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For a natural number k > 1 and a topological space X the following question is
considered. If F > X is an infinite F,-set that contains no point isolated in X, does there
exist an exactly k-to-one functin f: X 22> X whose set of all discontinuity points is F?
The answer is given for k = 1 if X is a separable metrizable space, and for k > 1 if

X =[o1]

A function is (exactly) k-to-one if the preimage of every point has exactly
k elements. O. G. Harrold [1] showed that no two-to-one continuous function can
be defined on the interval [0,1]. Jo W. Heath [2] proved that no two-to-one function
from [0,1] into a Hausdorff space has a finite number of discontinuity points. For
each natural number k > 3 there is a k-to-one continuous function from [0,1] onto
the circle, see [1]. H. Katsuura and K. R. Kellum [4] showed that for k > 2 there
is no k-to-one function f:[0,1] 22 [0,1] with finitely many discontinuity points.
Several other authors have considered k-to-one functions, see a survey [3] by
Heath.

If f:X — Y is a function into a metrizable space Y, then the set of all
discontinuity points of f is an F,-set. For each k > 1 we prove that every infinite
F,-set F = [0,1] is the set of all discontinuity points of a certain k-to-one function
f:[0,1] =5 [0,1]. In the crucial case of bijections (involutions) between infinite
countable sets, we develop an idea of S. S. Kim and Sz. Plewik [5]. In fact, we
prove that if X is a separable metrizable space and F < X is an infinite F,-set
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which has no point isolated in X, then there exists an involution ¢ : X — X such
that F consists of all discontinuity points of ¢.

Recall that a function ¢ : X — X is an involution if ¢ O ¢ = idy. A metric
space X is totally bounded if for every ¢ > 0 there exists a finite cover % of
X which consists of open sets of diameters less thatn ¢. Every separable metrizable
space has a totally bounded metric.

Lemma 1. If (P, Q) is a countable, infinite, and totally bounded metric space,
then P can be arranged into a one-to-one sequence Xy, Xy, X,, ... such that

lim Q(XZm x2n+1) = 0.
n—oo0
Proof. Let %, = {P}.For each n > 0 fix a finite open cover %, of P which
consists of sets of diameter less than 1/n. Let P = {p, py, pa...}. Put X, = p, and
choose x; € P\{xo}. Suppose that the elements Xy, Xy, ..., X,, ; have been defined.
Let x,, = p;, where p; € P\{xo,xl, veey Xop ,} and i is the least possible index. Take
the greatest index k < n such that there exists an infinite set I € %, with x,, € I.
Then choose Xy,,; € I\{X;,Xy,..., X5,}. By induction the one-to-one sequence
Xg» X1, X2, ... has been defined. Clearly P = {x), X, X,...}.
Fix a natural number m > 0. Take | > m such that

Ulleu, :1is finite} < {p,p,.... D1}

If n > I, then x,, € {p41, Pi12--.}, and x,, belongs to an infinite set I € %,,. Hence
Xy, and Xx,,,; belong to a set Je#, where m <k <n We have
0(Xam X2ny1) < diam J < 1/k < 1/m. Therefore, lim,_, ., 0(xs,X2,41) = O since
m could be taken arbitrarily. |

Corollary. (cf. [5]). Suppose that X is a separable metrizable space, and
P < X is infinite and countable. Then, there exists an involution ¢ : X — X
such that P = {xe X : ¢(x) # x} and lim,_, ¢(t) = x for any non-isolated point
xeX.

Proof. Since X has a totally bounded metric, we can arrange P into a sequence
X0, X1, Xp,-.. a8 in Lemma 1. Put ¢(x,,) = Xz,41 and ¢(xz,4,) = x,, for each n.
Extend this function by putting ¢(x) = x for every x € X\P. [ |

Lemma 2. If (P,@) is a countable, dense-in-itself, and totally bounded metric
space, then for every ¢ > Q there is 6 > 0 and an involution ¢ : P — P such that
8 < o(p,o(p)) < & for any pe P.

Proof. Cover P by non-empty open subsets Py, P,, ..., P, with diameters less than
e > 0. Put

§ = %min {diamP,:k =1, ..., n} > 0.
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By induction, for every p € P choose ¢(p) such that p, ¢(p) € P, for a certain k,
and 6 < g(p, ¢(p)). Put ¢(¢(p)) = p. - |

Theorem 1. Suppose that X is a separable metrizable space, and F < X is an
infinite F,-set which has no point isolated in X. Then, there exists an involution
@ : X — X whose set of all discontinuity points is F. Moreover, if x € X\F, then
@(x) = x, and the set {xe X : x # ¢(x)} is countable.

Proof. If F is countable, then Corollary works. In the other case, let G,, G4, ...
be pairwise disjoint sets such that Gyu G;u... = F and each union
Gou G, u... UG, is closed. As F is uncountable, it contains a convergent
sequence, and hence, we can assume that Gy, is closed, scattered, and infinite. For
n > 0 divide G, into the scattered part and the dense-in-itself part. The de-
nse-in-itself part of G, denote by H,. Let P be the union of the scattered parts of
all G,. The set P 2 G, is countable and infinite.

Since X has a totally bounded metric ¢, Lemma 1 works in the same way as in
Corollary. There exists an involution  : P — P such that y/(x) # x for every x € P
and lim,_, Y(t) = 0 for any cluster point y of P.

If H, is non-empty, find a countable dense subset Q, = H, such that H,\Q, is
dense in H,, too. By Lemma 2 there is J, > 0 and an involution {, : Q, — @, such
that J, < o(x,{,(x)) < 1/n for every x € Q,. Put: ¢(x) = Y(x) if x € P; ¢(x) =
= {(x)if xeQ,; and ¢(x) = x if xe X\Q, U Q, U ... UP.

If xe X\F and lim,_, x, = X, then x = ¢(x) = lim,_,,, ¢(x,), and hence ¢ is
continuous at x.

Any point of G,\P is a cluster point of the set H,\Q, = {xe X : ¢(x) = x},
and is a cluster point of Q,. But ¢ moves points of Q, at distance greater than J,,
and hence, it can be continuous at no point of F\P.

Finally, no point of P is isolated in X, and ¢ moves each point of P. Hence ¢ is
discontinuous at any point of P. a

Theorem 2. If k > 1 and F < [0,1] is an infinite F,-set, then there exists
a k-to-one function f:[0,1] 22> [0,1] whose set of all discontinuity points is F.

Proof. Let 0 = by < b, <... < b, =1 be such that each interval (b—1,b))
contains at least two points in F. Fix an interval (b;_,, b;) which contains a con-
vergent one-to-one sequence {Xo,X;,Xy... } = F. Any A; = F N\ (bi_1,b)\{x0,X1,X3,... }
is an F,-set. If A, is infinite, choose an involution @;: : [b,},b;] 22> [b, ,,b;]
whose set of all discontinuity points is A;, and which is the identity on [b;_;, b;]\ 4,
(use Theorem 1). If 4, is finite, let @;: [b,_;,b;] 2> [b,_,, b;] be a bijection such
that ¢,(x) # x for every x € A, Since b;¢ A; U A,,,, we have ¢(b) = b, =
= ¢;,4(b) for 0 < i < k.Hence ¢ = @, U ¢, U ... U ¢, is a bijection from [0,1]

onto [0,1].
Consider the continuous function g:[0,1] — [0,1] such that g(0) = 0 and
g maps each interval [b,_,,b;] linearly onto [0,1]. We shall define a function
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o:[0,1] 2> [0,1] so that the desired k-to-one functions is f = g O ¢ O a.

Denote B = F N {b,by..., bi} 0 {x0,x,...} = {b, biyy .., by, Xo Xy, ) I F A
N {by,by,..., b} = 0, take m = —1. Let « be the identity on [0,1]\B. Put:
a(by) = x; and a(x;)) = b;, if 0 < j < m; and ofx;, ;) = x; if j > m + 1. Finally,
choose a(X,11);..., (X, 4x—1) € {B, by} so that the preimages f '(0) and f (1) have
exactly k elements.

By the definition, the composition f = g O ¢ O « is a k-to-one function. If
x € B, then x # a(x) € B. Therefore, the composition ¢ O o is continuous at no
point of B, and hence, f is discontinuous at any point of B. The function ¢ is
continuous at no point of 4; U ... U 4, and hence, f is discontinuous at any point

of A u... U A4, Thus, 4; U ...u A; U B = F consists of all discontinuity point
of f. |
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