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~SOME APPLICATIONS OF GENERALIZED ORLICZ SPACES
IN APPROXIMATION THEORY AND FOURIER SERIES

J. Mgsielak
Poznan, Poland

1. Basic notions

As W. Orlicz introduced and investigated at the beginning of
1930th spaces, which were later called Orlicz spaces, this was done
in connection with their applications to orthogonal expansions. Later
development by H. Nakano (1950, 1951), W. A. I. Luxemburg and A. C.
Zaanen (1955, 1960), and by M. A. Krasnoselskil and Ya. B. Rutickil
(1958) was also connected with some applications, mostly in integral
transforms and integral equations. Here, I should like to point out
some applications in approximation theory and Fourier series, obtained
lately.

First, some auxiliary notions will be recalled, as modular space,
and generalized Orlicsz space (see also [2]). A functional p : X » R,
= [0,%] on a real vector space X is called a pseudomodular, if
1° p(0) =0,
2° p(-x) = p(x) ,
3° plax + By) < p(x) + p(y) for x,ye€ X, a, B20, a+B8 =1,
If, moreover, p(x) = 0 4implies x =0, p is called a modular. If
in place of 3° there holds the stronger condition

3°° p(ax + By) < ap(x) + Bp(y) for x, y€X, o, 820, a+8=1,

then , 1is called a convex pseudomodular (modular). The vector space
X, = {x €X: p(Ax) » 0 as A + 0+}

i8 called a modular space. The functional
|x|p = inf {u > 0 : p(x/u) < u}

is an F-seminorm in Xp (F-norm, if p 4is a modular). In case p is
convex,
||x||p = inf {u > 0 3 p(x/u) < 1}

is a seminorm in xp (norm, if p is a modular), equivalent to
|.|p . Convergence in |-|p (or ”-“p ) of a sequence (x.) ,
X €X,, to zero is equivalent to the condition p(dx ) > 0o for every
A>0 . If (xn) satisfies the weaker condition p(onn) + 0 for a
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Ao >0, then it is called godular convergent (or p-convergent) to
zero, which is denoted xn +>0 .

Let ¢ : [a,b) x R, + R, = [0,») satisfy the following conditions:

(1) ¢ (t,u) is a nondecreasing continuous function of u with
$(t,0) =0, ¢(t,u) >0 for u >0 and ¢(t,u) + » as
u~+ e, for all t € [a,b) ,

(ii) ¢ (t,u) 1is Lebesgue measurable with respect to t for all
u>0.

If needed, we extend ¢ (b-a)-periodically to ¢ : R x R+ + R, . If
we put

b
(1) p(f) = J o(t, |£(8)|) at

a
for every measurable function f , finite almost everywhere, then p
is a modular in the vector space X of all measurable, finite a.e.
functions £ in the interval [a,b) , with equality a.e. If ¢(t,q)
is a convex function of u > 0 for all t € [},b) , then p 1is a
convex modular. The modular space X is then called a generalized
Orlicz space and is denoted by L¢(a,b) . If ¢(t,u) = ¢(u) is in-
dependent of the variable t , then L¢(a,b) is called an Orlicz
space.

Now, let X be the vector space of all sequences x = (tn) , and

let (¢n) be a sequence of functions such that ¢ _(u) are nondecrea-

sing, continuous functions of u > 0 with ¢n(0) o, ¢n(u) >0
for u > 0 and ¢n(u) + o as u+ o, for all n . Let us write

(2) p(x) = T o (It ]) s
n

=]

then p is a modular in X (if ¢n are all convex, it is a convex
modular). The respective modular space xp is called a generalized
Orlies sequence space and is denoted by £¢ . If ¢n(u) = ¢(u) 1is
independent of n , then £¢ is called an Orlicz sequence space.

2, Application in approximation theory

We shall consider (see [3]) the problem of approximation of ele-
ments £ of the generalized Orlicz space LY (a,b) by means of integ-
ral transforms Tw defined as follows:
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b
3) (T £) (s) = J k,(t - s, £(t)) at,

a
where w€ W, W is a set of indices and Kw s [ﬁ,b) X R+ + R are
integrable in [g,b) with respect to the first variable, Kw(t,o)
= 0 . If needed, all functions under consideration are extended from
[a,b) to R, (b-a)-periodically. We suppose that there is given a
filter 7/ of subsets of the set W , and convergence in w will be
always understood in the sense of this filter. The approximation pro-
blem under consideration is to estimate the error of approximation of
f by T f, i.e. the expression p(A(wa - £)) for sufficiently
small A >0 .

First, some auxiliary notions. Let

K, (w) - X (v) ] B
L,(t) = sup SW - KW , Lw) = J L,(t) at .
u#v Jlu - v a

K= (Kw)w el is called a semisingular kernel, if it satisfies the

following two conditions:
1° 0< 2 =4inf L(w) < sup L(w) =L < »
wew wel

o

2 there exist a t; € (a,b) of the form t; =n(b -a) , n is an

integer, and a 6§ > 0 such that

to—a b
I Lw(t)dt + 0 and J Lw(t)dt +0 in w.
a t0+6
5

A semisingular kernel is called singular, if

r(w) = sup I% J Kw(t.u)dt - 1l + 0 in w .
u#0 a

We need still the notion of T-boundedness of ¢ . Namely, ¢ is
called t-bounded, if there exist constants k1. kz 2 1 and a function
F:RXR>R, measurable and (b-a)-periodic with respect to the
first variable such that

$(t - v, u) £ k1¢(t,k2u) + F(t,v) for all t, v =R, u« R+,

where

b
h(v) = I F(t,v) dt
a

is bounded in R and h(v) 0 as v *0 and v * b - a . We write
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H=sgup h(v) . If ¢ is convex, then we may take always k1 =1,

v E€R
If ¢(t,u) = ¢(u) does not depend on t , then it is always T-boun-
ded, with k1 = kz =1 and F =0 .

Finally, the ¢-modulus of continuity of £ is defined by
b
w, (£+8) = sup J o(ts |£(t+v) = £(t)|)at
¢ IvI<s 5
for 6§ >0 . If £ € L°(a,b) , then there exists a Ao > 0 such that
w, (A . £,6) 0 as § + o+ .

"0
There holds the following approximation theorem.
b
THEOREM 2.1. Let ¢ be convex and t-bounded, I ¢ (t,u)dt < » for
a

all u>0, and let K = (Kw)w W be a singular kernel. Then Tw

given by (3) are such that Ty @ L¢(a,b) - L°(a,b) for all w €W

and wa 8¢ in w. Moreover, - p from (1) satisfies the following

inequality
(AT E = £)) 5§ 0,y (20LE,8) + fy [20 (4ALk,f)
"'o’6 b
sl [r,mars [z oa} + @@
a t°+6

for atl £ € 1%(a,b) and wew .

Let us remark that the right-hand side of this inequality can be
made arbitrarily small taking w "large" according to the filter 7).

Similar problem may be put and solved in the space 2% (see [« .

Only an outline will be given here. Namely, let Kw = (Kw i)I=0 .
»
w € W , where xw g8 R, »R_. The transforms 'I‘w are now defined
£l

by T x = ((TWX)L):-O for x = (t;)j., » where

(It Dy wew.

(4) (T X, = jz L
ret | (u) )|
u) - K v
L, 4 = sup Kw i w1 » L(w) = E L, -
’ ugv Jlu = v| i=0 ¥

The kernel K = (K ) w is called semigingular, if

W we
° .Lw .

L (w)

° sup L(w) = L < « ,/ 2 +0 in w for j=1,2,3,.cc &

welW

1
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A semisingular kernel is called singular, if

1
a KW,O(C) -1-+>0 in w for every c > 0 .

The sequence (¢i);=0 is called T+-bounded, if there exist constants

k1, k2 2 1 and an infinite matrix (Ei,j) s ei,j >0 for i, jJ
0
=0,1,2,... €, =0 €. = YLeE; >0 as j + = € = sup €.
s lséy ’ 1,0 s 3 i%o i,j ’ J;O

< « . such that

¢1+j(u) < k1¢i(k2u) +e 5 for u>0 and i, j=0,1,2,...

J

’

If ¢4 are convex, one can take k1 =1 . If ¢i(u) = ¢(u) do not
depend on i , the sequence is always T,-bounded with k1 = k2 =1,
ei,j =0 .

Let us still write

(i) =
x, " (c) = (0,0,...,0,Kw’1(C),Kw’z(c),... )
j+1 times
for any ¢ > 0 . Then there holds

THEOREM 2.2. Let all ¢, be convex and let (¢i):=o be 1 -bounded.’

Let K = (KW)W'EW

D(Axéj)

be a singular kernel. Moreover, let

v

(€)) 0 in w f%r all A

J
Then T : JARRN for all we W and T X
X e £¢ , Where T, are given by (4).

0, ©>0
0,1,2,... .

’

X tn W for every

Let us remark, that similarly as in Theorem 2.1, an estimation of
the error of approximation may be also given.

3. Application in Fourier series

Let al(f) = (a (£)),_, and b(f) = (b (£))]_, be the Fourier
coefficients of a 2m-periodic function £ , integrable in (0,2w) .
Starting with the famous results of S. Bernstein, 1914, and of A.
Zygmund, 1928, one can find a series of theorems on absolute conver-
gence of the Fourier series and their generalizations under assump-
tions on moduli of continuity and variation of the function £ (see
e.g. [6]). Among else, there is considered convergence:

(5) Lof(lag )| + [by(0[Y) <=, 820, v>o.
n=

6 Krbhec, Analysis 81




If we put ¢n(u) = nelu|Y » the condition (5) becomes equivalent to
the following one: al(f) € £¢ and b(f) e £¢ , where ¢ = (¢n :=2 .
Denoting by mp(f,d) the p-th modulus of continuity of a function

f € Lgﬂ , 1 <pg2 ,‘ % + % = 1, the following result is obtained

(see [5]), applying the Hausdorff-Young inequality:

THEOREM 3.1. Let (¢n(u)):=2. be a nondecreasing sequence for every
u > 0 and let the functions En(u) = ¢n(u1/q) be concave, £ € Lgn'
Then

— 1 -]
max p[a(f)),p(b(f))] <35 L op (),
L 21 kK
where

_ Lk -k/ 1
P (£) = 279 , (27%/4 wp (£, ;12’) .

In particular, if p (Af) < » fora A>0, then a(f), b(f)et?.

M8 N

k=1

From this theorem follows a number of known results from the theory
of Fourier series, e.g. taking f € Lip (a,p) we obtain that if
Y2qg, oyp >y +p(l+p-=-yY), then (5) holds. Lowever, one may
write the theorem also in the setting of a continuity statement. Na-

nely, p’(x) = ¥ pk(x) is a pseudomodular in the space of all se-
k=1

guences. Thus, from Theorem 3.1 follows

COROLLARY 3.1. Under the assumptions of Theorem 3.1, a : f + a(f)
and b : £ > b(f) are linear, continuous operators from the modular
space XD’ to the generalized Orlicz sequence space L¢ , both pro-
vided with modular convergernce.

b
Now, let Vr(f) be the r-th variation on the sense of L.C. Young
a
of a continuous function f in [a,b] , and let V., be the space of
2w

all continuous, 2m-periodic functions £ with Vr(f) < o ., Denoting
0

by w(f,8) the modulus of continuity of £, 1<p< 2, 1, é =1,

- p
the following result is obtained (see [1]):

THEOREM 3.2. Let (¢n(u)):=2 be a nondecreasing sequence for every
u > 0 and let the functions $n(u)
Then

1/q
¢n(u ) be concave., f € Czﬂ .

max [p(atn),0(0(0)| <3 T ey,
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where

- o, 4T r/p
By (6) = 2k¢2k{2 k(v,®) mr/P(f.fg)} .
-27

In particular, if L Ek(xf) <w fora XA>0, then a(f), b(f)
=1
€. N

Taking f € Lipa , £é& V. with some 1< r < p in the above
theorem one obtains that if y < q, oay(p -1r) > p(1 + 8 - y) , then
(5) holds, which again includes known results.

In order to obtain from Theorem 3.2 a continuity result, one must
still introduce the notion of two-modular convergence (generalizing
that of two-norm convergence by A. Alexiewicz), because Ek is not
a pseudomodular. If two pseudomodulars p(1) and 9(2) are given
in a real vector space X , then a sequence of fnti X 1is called
(M, o2, M _pounded (i.e.
(2)-convergent to zero. Now,
(2) - be the modular space of functions £ € Vr generated by

~-convergent to zero, if it is p
(@]

[} (enfn) + 0 for every €n > 0 ) and o

let X

(o]
the pseudomodular
o o) = £ Mo (278 0PI,
k=1 2 2

and let

4n r/p
oMy = (voe) .

-27
Then we have

COROLLARY 3.2. Under the assumptions of Theorem 3.2, a : £ -+ a(f)
and b s £ » b(f) are linear, continuous operators from the space

X (2) with (9(1),9(2))-eonvergence to the gemeralised Orlics sequence
P

space £¢ with modular convergence.

Let us still remark that all the above results may be transferred
also to the case of the Haar orthonormal system. Also, r-th variation
may be replaced by ¢-variation with an increasing, continuous function,
$(0) = 0 , such that up L Coé(u)¥(u) for all u> 0, ¥ - an incre-
asing function, C > 0 .
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