 

Theorem 2 : ·rn the above model of ZFC, there is a uniform 

cover 1f of U( GJ1 ) , card /// = ťU1 such that each uni­

form st ar-refinement af 11' has cardinal1 ty greater ths:1 c:u
1 

•

Proof: For a -. c.c,1 , put a\'= {f � M( t"J
1 

) I f(l) g

;a al. Define 'lf = {i'l4, ,�
1 

• Suppose thare is UC@1)­

cover '2A, = 1u
b 
l.t,, e tU.-, such that 1l � V' • There is i

such that �,i, < 'U, • Define a pert ition of 93� {Rb 3 J. 6 e.,_,
by Rb = { w € j?,

11 
I b = min {d E "'

1 
\w c ud l J • Clearly,
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-{ V Rb \.e.. 6CJ t::_ 1/' • Def'ine c ': U( (4).., ) _. C,c)

.,, 
by 

1 
� � c ' ( f) =· min -í a I s:t ,{ ( f', ,( U Rb l • e � ) c a J • 

·1 

(2) According to [ 3 J, it holds c'( lJ ¾> c r"I { pr1v J Ve Rb)

for all b • 

Define c: � ( G.>1 , 2 1 + 1) � 4>1 by c(V) = min.( c '(:ť) I f E 

.. g( ó>1 ) and 
( 21, + 1-á, ) 1 pr jv = r . 

2
.:, J = 1,2, ••• , 2 + 1 l •

, . . 

Using properties of Baumgartner s model end Lemma, we receive 
. � 

thet there exists !b c ":K( c:u41 2
1, 

) such that card 8J = 2-1

card Q. l '!L (V)} � alo for each V • l:D , card {pr1 V "

f\ pr1 l1])' J < <J
0 

for any two dist inct element s of � • It imp-

lies thet (2) must fail to be true. 

Remark� In the fact, properties of the model from Theorem 

are stronger than we need. It would be suťficient if the follo­

wing st at ement holds: There exists a, c:. exp eJ1 such that

card O, > CJ1 , card A = GJ1 f'or each A • a, and there is

a· cardinal K 6 card Q, such thet oard ("'\ Q.,' < eu0 for any 

ll/ C a ' card Cl/ � K • 

It is clear thet we c:in give further counterexamples to 

anybody who gives us some "nicf' model of ZFC. 

Proo:ť of lemma: duppose n> 2 (for n = 2 Lemma is 

obvious). Choose a map ping c like 1n Lemma. m is a regular 

cardinal lesa than K • Let us 13ssume that Lemma fails to be 

true. We w111 show thet it implies a contradict ion. Take V 
0 

c

cJe( K, n - 1) such that pr1v
0 

= P and card prJVo > m ,

j = 1, ••• , n - l • 

First of all, we introduce some notation: 

•
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Suppose we: 'X', <K ,n - 1), �Y1 lf:o is a sequence of sub-

seta oť K , j� n -1. W - -{ Yi3i„1 iaan element t>f 

,X, ( K ,n - 1) such th:1t prn-t <w - -i Y1J ít
-l = 1) = pr0_tw -

- -i �t Y i , t = 1, ••• , n - 1 •

w V(Y1 J!. 0 =�Xe'U.Cw- ,{Y1 3i. 1 >) pr0_tXnYt =0,

t = 0,1, ••• , j 1 •
M is a subset of ·K ,' W is �n element of '1C ( k ,n - 1) , 

j s -{ 1, ••• , n - 1 } , A ( j ,M, W) de notes t he following formule 

(X1 ttnd Y1 are subset s of' t<. such that card x
1 

� m and 

card Y1 é m) : 

(W v.( yi li .c o ) - M = f •
A ťormula -, A(j,M,W) will be denoted by B(j,M,W). Let us em­

phasize that A(n - 2,M,V0 ) cennot be true for sny M , card M 4: 

� m • 

Rewrite then the ebove formulae as ťollows: 

A ( j , M, W) : a G ( j l V � j ::, G ( j ) .3 G ( ( Y ťl [
4 
2- ) V Y j-l :, 

!) G ( � y i 1 ! = 1 ) 3 G ( '\ y 1 1t j : 1 ) • • • 'f y 2 � G ( { y i J ! = '3 ) 

3 G(.(Y1ll:2) VY1 .:> G(i Y1i!12.> 3 G(-iY1J�=1 ) :

, <w V -{ Y1 lf � 0 > - M = 0 , 

where Y
0

:: Gl-í -Y1 3 l :-1) • 

We ofin suppo.8P th;;;t ů 'lssigns to j (-{ Y1 l,!'. � , resp.) the

unique subset Ci ( ,; ) ot K (G( ,{ i
1

1 \ = Ja, resp.). (One can use 

an order structure o:t o"rdinals for a more exact definition of G .) 
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o will be called a corresponding choice.

s<J,M,w> : \ix
J 

3·p(.(x1 J"'
i.;. >:, x

3 
�xJ_13 Ft<x1 J!;: J .. -,>:J. 

. . 
:, r j-1 y X j-2 • • • 3 :,( { X1 I¼ • 2 ) .:, �· � Xl .3 p( { X1 J t = 1 ) :,

� x1 � Y
0 

: C (\f V.( r1 I/• 0 ) - M c 8 ,
• 

1 j, 
' • 

where Yk = F ( " X1 ! .;, • Ai . ) , k = J I J - 1, •• • , l •

Again, let us suppose that F asaigna to f X1 i�•k , k = 1, •••

• • • , j the unique subset F( -( x
1 
ť\ .. • ) of' t< • F is cal­

led a corresponding choice.

Fo:r X1 = 0 , i = 1, ••• 1 j , F(fJ) will denote a sequence 

i Yk J,1 „ 1 , where lk = F( ( X1 f !.- _., ) • 

We are going to define by transf'inite induction the mapp­

ings R: m --+ ( 0,1, ••• , n - l t , s: m --,, { 1, ••• , n - 1}, 

M: m � exp K , V: m __. 1C l K , n - l) • 

V
0 

is aa abova, 

If A(l,M
0
,V

0
) 

= � , S(l) = 1 •

M0 = c( f1'. (V 0)) , !HO) = 0 , S(O) = 1 •

holde ther1 WfJ def1ne: . R(l) = o' vl = v o ' M1 -
G l is th(-• cor:responding choice.

If B(l,M
0 

V
0

} holde then F1 denotes the corresponding cha.:d.ce 

and we define R(l) = 1 1 V1 = V0 • F1(f) , S(l) = 1, M1 =

= c� '}J, tV1)) - M
0 

•

Suppose t hat R , M , I/ , S are deflined f'or sll q 41! p e= m • 

ll p is an isolated ordinal, p = r + 1

a) R(r) :> O: if' A(l, U { Mq I fi. � r J , Vr) , then define R(p) =
•o,�= f, VP = Vr • S(p) � l and GP ie the corresponding

choice; 

1f' B(l, U t M
q 

l q � r J , Vr) then R(p) = l, S(p) = l,

= Vr - FP(a,) , MP = cl 'lt· <VP)) - U� Mq I q � r J ·where

the corresponding choice. 
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If · A(S(r) + 1, U.,i Mq f q • r} , Vr) holde then we deťine

R ( p) = O , V p 
: V r ! Mp = � , S ( p) = S < r) + 1 and G p is t he

corresponding choice. 

If B(S(r) + 1 , U� Mq I q � r J, Vr)

+ 1 = S(p) 1 Fp is the corresponding

MP = c( U (V p>) - U-{ Mq I q � r J •

holde then. R( p) = S(r) + 

choice, VP = Vr - FP(eJ) ,

For p 6 m + l , de ť i ne H ( p) '= max .f j I sup .f q E p & R ( q) = j J =

= p J •

2) p is a limit ordinal. Suppose that H(p) = j , j nnist be

greater than O • Wp denotes an element of '.lC (K, n - 1) 

such that prjwp = I"\ .( prjvq I q < p 1 for j = 1, ••• , n - l •

If' A(j, U \Mq I q E p l ,WP) holds then R(p) = o, S(p) = j ,

M =0,V =-W 
p p p and GP is the corresponding choice.

If' B(j, U-\ Mq l q € p/ ,Wp) holds then R(p) = j, 

VP == N P - Fp\�) , FP i.s t he corresponding choice, 

= c(?.l,(Vp)) - u-{ Mq I q E' p J •

S(p) = 

M =p 

j ,

Let us supposb tnat raappings R, M, V, S are deťined (and the 

co1'r�sponcting choices '3S well). · Let J be a positive integer 

wfl1ch 1s equal to H{m} • Put q
0 

= sup i q € mlR(q) > j f • As 

11 isrtgular'Ne.have card-(p•emlR(p)::.j&p>q0 J =m.

Let --E pa(. I«, IDlo 
b� an increasing transfini te sequence such that 

_. Pa1. I oc. · 6 m I = -I p -. m I R( p) = J &. p > q0 1 •

XJ = f, 17 = F � ( X . ) , X J = U -{ 'i/' I cC � m 1, . . . ,
• Cl(, J 
, � . 

' Xk • 1. a�+f Y1 v U -{ G.-.Ol ♦f-1 ( ,{ r, }!:J.. ♦
◄). � E m J V 

v (prk VP - U � prk VP ·.· I ot a m}), (-ror k = j - l replace
� 

. . 
o .. · - ◄ <<t:1: ... > by G D � _,, (j - l)), y� = Fp '"'x1 ir_..,> •

..... 4 "1C ♦4 
. 

ac. -
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Define further l
ae. 

0 = yl v
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k � j , j - 1, ••• , • 

G'P. -.-f (-t.Y;3f_1al+,, 
• -

) 

2, l • 

for a: 6 m •

Put V=V -..st.1 4" �
P -. 1. J1,.= --, 

• WE· s.how t hat card C. ( 'M, (V)) � m. o 
and it will be a dů�ired contradiction: 

It holds: (V� v -{ yi�it:t)) CU(\/) and further

V { Yt j { � 0 ) - U -{ Mq J q < P« J :f= tJ

• 

Let us obscrve t hat p °' + 1 must be 9n isolat,�d ordi.nal.

Tt follows immcdiately ťrom these ťacts that c,1r<1 a. ('U,lV)) � m. 

Rernarka: 1) One can· prove by the above metnod slightly 

modified that the uniform space U ( ru.1 ) has not b -po1 nt-

ť1 ni te base. More gener.•.dly, if m < cf f.> then U( c< , /3 ) , 

oC. +> A ·has no
- I „ 1 m-point-m base (a collection .( U8 ) 4, E A of

subset.s of' X is m-noint-m 1:fť A = '1-y nn, Ab and

card {a I a E Ab and x: c U
8 

j < m for each b c m �nd each 

x E X ) • CUtlin� ot, modification: c would be a mapp1ng ťrom 

'JC {!a ( aG, , n) i nt o 

sny K € -�,3t oC ,n)

form: 

cC � m such that pr2K , pr1 c(K} for

an.1 t. he f'c,rmul3 A{ j ,M, \T) woula hnve the 

• • 

pr1 ( c ( V V -\ Y1 l? =- 0 ) fl oe x { b1) - M = í6 1 
and manpings 8 1 s, V, M \voula be defined on o<, • 

2) It :ťollows f'rom t he precedent rem9rk that the metri c
CJ 

uniformity ot ,t oO (2 -1 ) hAs not 6-point-finite base. 
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