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A SURVEY ON TENT SPACES AND THEIR APPLICATION
TO WEIGHTED INEQUALITIES

Raymond Johnson
College Park, Maryland, USA

1. Prehistory of the tent spaces

Tent spaces arise because of questions concerning Carleson meas-
ures. Carleson measures were introduced in connection with the corona
problem and originally involved holomorphic functions in the unit disc.
I shall give equivalent versions in the upper half-plane.

Consider a harmonic function in R2+1 = {(x,y) | x € R , Y > 0}

with trace on y = 0 given by an LP function f£(x) . Then

f
(1) u(x,y) = J P(x - z, y) £(z) dz ,
where P is the Poisson kernel
(2) P(x,y) = Cn ¥
*¥) = (2|2 + 2y @72

and Carleson [4] asked which measures u > O satisfy
1/p 1/p
(3) (fracey P aseay) 7 <a(flgw Pa) T, 1 <p <o

He showed that it was necessary and sufficient that there exists a
constant A such that for any cube Q .with sides of length § (al-
ways parallel to the coordinate axes),

(4) wQ x [0,8]) < alQl .

Shortly there after Duren [10] considered a generalization of (3).
He wanted to classify the measures U for which

r 1/q r 1/p
([l ®aveon) 7 calfismPa) T, 1<psa<e

where g > p , and showed that the answer was an appropriate generali-

zation of (4), namely that there existsaconstant A such that

(5) 1w x [0,6]) < alQ|¥P

for all cubes Q as above.

It was also known that the substitute for the integral inequality
when p =1 was
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(6) [leey | aueey <allell o
H (R")

where H1(Rn) is the Hardy space with equivalent definitions, but

most simply®thought of as the subspace of L1(Rn) formed of those £

for which ’

(7) u+(x) = sup |u(x,y)|

y>0

. 1,0 1,00

is in L (R") . C. Fefferman [11] characterized the dual of H (R)

as BMO where £ € BMO(R") provided

(8) sup — J{f(x) - folax = [|£]]s < + =,
Q el }
with
1 (
(9) fo = —— | £ ax .
lol 4

We can apply this result to (6) above noting that

|j u(x,y) du(x,y)

< Jlmey | aney <cllell
H

= ij(x) P*u (x) dXI >

where

(100 -~ P*u(x) = JJ P(x - z, y) du(z,y)

(at least formally - there are convergence questions but see [13]) and
conclude that if u is a Carleson measure, P*p which is called its
balayage, belongs to BMO (R™) .

In 1979, E. Amar and A. Bonani [2] sought to generalize this last
result. This is equivalent to asking which measures u have the pro-
perty that

1/q 1/p
an (fleen T aey) < alflec P ax)

for g < p . They did this and let me begin with the organization of
Carleson measures that they used. Denote the Carleson measures by V1

(12) vl = (u | lul@x [0,8D) <clel},

and the measures considered by Duren as v

v = {u | Jul@ x [0,8]) < c|Q|* for all cubes Q} , o > 1

normed with
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a3 in jul(@ x [0,8]) Hall ;
nf —m—m——————— = i , a2>1.
Q lo|® ve

They generalized this to o < 1 by introducing the tent over Q :
for an open set @

(14) T(Q) = {(x,y) | B(x,y) C a}
and B(x,y) denotes the ball of radius y about x .

Note that when @ is a cube Q , a tent is geometrically the same
as a cylinder because

(15 +ox [0,6/21C TQ@ CQx [0,6]
DEFINITION. u € V“(R?+1) », 0<a <1 if for any open set Q ,

(16) lul{T@) < clal®

If we let o » 0 in this and then let Q increase to R" we see
that

0 n+1}

V' = [finite measures on R

Amar and Bonami proved a number of interesting results about such
spaces. In particular they finished the result on balayages by showing
that

phu : VORTTT) o+ P 7Y lo1-a, 0<ac<i
and LP*” is the Marcinkiewica space of functiops of weak type p »
ie., £€LPY®M if

[H{x | 1£x)]| > y}| 2 avP

which supplements the fact that P* : V' + BMO and P* : ve - B,
the homogeneous Besov space of order n(a - 1) , for o > 1 ., They

1 n(a-I)

further showed that this map is onto in each case, precisely, if f

€ LP»’® nas compact support ( £ € BMO has compact support), then there
is a measure | € v s o=1=1/p (or u e V1 ) such that P*u = £ ,
They showed that v® is an intermediate space between V  and V1

in the sense of interpolation. This was done by showing that for the
complex method of interpolation [, ], or the real method ( , )a,0 *.
one has

0 .1 _ 0 ol =
17 v, = v,vh =V,
They also identified a subspace W of V* such that p* : w®

- Lp(Rn) , 1/p=1-a (the map is onto again, without assuming £
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has compact support), and finally then showed that w® is an inter-
mediate space for the real method

(18) WO vh, =W, 1p=1-a.

The last part of the prehistory is a paper of mine that eventually
appeared in the Cortona proceedings [13]. I observed there that because
of Whitney’s lemma for o > 1, u(T(R)) < c]n|° for every open set
Q2 if and only if u(Q x [0,6]) < cla|® for every cube Q , gave a
counterexample of a family of measures that satisfied u(Q x [0,6])
< €|a|® for all cubes, with & < 1 , but which were not generalized
Carleson measures and gave a number of examples of generalized Carleson
measures. I noted that the analogue of the Carleson inequality for
a <1 was

1/p
(Ilu(x,y)lw du(X,Y)) 2 c”f”(p,pa) ’

where this last norm is the Lorentz space norm of a function £ de-
fined in terms of its decreasing rearrangement f£* by
T 4. 1/4
- % 1/pya at
(19) HEl (p,q) ((j)[f () ¢1/P19 48y O

Of course the LP’? form an increasing family of spaces as q varies,
the smallest space is Lp’1 and the largest is the space of weak type
p functions which is 100 . Finally, I noted that there was an atomic
space whose dual was V1 but I could not characterize it concretely.

2. Tent spaces

The preprint of my paper appeared at about the time that Coifman,
Meyer and MCIntosh proved [6] the boundedness of the Cauchy integral
(in L2 ) on Lipschitz curves with arbitrary Lipschitz constant. Coif-
man, Meyer and Stein introduced tent spaces as a means to provide
another proof of the boundedness [7] and later [8] discussed their
general theory.

For 1 < q< > set for F(x,t) defined on R:"
. 1/q
- q dt
(1) AF (x) (r”)ll’(y,t)l dy?m-) .
X

where TI(x) = {(y,t) | |y - x| < t} is an equiangular cone with vertex
at x . For q = » , get
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(2) A F(x) = ess sup |F(y,t)]| .
T'(x)

Define, for 1 < p < » (for the moment),

3 ™ =(F | arFerP®"

(3) pt {r | of € ®"} ,

normed with |[|F|| _ = ||A F|] . For g =, we will need to con-
P q '

sider Co rather than L° in order to get a duality result and we
define

(4) ™ ={r | AF€1P and [IF, - F[| ,»0 as e =0},
TA-

where Fe(x,t) =F(x, t + ) .
They proved a number of results about these spaces but two were
basic.

THEOREM (Coifman, Meyer, Stein). (Tl)* = V1 , precisely, the pairing

(F,du) -~ JF(x,t)du(x,t) with F € Tl continuous on R2+1 and ;1@V1
1

realizes the duality of T, with the Carleson measures.

For the next result say that a is an atom if supp a C T(B) for
a ball B . and |lall, < |B|“1 . It is easy to see that an atom belongs
to Tl and there is also an atomic decomposition for Tl .
THEOREM (Coifman, Meyer, Stein). For any F € Tl , F = ijaj , With
ay atoms and Z]Xj] < + o , In fact,

(5 F = inf {}L]|A, F = }A.a.
) HEly [ZIa] | F = Dajay)
©
In fact there are some technicalities to take care of because
elements of Tl are continuous while the atoms need not be, but the

result as quoted gives the essence of the theorem.

A number of other results were given - atomic decompositions for
1

Tq , 1 < g < o, duality results which say
14
(6) (thy =T,

and ferially, in connection with this last result, the definition of
Tg for p = o which requires the introduction of the C-functional

For a function F on Rﬁ+1 , let
re 1/x
(7) CF(x) = sup [—l— JJ |F(y,t) |5 ay %E) , 1 <r<w
xeB |B] T(B)
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(8) cv(x) = sup V@) oo,

XEB |B]

n+1

. 1
where V 1is any measure on R,

. The dual of T‘ is characterized
by the C functional and it is shown that each of the Tg spaces could
also be cha;acterized in terms of C2 N

9 F = C,(F
E) HEl g = Hey® 1l s

2
which then naturally leads them to define T = {F | CF e L”} . There
are many other interesting results in [8] (while [7] contained also
the proof of the boundedness of the Cauchy integral along Lipschitz
curves); I will only mention two further results. They considered both

real and complex interpolation and showed that

Py, P4 Py by Py Po
10 T T =T T T =T
(10) [q’ q]9 a * TqrTqe,q q ’
where l_1-69 + o . They also exploited a relation with the Hardy
Pg Py Py
spaces HP . Fix a function ¢ which satisfies
(i) ¢ has compact support (say in the unit ball);
(1) [¢(x)] <M, |o(x+h) - ¢(x)]| < M(|h|/]|x])® , for some e > 0;

(iii) J¢(x) dx = 0 3
(1ii) JxY ¢(x) dx = 0 for all |y| < N .

Write, as usual, ¢t(x) = ¢ ¢(x/t) , for t > 0 . Consider the opera-

. at
tor H¢F(x) = j[F(.,t) % ¢t)E_ . They proved also:
0

THEOREM. The operator H¢ , defined on a dense subspace, extends to
a bounded linear operator

(a) from Tg to LP », 1 <p< o,

(b) from T; to H1 s

under the conditions (i), (ii) and (iii) on ¢ . If (iii)N 18 satisfied
with N > n(% - 1), then H¢ extends

(c) from Tg to HP

o

2

where the obvious extension of the definition of Tg has been made for

» P <1,

(d) from T to BMO ,

p<1.
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Note that a map in the opposite direction may be set up in each
case by using, e.g., the Lusin area function. There are also results
given on sufficient conditions for a function m(x,t) to multiply
Tg + TP , but we will say more about such results when we state an
extension in the next section.

3. Tent spaces and the generalized
Carleson measures of Amar-Bonami

I will now describe some joint work with A. Bonami which will
appear in the volume of Math. Nachrichten dedicated to Prof. Triebel.
Our object was to understand the precise sense in which the tent spaces
are related to the V* spaces of Amar-Bonami. We have done this but
unfortunately it is necessary to complicate everything in order to
understand it. We first generalize the v® spaces by considering for
1<gg=,

1
q
1) VP9 = {w = v(x,t) dx %1‘- | 3c, ( ” Ivix,t) |9 ax g—t-)
T(Q)
1.1
9 P for all open sets 8} ,

2 clal
and for g = 1 we give the same condition but do not require that w
be absolutely continuous,
(2) v lafw] 3¢, |wllT@]| < cla|'"/py |
p,1 1“1/9 -
Thus, V is the space we met hefore as V in Amar-3Bonami.

We say that a is a (p,q) atomy 1 <p<as «, if there is an
open set @ such that supp a C T(?) and

1 1
1/q "3
@ Hallg= ([ laweTey &) T < 0@ P
T(R)
for g < + «® and
(4) llall, = ess sup |la(y,t)] < |9|~1/p

when q = » ., We are also forced to consider tent spaces based on the
Lorentz spaces introduced earlier (1.19),

(5) 'rg” = {F | AF € AL T

for such spaces we prove three main results:
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(1) If q>p, then Tg’ ' hae an atomic decomposition
(6) T&" ={F|F=X)Na , a a (p,a atom I|\| <+=};

(i) (Tg’1)* = yP e’ ;s in particular, (Tg’1)* = vl/p ;
(114) % =vP9, q<p.

Theorem (i) extends the range of the atomic decomposition of Coif-
man, Meyer and Stein at the price of allowing atoms to live on open
sets. For the case considered there, the open set can be broken up
into Whitney cubes and the resulting sum controlled, it could not be
controlled here and the open set must be left as is. Property (ii)
shows that the result of [8] does not extend to p > 1 . The Lorentz
spaces must be introduced to give a space whose dual is V"/p , and
the last result shows that the spaces considered by Amar-Bonami are
exactly Tg’“ and roughly play the role of L1 in tent space theory.
In particular, the interpolation results can be reduced to the previous
interpolation results (1.17), (1.18) and we obtain

Pofo ,P1T4 r

m (T % Tg' D =TT

where
l."°+;@_,%."'°+g__,
P Po Pg 0 1

We also generalize the good-A inequality connecting the A-functio-
nal and the C-functional by showing that with

@ Avix) = ” £ dv(y,t) , Cpvix) = sup MIE]
rx) B3x |B|

then there exists a C , C’ (independent of & and v ) such that
H{x | av(x) > cx 5 cvix) g 8] g €'8[{x | Apv(x) > A}| . This is

slightly sharper than the result in [8], where for the term on the

right hand side, an A-functional on a slightly narrower cone was needed.
This result immediately implies that ||A1v||p c© ||C1v||p e
’ »
1 < p < o and then, trivially, that

(9) Hegfllp,r = HAFI, » »
which shows that the spaces could also be defined by the C-functional.

Moreover by a technique due to Coifman and Fefferman [5] such a good-A

inequality implies a weighted inequality for weight w € A_ = U Ap »
p<o
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where, Ap is the Muckenhoupt condition:

(10) w € Ap if and only if
1
1/p - 50T 1/p’
sup (—l— J w dx) (—l— J w P77 dx) <+ ow
lal ol 4

If w e A,
(11) J]AqF(x)]p w(x) dx < cP J ch(x)p w(x) dx ,

ile if > a A
while i P g an w € o/q

(12) j ch(x)P w(x) dx < cf I qu(x)P w(x) ax .

Finally, this good-X inecuality contains several other good-\
inequalities as special cases. Lars Hedberg discussed the good-A in-
equality of Muckenhoupt and Wheeden [15]. If we take dv(y,t)

=t £(y) ay &,

(13) A, (dv) (x) = R* £(x) = C J — £ a4,
1 o |x - zln—u
and
(14) Cdvi(x) = M £(x) = ngx T—T—:E7H J f(y) dy ,

we see that the good-A inequality of Muckenhoupt and Wheeden follows
from ours. For another example, take dv(y,t) = t|Vu(y,t)|2 dy dt ,
where u 1is the Poisson integral of a function of bounded mean oscil-
lation. One checks that A1(dv) = (Sf)2 is the square of the Lusin
area integral, while
(15) C1(dv) = sup — Jlf(y - fBI2 dy ,

Bax |B{
is the square of the L2 sharp function of f and we obtain the
good-A inequality

(16) x| 6£(x) > &, ¢5(x) < 8A}| < €'8]{x | 8£(x) > A}|
proved originally by Wilson [19]. In general, if one takes a Carleson
measure V , an interesting good-A inequality should result. We have

considered one other example which I will give in the next section,
but other cases should be investigated.

The final thing we consider is the application of tent spaces to
weighted inequalities. Weighted inequalities correspond to multipli-
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cation theorems for tent spaces, which were already proved in [8] for
Tg > Tg . The connection arises in the following way. For f € Lp(Rn),
form the ball mean (which is a balayage with a suitable kernel (see
Section 1))

17 Fly,t) = —
b_t

v Pat yz|ce

£(z) dz ,

which is also one of the competitors in the definition of the Hardy
-Littlewood maximal function, Mf(x) . Now

(18) AF(x) =  sup —l—H J £(z) dz
(y,t) € Ty bnt |ly-z]<t
< 2" sup — J £(z) az = 2"ME(x) .
£>0 bn(zt) |x-z|<2t

Thus, if £ € LP , then Mf € LP which implies that F € TP . If we
nultiply the ball mean by u(y,t) = w(y)ta , where we think of w as
a weight, and‘use the lower bound on A obtained by taking the sup
over the ray {(x,t) | t >0} in T, we find

(19) A, (Wt Fly,8)) 2 oM £(x)w(x) .

characterization of the pointwise multipliers of Tg - Tg leads to

A
a weighted inequality for Ma from LP - ng . When we do this for
q

> p , we obtain a result of Sawyer [16] which says that

20 M f < Al||f <
200 Mgl sAllfll, . Psa
du
if and only if
ga.a
JA such that for every ball B, u(B) < a|g|P 7.

(When u is the Lebesgue measure, this is the classical result of
Sobolev.) However, because we have also considered o < 1 , we can
characterize the inequality for g < p as well.

THEOREM. The following conditions are equivalent:

1/q
(1) (JlR“f(x)[q aue) < allelly, , -
(ii) B  such that for every open set,
1/q
(21) [J ax, %)% au(x)) < alal'/® .
Q

I should point out that (ii) is easy to apply since if you write
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Q= L)Qk for the Whitney decomposition of Q ,

(22) a(x, ‘% = £ (atam )° W'Qk .

A simple application of this is to trace theorems. Let du (x)
= dx, ... dx, be Lebesgue measure on the set {(xl,xz,...,xk,o,o,

eees0)} C R" . We immediately obtain

COROLLARY. If % =8-a, then
(23) j IR* £(x)] ax, ... ax :Aqllfllg.1 .
Rk
Such results are well-known if o > & = k and you can even put

the LP-norm of £ on the right hand side. Such results also follow
from interpolation of this result. If gq=p and k=n -1, we
have

(24) RVP : 1Pl o tPrax, ...oax, ) .

The best other result I know of is due to Gol’dman (see [18]) and
says that

(25) rRVP ﬁg » tP(ax, ... ax
]

1 n-1) ’

but Lp’1 neither contains nor is contained in the homogeneous Besov

+0
space Bp’1 .

The pr oo f of the theorem is so simple that I can give it
here. That (i) implies (ii) follows by choosing f = wn . The problem
is to show that (ii) implies (i). Assume than that (21) holds, and we
want to prove that

o, Pl q
(26) R™ ¢ L =+ Ldu ,
which is equivalent, by duality, to

[
(27 g R%(g au) : Lg; > LP ™,

we have
(28)  R%(g an) = P*(t* g(y) du(y) £5) .
By the results of Amar-Bonami, it is enough to show that t* g ap %5
€ V‘lp which requires :

’
o aw, So® auwr | s clal™? ., wg exf,
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and hence, by Hlder, this requires d(y, °Q) € Lgu and

law, S| o sclal'/? .
L,

4. Other results and ideas

This idea of writing an integral operator as a balayage of a suit-
able measure is useful also in a context considered by Kerman and
Sawyer [14]. They consider the operator

Tef(x) = ¢ # £,

where ¢ 1is a radial decreasing function. Let me first state their
result.

THEOREM. Let ¢ be a nonnegative locally integrable function such

’ .
that o (y)P dy < + ® | which <8 radially decreasing. For 1 < p
lylax

£ g<» and >u a positive locally finite Borel measure, the following
gtatements are equivalent:

(1) iIc > 0 such that for £ > 0 , measurable,

1/q
(] T ET aum) T < clif]],

Rn
1/p’
(11) 1C’ > 0 such that [J TQ(XQH)p’dX) < C'u(Q)1/q' < + @
Rn
(111) Let M £(x) = sup (- j o(y) ay) J £(y) dy
xeQ |Q] 1/n 2

lylslal
be the maximal function associated with & . (When ® <& such that
T¢ = R* , My = Ma i8 the fractional maximal function.) Then 3IC'’ > 0O
such that

1/p’ ’
(I M¢(xQdu)p'dx) <crru@ V9 < v e,

The result has various applications to e.g. estimating migenvalues
of the Laplacian. A. Bonami and I proceed as follows. Let © be the
distributional derivative of ¢ , i.e., a Stieltjes measure such that
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o(y) = Jde(t) .
Iyl

Consider the measure tnde(t)dv(x) . Then A1dv(x) =% % £(x) while
C1dv(x) = Mo(dv)

e | B s [e
33X
lyl<le|V/® Q

and thus the good-)A inequality holds for TQ N ﬁ° and ﬁQ is smaller
than the Mg considered by Kerman and Sawyer. Since the. good-A inequa=-
lity is the key step in their proof, it can now be carried over to

MQ . However, we can also prove their theorem by resorting to the
atomic decomposition of Tl if we know that p is doubling which is

a defect of our method. We also get results for P » 1.3 with q < p.

I should also note that if a
o
L J vy t" 1 ae < cv(a) ,
% 0
then M¢ afgd ﬁQ are of the same order, and that this happens when

o(t) = t .

Our results for g < p always require Lp’1

on the right hand
side because we are using balayage and the spaces V1/p . We can say
something about operators mapping A Lgu but it requires that we
use balayage with measures in W1/p and the conditions found by Amar
-Bonami for WVp are not as explicit as for v1/P . The known neces-
sary and sufficient conditions in order that

o, P q
s LY » Ldu

involve capacities, (see [12])

R

u(E)P/d < CB, p(® ¥E compact

’

which are difficult to verify or conditions on cubes [17] that are
also difficult to verify. By using a duality result that I will de-
scribe later, we can give an alternate formulation of the capacity °*
of a set.
©
THEOREM. Let XL(E) = inf {[IFHPP | F>0, JF(x,t)t“ %; wE(x)} s
T,

i ~ R L (0]
then L(E) = Ba,p(E)'
A possible interest of this is that the differential conditions
>

> wE appears implicitly in the definition of } and might make

R'f
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it easier to compute ¥ .

Let me finish by mentioning two other papers touching on tent
spaces. J. Alonso and M. Milman [1] have also considered duality re-
sults simultaneously with Bonami and I and also proved that (TE'1)*
=vyl/p » but, showed as well that (TE)* =w'/P » which is used by us
to derive the above capacitary result. They also calculate the K-func-
tional between Tg and L” , use it to give other interpolation re-
sults and begin the study of tent spaces on product domains.

Another result that should have been mentioned in Section 1 is
due to Deng [9] who proved that

I “ F(x,t)v(x,t) dx dtl < c[ AF(RC,,v(x) ax ,

n+1
R,

where 1/p + 1/p’ =1, 1< p3Z « . He also showed that for any
r>1, Cypv belongs to the class A1 of Muckenhoupt formed of
functions w for which there is a positive constant C such that

Rn

Mw(x) £ Cw(x) for all x € R" .
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