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TRANSMISSION OF CONVERGENCE

CHRISTOPH J. NEUGEBAUER

ABSTRACT. If E(f) = { : limsup f*p;(x) > liminf f * p;(x)}, we examine
the type of convergence of gi to f so that |E(gr)| < M, k=1,2,..., implies
[E())] < M.

1. INTRODUCTION

Let {1, }j>1 be positive Borel measures on R™ with supp pt; C K, K compact,
and normalized so that u,;(R") =1, j = 1,2,.... For f: R" — [0,00] —
throughout all functions will be non-negative — let

E(f) ={x :limsup f * p;(x) > Uminf f x p;(z)},

the exceptional set for convergence of {f » u;(x)}, where

Femta) = [ T+ 9 di)

The problem we wish to study in this note is to estimate |E(f)| with
{|E(gx)|} for appropriate approximations of {gi} to f, i.e., when are the
convergence properties of {gxxt;};>1 transmitted to {f*p;}j>1 as k — oco?
If we can control the maximal operator

M f(z) = sup f % p; ()
J
then it is well known that g, — f in L? is enough. In fact:
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194 CHRISTOPH J. NEUGEBAUER

Assume that

Mf(z) < oo on a set of positive measure for every f € LP,

gk — fo in LP.

Then |E(fo)| < liminf |E(gx)|.
To see this, first observe that by Proposition 1 in [6, p. 441],

A
Ha: Mf(z) >y} < ﬁllf\\ﬁ,
that is, M f is of weak type (p,p). Write E(fy) = |J E;, where
E; = {z : limsup fo » pj(z) — liminf fo * p;(x) > 1/i}.

For gy, fixed, after adding and subtracting lim sup gp*p; (z) —liminf grxp; (x),
we get

E; C {z : 2limsup[fo * p;(x) — gr * p;(x)] > 1/(24)} U E(gx)
CA{z: M([fo — gl () > 1/(40)} U E(gr)

and thus
|Ei| < A(49)P[ fo — grllh + [E(gw)|-

Thus |F;| < liminf |E(gk)|, and hence |E(fo)| < liminf |E(gg)|- O
Remark. To obtain the last displayed inequality one only needs that

{z s M(|fo — gil)(@) > y}| < y%nfo—gkng (1)

with ¢ independent of & and y > 0. We shall use this remark later.

The hypothesis on the maximal operator M f is not satisfied in many

interesting situations. For example, if du; = % dx, where the R;’s are
J
oriented rectangles containing the origin and |R;| — 0, then M f is not of
weak type (1,1); or, if du; = % dx, where the R;’s are arbitrary rectangles
J

containing the origin with |R;| — 0, then M f is not of weak type (p,p) for
any p, 1 < p < co. Other examples where the maximal operator cannot be
controlled for a given p are given by measures p; singular with respect to
Lebesgue measure, e.g., M f(x) = sup, f * doy(x), maximal averages over
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surfaces. For further details we refer the reader to [6, Ch. 11]. It is precisely

the cases where M f is too large which interest us and which we wish to

examine. To this end we need an A}-condition and the minimal operator.
We write for 0 < s < oo and ¢ : R™ — [0, o0],

1/s
A(9) = sup o x py (x) - (; *uj(:v)) |

2,z

We observe that in the special case where dy = % dx, Q an arbitrary cube

with 0 € Q, if A%(¢) < oo, then ¢ is in the Muckenhoupt A,-weight class,
p=1+1/s (see [4], [5]).
The minimal operator of order s is defined by

msf(x) = il;;f(fs *Mj(x))l/s.

The behavior of mg is much better than that of M. We shall show that
under the sole assumption (4) of Theorem 1 below, |[{z : m,f(z) < 1/y}| <
(cq/y?)|I1/ f]|E for any ¢, 0 < g < oo (see Section 2), and under the stronger
assumption (5) of Theorem 2 below, m even satisfies a distributional in-
equality [{z : mf(z) < 1/y}| < aal{z : f(z) < ca/y}| (see Section 3).
Moreover, if M is of weak type (po,po) for some py, 1 < py < o0, then
11/msfllq < |1/ fllq for any ¢, 0 < ¢ < oo (see Section 6).

Holder’s inequality shows that my f < my f if 8 < s, and we write
Moo f = Slinolo msf.

One of our main results is:

Theorem 1. Assume that 0 < p,r,s < co. If

either 1 — 1 in LP  or gip— fo in LP, (2)
gk Jo
AX(lg — fo]) e < o0, k=1,2,..., (3)
Moo f(z) > 0 on a set of positive measure for every f, % e L"(R™), (4)
then |E(fo)| < liminf |E(gg)|.
Remark. In the special cases where du; = |XE% dx, the differentiation of

the integral case, or du; = ¢¢,dx, the approximate identity case, this type of
problem was already examined in [2], [3] with a more restrictive hypothesis.
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In Section 5 we shall examine a version of Theorem 1 where the LP-con-
vergence in (2) is relaxed and (4) is strengthened. In particular, let {v;} be
another sequence of Borel measures on R™ with v;(R") = 1 and suppv; C K,
j=1,2,.... Now let

A5(6) = sup o # 1;(x) - é*w(m%
],CE

mf(x) =m,f(z) = ir;ff*yj(x).

Finally, let Lo = {f : [{z : f(z) < 1}| < co}. Note that, if 1/f € L", then
f € Ly.

Theorem 2. If
gk — fo a.e. as k — oo,

AT(|gk—f0|)§C<OO, k=1,2,...,
mf(x) >0 on a set of positive measure for every f € Lo, (5)
then |E(fo)| < liminf [E(gy)|-

The following is an example illustrating the type of convergence in The-
orem 2. Let ap N\, 0 with agp/ant1 < ¢ < oco. If {gi} satisfies a,11 <
lgr(2) — fo(z)| < ay for each x, then A% (|gr — fol) < ec.

The proofs of Theorems 1, 2 will be given in Sections 4, 5. In Sections 2
and 3 we examine weak-type and distributional inequalities for the minimal
operator which we need for the proof of Theorems 1 and 2. Section 6 contains
some remarks and variants of these Theorems.

2. WEAK-TYPE INEQUALITIES

This section is devoted to showing that the condition (4) of Theorem 1
implies a weak-type inequality for myf.

Definition. We say that m; is of weak type (r,r) on E (with constant A)
if for every f with suppl/f C E,

Aplyr
z:msf(z) <1l/y} < — fH
{ (@) <1/ = =%,
where A is independent of y > 0 and f.

We let Q = [0,1)" and we let Q* be a cube containing @ + K, where K
is the common support of {u;}.
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Lemma 3. Let j € Z" and let Q7 = Q" + j. If ms is of weak type (r,7) on
Q; with constant A, then ms is of weak type (r,7) on any other QF with the
same constant.

Proof. This follows from translation invariance. O

Lemma 4. If m is of weak type (r,r) on Q*, then ms is of weak type (r,r)
on R™.

Proof. Let1/fe€ L"(R"),andlet Q; =Q+j, Q; =Q" +j,je€Z" If
fi= f/XQ;f7 then from Lemma 3,

Aplyr
{z:msfi(x) <1/yH < —|—=|| -
Yy f] r
Note that EXQ; < N < 0.
If zp € R”, then z( is in a unique Q; and thus m,f(zo) = msf;(zo).
Hence

{z:msf(z) <1/y} C U{aj tmsfi(x) < 1/y}

from which

|mmwm<UMS;EWéM

Since ()

1 1 1 XQ: (@ 1

= — J < ,

N Fy N Gy < ey
we obtain NAY 1

s maf(2) < 1/y} < == 5]
yr Ll

and the proof is complete. ([l

Lemma 5. Assume that mg is not of weak type (r,r) on R™. Then there
exists F : R™ — [0, 00] such that msF(z) =0 for a.e. z, and 1/F € L"(R"™).

Proof. From Lemma 4 we know that my is not of weak type (r,r) on Q*.
Hence, for every k € N there is yr > 0 and g such that 1/g;, € L"(R"™),

supp 1/gx C Q* and

2k 1 yr
Ha s msgr(z) < 1/yr}l > —||—
Y "9k

T
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If B* is a cube containing Q* — K, then

{z s msg(z) <1/yn}| = [{z € B* : msgr(x) <1/yr}l,
since mygx(x) = 00, x ¢ B*.
Let g;, = yrgr/k. Then
2k

{z € B* : myg,.(z) < 1/k}| > —

1
_kri'

Hence |B*|/||1/g}||m — oo and so [|1/g} |- — 0. By passing to a subsequence,
we may assume that ) ||1/g,||. < co. We can now find a sequence {fz},
fx = g}, with possible repetitions, and r, — 0 such that, if £} = {z € B* :
ms fr(z) < 71}, then > |Ex| = 0o and > |1/ fx]lF < oo.

By the Lemma in [6, p. 442], there is {z} C R™ such that, if F, = Ex+xy,
then

limsup F = ﬂ U F; =R"
E>1j>k

except for a set of measure zero. Now we let fi.(x) = fi(x — ;) and
F(z) = inf fr(z).

Then mgF(z) < infy msfk(x), and so mgF(x) < ri, x € Fy. Therefore,
msF(z) = 0 for a.e. z. Since

1

= sup
F(I)r k fk; ; k
we see that 1/F € L"(R). O
Remark. It may be of interest to have an example where mg is not of
weak type (r,7). Let D = {z;};>1 be a countable dense subset of B = {x :
|z] <1}, and let p; = 6(z;). If f € C(R™) with f(0) =0and 1/f € L"(R™),
then for x € B, msf(x) = 0. Consequently, m is not of weak type (r,7)
on R™.

Lemma 6. Assume that 0 < q,r < co and that my is of weak type (r,r) on
R™. Then mg is of weak type (q,q) on R™.

Proof. By Lemma 5 it suffices to show that m,f(x) > 0 on a set of
positive measure for every f, 1/f € LY(R"). If ¢ < r, then 1/f9/" € L"(R")
and by Holder’s inequality

(977 o g (@))® < (f* o g ()29,
Assume now that ¢ > r. If Q and Q* are as above, then for z € Q,
ms f(x) =ms(f/xq-)(x) and xo+/f € L"(R™). O
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Lemma 7. If 0 <r,s,t < oo and my is of weak type (r,r) on R™, then m,
is of weak type (r,r) on R™.

Proof.
o mof(z) < 1y} = [{z: me (£ (@)]"* < 1/y}] <

sr/t

A
ysr/t

1

f

Lemma 6 completes the proof. ([l

sr/t

We are now ready to prove our main weak-type inequality result.

Theorem 8. Assume that 0 < q,7,8 < 00 and mef(z) > 0 on a set of
positive measure for every f, 1/f € L"(R™). Then my is of weak type (q,q)
on R™.

Proof. Ifwedeny the conclusion, then by Lemma 6, m is not of weak type
(r,7) on R™. Hence, by Lemma 7, m; is not of weak type (r,r) on R™ for every
j € N. By Lemma 5, we have for each j € N a function F; : R® — [0, oo] such
that m; Fj(z) = 0 for a.e. x and 1/F; € L"(R™). We now choose 0 < o < 00
such that ) a;||1/Fj||1 < .

Let F' = inf; Fj/a;/r. Then for every j and for a.e. x,

—1/r

m;F(z) < a; " m;Fj(z) = 0.

Hence moo F'(z) = 0 for a.e. x. Since

i = sup 'l < L
N |
we see that 1/F € L"(R™). This contradicts our hypothesis. O

Remarks. (i) The proofs of Lemmas 4 and 5 proceed along the lines of
the proof of Proposition 1 in [6, p. 441] for the maximal operator.
(ii) We do not know whether the hypothesis of Theorem 8 implies the
strong-type inequality
dx dz
—— <c¢ —.
Rn msfq a Rn fq
In Section 6 we shall present a condition which will give us this strong-
type inequality. We shall also make a comment in Section 6 concerning the
weak-type (g, q) constant of m.
(iii) For the example in the remark after Lemma 5 where m, was not of

weak type (r,r), the above theorem gives a function F such that m., F(z) =0
for a.e. z and 1/F € L"(R™).
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3. DISTRIBUTIONAL INEQUALITIES

This section is similar to the previous one and deals with a distributional
inequality for mf(z) = m, f(z) = inf; f x v;(x), where {v;} is a sequence
of Borel measures on R™ with v;(R") = 1 and suppr; C K, j = 1,2,...,
where K is a compact subset of R".

Definition. We say that m satisfies a distributional inequality on E with

constants ¢, co if, and only if,

{z:mf(z) <1/y}| < el{z: f(z) <cafy}]
for every f:R™ — [0,00] with supp1/f C E.

We use the same notation as in Section 2 for @, Q*, Q; and Q;. From
translation invariance, if m satisfies a distributional inequality on @} with
constants c;, ¢z, then the same is true on any other Q.

Lemma 9. If m satisfies a distributional inequality on Q*, then m satisfies
a distributional inequality on R™.

Proof. Let f; = f/XQ;. By the above observation, there are constants
c1, co such that

{a :mfi(x) <1/y} < el{z: f;(x) < co/y}],

where ¢y, c2 are independent of f and j. Note that > XQ: < N < 0o0. Asin
Lemma 4,

{z:mf(z) <1/y} < Z Hz: fi(2) < ca/y}l.

Since Ej = {z : fj(z) < c2/y} = {z : f(z) < c2/y} N Q], we see that
2XE; S X{f<ea/yy(®) - N and thus ) |E;| < N|{z: f(2) < c2/y}]. O

For the next result we recall that Lg is the class of f: R™ — [0, 00] such
that [{z : f(z) < 1}| < c0.

Theorem 10. Assume that mf(x) > 0 on a set of positive measure for
every f € Lg. Then m satisfies a distributional inequality on R™.

Proof. If we deny the conclusion, then by Lemma 9, m does not satisfy
a distributional inequality on @Q*. Hence for every k € N, we have y;, > 0
and a function g with supp 1/gx € @* such that

Le = [{z : mge(z) < 1/ye}| > 2" {z : ge(x) < cr/yn}]
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for some ¢, — oco. Let g, = (yrgr)/ck. Then
Ly = [{z € B* : mgj () < 1/ep}| > 28|{w : gi.(x) < 1},

where, as in Lemma 5, B* is a cube containing Q* — K. From this we get
that [{z : g;,(z) < 1}| — 0, and thus we may assume that ) |{z : g,.(z) <
1}| < oo. Consequently, there exist r, — 0 and fr = g} with possible
repetitions such that, if By, = {z € B* : mfi(x) < ri}, then > |Ey| = o0
and > {z : fr(z) < 1}| < co. As in Lemma 5, we have {z;} C R™ such
that, if Fy, = Ey + xi, then

limsup F, = R"

except for a set of measure zero. We now set f = fu(z — a3) and F(z) =
infy, fx(z). Since mF(z) < infy mfr(z) and mfr(z) < ri, © € Fg, we see
that mF(x) = 0 for a.e. x. Also note that F' € Ly since

o : F(z) <1} < Z {z: fr(z) < 1}] < oo

This contradicts our hypothesis, and the proof is complete. (I

Remark. It may be of interest to give an example of m satisfying the
hypothesis of Theorem 10. Let mf(x) = inf,¢q ﬁ fQ f, where @ is a cube.
Let f € Lo and let E = {z : f(z) > 1}. Then |E| = oco. We claim that
mf(xz) > 0 at every point of density of E. If z is such a point of F, and
ro € Q, then |[ENQ|/|Q] — 1 as |Q| — oo or 0. Hence, inf; f x xq,/|Q;l,
Q; C K, satisfies a distributional inequality. In Section 6 we remove the
restriction @; C K and we give a double weight generalization of this dis-
tributional inequality in R.

4. PROOF OF THEOREM 1
We shall first assume that 1/g, — 1/fp in LP and prove that
[E(fo)| < liminf [E(gy)|.

We first observe that if z € E(fy), then limsup fo*p;(z) > Uminf fo* p,(x)
and hence liminf fy * p;(z) < co. Moreover, by Theorem 8 with s = 1 and
g = p, liminf fo * p;(z) > 0 for a.e. z. Thus

. 1 . 1
E(fo) = {x : hmsupm > hmlnfm}.
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We write E(fy) = J E;, where

1 1 1
E;,=<z:limsup —— — liminf ——— > }
' { Jox () foxpi(z) = i
We now fix g, and observe that
1 1
E; C {x : limsup( - )
Joxpi(x)  gr*py(z)
1 1
fliminf< — )
foxpi(x)  gr*p;(x)
. 1 .. 1 1
+ limsup — — liminf — > }
gr * i () g * pj(x) = i
C{ 21 ’ ! ! ‘>1}UE()
x : 2 limsup — o 9k
Joxpi(x) g Hp(z)! 21

Let

By Holder’s inequality with exponents p; = ps = (2s+1)/s, ps = 25+ 1, we
get

1/s
Aj(x) < forx ps(@) - g * (@) - (_15 *Nj(x)>
|fo— gkl
and hence using (3)
[fox (@) = gi# i (2)| Ay (@) < efox () - g * py ().

Consequently, if 0 < fo * () - gr * pj(x) < 00, then

Fra | <o < () @] o

If both fop1;(x) and g * p1;(x) are infinite, then (6) is obvious, and, if, say,
g * p(x) = oo and fo * pj(x) < oo, then gi x pj(x) = | fo — gr| * pj(z) and
thus

A4;(x)

fox pj() =¢
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and (6) follows. Hence

|E;| < {x I Ma (|f0f()g];k|> () < 402}‘ + |E(gr)]
-p \fo gk|
<Ci Toon p+|E(gk)\~

The second inequality follows from Theorem 8 with m,, in place of ms and
g = p. This gives us |E;| < liminf |E(gx)| and thus |E(fy)| < liminf |E(gg)|-

We shall now prove that |E(fo)| < liminf |E(gx)| assuming that g — fo
in LP. This is where we use (1) in the remark in the introduction. Since by
condition (3),

1 1/s
lgk = fol * pj () - (|gk_fo|s*ﬂj($)> <c< oo
we have
1 -1
M- a)e) < e |me (=) @)
and hence by Theorem 8 with ¢ = p,
Kz« M(|fo — grl)(@) >y} < {a : ms(1/(|fo — gx])) (@) < c/y}|
<A1 —ae.
= Y

Since the constant A does not depend on k or y > 0, the inequality (1)
completes the proof. O

Remark. The hypothesis (4) of Theorem 1 requires that me. f(xz) > 0 on
a set of positive measure for every f, 1/f € LP. In the special case

m.f(@) = IGQ(Q/fS)US,

where @ is a cube in R, ms f(x) can be readily estimated.
If 1/f € LP(R™) for some p, 0 < p < oo, then my f(x) > f(x) for a.e. x.
If in addition f € Li (R™), then moo f(z) = f(x) for a.e. x.

Proof. Let zy be a point of approximate continuity of f and f(x¢) > 0.
For A < f(zg), the set Ex = {z : f(x) > A} has x¢ as a point of density.
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Since 1/f € LP, there is N > 0 such that

o 1 1\ 1
|Q| > N implies (M/Qﬂ’) <7f($0).

Since 1 = ﬁ fQ fef«, for any s > 0, by Holder’s inequality with a =
sp/(s+ p) and exponents r = (s +p)/p, ' = (s + p)/s’, we have

1<(1/1>””
(g J )" ~ Nl e 12/

Thus for zp € Q and |Q| > N

()"

Consider now those @ with z¢ € @ and |Q] < N. If

. QN E;|
c= inf ———2,
zeQ Q)]

1QI<N

then ¢ > 0. For such Q’s we have

1 1/s 1 1/s
i s _ AS A 1/s_
(@) = (@ ) 2>

Consequently, m, f(z9) > Ac'/* and hence mq f(x) > .
If f is also locally integrable, then msf(z) < f(z) for a.e.  and thus
Mmoo f(x) < f(z) for a.e. x. O

5. PROOF OF THEOREM 2

By Theorem 10, we have the distributional inequality

{z:mf(z) <1/y} < al{z: f(z) <c2/y}-

If ¢ : R* — RT, and &(t) = [} ¢, then

/n O(1/mf(x))dx < cl/ D(co/f(x)) dx.

n
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To see this, multiply the distributional inequality by ¢(y) and integrate
in y from 0 to co. Write |[{z : mf(z) < 1/y}| = [xe(z,y)dz, where
E = {(z,y) : mf(x) < 1/y}. Interchange the order of integration to obtain
the left-hand side of the integral inequality. Below we apply the integral
inequality with ¢(7) = (1 +72)71, ®(¢) = tan' ¢.

For N a positive integer, let By = {z : |z| < N} and let By+ be a ball
containing By + K. Then Ex(fo) = E(fo) N By C E(fY), where f¥' =
foxs, - The Aj-condition implies that

’ ’ 1

sup sup ‘g,iv — N | % () - (,N,*l/j(.’L')> < e < oo.
j zEBN |gk —Jo |

Thus for x € By,

M(\g;iv/—féw!)(w)ém( <

1/‘91@ ' - Jo /|)(1‘)

If E;n = E; N By, then as before

L L
i~ m(1/|gd — V] ()

|Eux] < Hx H 1B
Thus

|Ein|

IN

e oG —me) > 2@} e

< sy [ el = 5 |w) o + B

The integrand goes to zero as k — oo for a.e. x and is bounded by x5, - 7/2.
The Lebesgue Dominated Convergence Theorem shows that

|E;n| < liminf |E(gg)|-

To complete the proof, let N — oo and then ¢ — oo. [
XQ;
Q5
{1;};>1 be a sequence of Borel measures with £;(R") = 1 and supp pu; C K
for every j.

As an illustration, let dv; = dx, where Q; C K, j =1,2,..., and let

Corollary. If gi. — fo a.e. and Ai(|gr — fo|) < ¢ < oo for each k, then
|E(fo)| < liminf [E(g)|.

Proof. By the remark after Theorem 10, mf(z) = inf; fxv;(z) is positive
on a set of positive measure for every f € Ly. O
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6. CONCLUDING REMARKS

In this final section we shall make some comments about the results in the
previous sections and point out some generalizations.

1. We included the case 1/gx — 1/fo in Theorem 1 because in the dif-

XE gz, By — 0) E(f) = E(F),

ferentiation of the integral case (dyp; = 2|
J

F(x) = f(z) +el*l and 1/F € LP(R™).
2. It may be of interest to compare mf with M(1/f). Since

L= (F1V2 V25 ()2 < Foxopg (o) §*uj<x>,

we get
1

—— < M(1/f)(2).

mf(x)
If M(1/f)(x) < oo on a set of positive measure (the hypothesis of Propo-
sition 1 in [6, p. 441]), then mf(z) > 0 on this set. The converse is not
true. An example is the strong differentiation of the integral of f € L!(R"),
n > 1. The stronger finiteness assumption on the maximal function allows us
to replace the weak-type inequality of Theorem 8 by a strong-type inequality.

Assume that 0 < s < 0o and 1 < pg < co. If M f(x) < oo on a set of positive
measure for every f € LPO(R™), then

/ dx <c d—x 0<g<oo
ge (Msf)? 7 Jgn fO ’

with the constant ¢ independent of f and q.
Proof. Since, by Proposition 1 in [6, p. 441],

[{z: Mf(z) > y}| < y%nfnzg

and since || M flloo < ||f|lcos We can apply the Marcinkiewicz Interpolation
Theorem and get || M f[|h < cp||f||) for po < p < oo. Fix pg < p1 < oo. If
0 <o <1, then

L= (7 )7 < Fes(o) (o)
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where r =0 /(1 — o) or 0 = r/(1 + ). Hence

1
mf(x) ms f(x)

Now let 0 < ¢ < o0 and let o = ¢/p;. Then

d d
/Rn(x< M(l/fg)q/gd:rgcpl/ o

msf)? = Jgn rn f4

< M@/f) @)Y or < M1/ f9)(@)Ve, o=rs.

O

3. If we strengthen the AZ-condition, we can drop condition (4) of Theo-
rem 1. More generally, let {11, },>1 be positive Borel measures, € R™. As
before we let

E(f) = {a: : lim sup fdpjz — liminf/]R fdpe > 0}.

]R’”/
Let Bj, = {t : [t — x| < 1/j} and let du}, = dpj. + |Bjz|""xB,,dy. Note
that, if f € LL _(R™), then |E(f)| = |E*(f)|, where E*(f) is defined in the

loc

same way as E(f) with p;, replaced by y7,. Finally, let 0 < s < oo and

1 1/s
Al (¢) = su d *x/ —dpl,) .
(0) p Rncb 14 ]R"((bs 1 )

Theorem 11. Let 0 < p,s < oo and let fo,gr € Li (R™), k=1,2,.... If

loc

1 1
either — — — in L? or g — fo in L?,
9k 0

A fo = grl) < ¢ < oo,

then |E(fo)| < liminf |E(gy)].

Proof. Ifmjf(;v):inf(ffsdﬂ;fl,)l/sandmsf(:r):inf(ﬁfg fs)l/s,
j g 1Piel 2B

then m? f(x) > msf(x) and hence for every ¢, 0 < ¢ < oo, using the Re-
mark 2 above, we obtain

o s mi @) < 15} < o mfu(o) < 1/ < S 7]

The rest of the proof is the same as that of Theorem 1. O
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4. We examine now the problem of two sequences of measures {y;};>1 and
{v;};>1 where v;(R") =1 and suppv; C K, K compact, j = 1,2,.... We
do not assume that the measures p; satisfy these two conditions. This is
different from the hypothesis of Theorem 2. We define

A3(0) = sup 0+ 1y (x) - 5 w0y )
mf(z) =inf f x vj(x).
J

The following theorem is the s = 1 version of Theorem 1. We could have
considered s > 1, but for the application we have in mind s = 1 is sufficient.

Theorem 12. Let 0 < p,r < oo and assume that
gk — fo in LP,
Ai(lgr = fol) < ¢ < oo, (7)

1
mf(x) >0 on a set of positive measure for every f, — € L"(R™). (8)

f
Then |E(fo)| < liminf [E(gy)|-
Proof. As before, let M f(x) =sup f* p;(z). If
E; = {x : limsup fo » pj(z) — liminf fo » p;(z) > 1/i},

then
E; C{z: M(|lgr — fol)(z) > 1/(4i)} U E(gi).

The hypothesis (7) implies

Mlgx = fo)(@) = =70 @)

and thus
E; C{z:m(1/|gr — fo])(z) < 4dic} U E(gy).

Finally, using the results from Section 2 with u; replaced be v,
|Es| < c(40)P|lgi — follp + [E(gr)l.

Now let £k — oo and then 7 — oo. O
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&
| Bj|
where B, are balls with center 0 and radius r; — 0, then condition (8)
can be omitted. As an application, we consider the differentiability of the
integral with respect to { E;}. Here, {E;} is a sequence of sets with E; C {z :
|z] < e}, j > je and |E;| > 0. Even if E; = B(xj,rj) = {z: |z — ;] < rj}
it may happen that the maximal operator M f(z) = sup; f * i (2) is not of
XE; dx.

| E;]

5. This remark concerns the size of the weak-type (g, q) constant of my in
Theorem 8.

For example, if in Theorem 12 the measures {v;} are dv; = dz,

weak type (p,p) for any p, 1 < p < oo (see [2], [6]), where du; =

If N
1 11po
o s maf(e) <1/}l < 22| 5|,
then for 0 < p < po,
o emof(@) < 1/} < 2o 2]
T v = yp I fllp

Proof. Let o > spy. Then m, f(z) > msp, f(x) and hence

{z :mef(z) <1/y} < [{z:mep, f(x) <1/y}|
=z ms(f7)(x) <1/y*}

<Apo L e
=~ ypg f;Do po.
Hence, since mg, f = m4(f7/%)/°,
A 1 (po
. o/s o/s Po\l_—
s ma(£770) (@) < 17"} < | ],

Let ¢ = fo/5 and t = y°/%. Then, if we choose o > spg so that p = pis/o,
we get
APO

{x:msp(z) < 1/t} < i

il
ollp
As an application, let for 0 < p < oo
lg—flIp, 0<p<1
alan={ 01

”g_f”pa le

be the standard metric on LP(R™). We have the following variant of Theo-
rem 1.
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Assume that 0 <r < oo and 0 < px < o0, k=1,2,.... If

dpk(gk’f())_’o as k‘—>oo7
Ai(lge — fo]) Se < o0, k=1,2,...,

{z : mf(x) > 0} > 0 for every f, % S

then |E(fo)| < liminf |E(gy)|.

Proof. Let By ={z:|z| < N} andlet N’ > N so that By» D By + K.
We claim

Hx € By : m(%)(:c) < 402'}‘ < Ay dcidp, (gk, fo)Tr,

|gk — fo

where A; is the constant above for p =1 and 7, = 1 if 0 < px < 1 and equals
|BN/\1/”§«, if 1 < p < co. We only need to consider the case 1 < pi < co. If

9y = gkXBys [ = fXB,, then

Hx € By : m(m>(m) < 4Ci}
=[{r e By (e ) < e

< A14cz'Hg,J€V/ — évl 1
< Ay dcidy, (g, fo) [ B[/
Hence
|E1N| = |Ez n BNl < \E(gk)| + A1 4Cidpk (gk,f())Tk.
Finally, let k, N and i go to oo in this order. (I

6. This remark deals with the limiting case (s — 0) of Theorem 1. Let
lg}%(fs*uj(x))l/s :Lj(fax)? mof(.’B) :;LI%me<.'IJ)

Since p;(R™) = 1 it is known that L;(f,zo) = exp[(log f) » w;(xo)], if
£ x pj(zg) < oo for some sp, 0 < s9 < oo. Further, if this finiteness
restriction is valid for every j, then mqf(zo) = inf; exp{(log f) * p;(x0)}.
To see this, let m, f(xg) be the right-hand side and note that by Jensen’s
inequality

expl(log f) * (o)) < (f* % p(20)) """
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from which m.. f(xo) < mof(zo). For the reverse inequality, let A < mq f(xo).
Then for j € N and 0 < s < s we have A < (f* x p;(20))"/. Hence
A < expl(log f) * p;(xo)] and XA < m, f(xo).

We denote by

Ap(9) = sup ¢ x pj(x) - Li(1/¢, )
7,

Xe

Q|
Muckenhoupt weight class A..
Since mo(1/¢)(x) <inf; L;(1/¢, ), we have, if Afj(¢) = ¢ < oo, that

Note that in the special case, where dy = dx, A{ corresponds to the

Mole) < o T

Theorem 13. Let 0 < p,r < co. If

1 1
either — — — in L? or gip — fo in LP,
9k 0
Ag (g — fol) < e < oo,

1
mof(x) >0 on a set of positive measure for every f, 7 e L"(R™), (9)

then |E(fo)| < liminf |E(gx)].

Proof. Replace ms by mg in Lemmas 4, 5, 6, and 7 to prove that mg is of
weak type (q,q) on R™. The rest of the proof requires only minor changes.
In particular, in the case when 1/g, — 1/fy in LP, let Aj(x,s) = A;(z) (note
that in Theorem 1, A;(z) depends on s) and let A;(z,0) = lim,_.¢ 4;(z, s).
Then

A0 < fosis@) s i) L ().

o=l
Hence | fo * p;(x) — gi * pj(z)|A;(x,0) < cfo* pj(x) - g * pj(x) and thus
1 B 1 , —1 Jogk -t
@ | <0 < [ (@]

The rest of the proof is the same as before. O



212 CHRISTOPH J. NEUGEBAUER

We do not know whether mg in the hypothesis (9) of Theorem 13 can be
replaced by mq, as in Theorem 1.

7. There is a variant of Theorem 1 in which the A%-assumption is replaced
by a pointwise condition. Let

1 1/s
AL(0)a) = sup o 15 (2)- (¢>s w(@) .

Theorem 14. Assume that 0 < p,r,s < oo. If

gk — fO m Lp7
S={x: sgpAS(\gk — fol)(z) < o0},

1
Moo f(x) > 0 on a set of positive measure for every f, — € L"(R"™),

f
then |E(fo) NS| < liminf |E(gx) N .S|.

Proof. Asbeforelet E; = {z : limsup f % p;(z) — Uminf fxp;(z) > 1/i}.
If Sy = {z € S :supy A%|gx — fol)(z) < N} and E;x = E; N Sy, then

|Ein| < {z € Sy - M(lgk — fol)(z) > 1/(4i)} + [E(gr) 0 S].

Since for x € Sy,

-1
Mg~ @) < N . (ot ) @]
we see that by Theorem 8§,
|Ein| < {a: € Sy 1 ms <1> (x) < 4Ni}‘ +|E(gr) N S|
lgr — fol

< (AN |lgi = follp + 1E(gx) N S|.

To complete the proof, let k&, N and 7 go to co in this order. O
There is, of course, a similar point-wise version of Theorem 2.

8. We examine now a generalization of the distributional inequality for the

minimal operator. OQur analysis will be on R = R!. Let p, v be two positive

Borel measures on R, and let mf(z) = ian ﬁ J; f, where I is an interval
TE

in R (see [2], [3]). We consider the following three conditions.
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I. There exist constants c¢;, co such that 0 < ¢; < 1 < ¢ < oo and for
every interval I and A C I with |A| < ¢1]I] we have p(I) < cov(I'\ A).
II. There exist constants 0 < ¢ < o0, 1 < ¢ < oo such that for every
f: R — RT, and for every r, 0 < r < oo, we have the distributional
inequality

p{x :mf(z) <r} <cv{x: f(z) <or}.
III. There exist constants 0 < ¢ < o0, 1 < 0 < oo such that for every
¢ : Rt — Rt and every f: R — Rt we have

/¢(rif)d“<c/ﬂf)(%> dv,

where ®(t fo
Theorem 15. The conditions I, II and III are equivalent.

Proof. I = II. Choose o so that 2/0 < ¢;, and write the open set
{z : mf(z) <r}=JI;, where the I; are disjoint open intervals. Since n =1,
we have for each j, ij [ <2r|L;| (see [5]). If Aj = {x eI : f(z) > or},

then I o]
|A‘<i/f<\lr 2|
o

From this we obtain

plz:mf(x) <r}= Z,u <CQZ i) < cov{z: f(x) <or}.

II = III. Replace r in II by 1/y and multiply by ¢(y) to get

oY) pfr - mf(z) < 1/y} < chp(y)vi{z: f(x) < o/y}.

Integrate this inequality in y from 0 to oo. In the first term let F = {(z,y) :

mf(x) < 1/y} and note that [ xg(z,y)du(z)de = p{z: mf(z) <1/y}.
Substitute this into the integral and interchange the order of integration
to obtain the left-hand side of III. The right-hand side is handled in exactly
the same way.

III =1 Let7>2andlet ¢y =1/(r0—1). Let I be an interval and A C I
with |A| < ¢;]I]. Define
1/2, ze€I\A
fl@)=1< o, zeA
oo, xél.
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Then ) )
m/Ifz el + 1Al = 6

We observe that (o — 1/2)|A| = (8 — 1/2)|I]. Since |A| < e1]I], we get

B—1/2 1

< .
oc—1/2 — AT 1
From this we see that 3 < ‘:71_/12 +i=aanda < lsinceo—3 < 3(ro—1).
We also observe that mf(x) < a for z € I and mf(x) = oo if ¢ I.
If : RT — RT is ¢(t) = X[1,1/q)(t), then

0, 0<t<1
o(t)=4{ t-1, 1<t<l/a
1/a—1, t>1/a.

We substitute this into III and get

u(I)B(1L/a) < clv(A)B(0/o) + (I \ A)D(20)].

Since ®(1) = 0, we obtain u(I)®(1/a) < ¢ ®(20)v(I \ A), and this is condi-
tion I. g

Remarks. (i) The measure u = v satisfies condition I if and only if pAdx
and dp/dr € A (see [4]).

(ii) If (u,v) € Ay and dp = udz, dv = vdz, then the pair p, v satisfies
condition I (see Lemma 5 in [1]). The converse, however, is not true. The
pair (el?l, e2#l) satisfies T but is not in any A,,.

(iii) A double weight distributional inequality for the maximal operator

Mf(z) =sup — /f
el ‘I‘

has the form p{z : Mf(z) > y} < cv{x : f(x) > oy}. Unless pu, v are
trivial, this inequality cannot hold. For if 0 < u(I),v(I) < oo for some
interval I = [a,b], then the function fy = X1y, IN = [a,a + 1/N], satisfies
for every N

lig i M f(a) >y} > (D).l wfo s fu (@) > oy} = v(In).

and v(In) — 0 as N — oc.
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