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On the Mackey topology of Orlicz sequence spaces
L. Drewnowski and M, Nawrocki

The Mackey topology of a topological vector space E = (B,x)
is the strongest locally convex topology u which produces the
ssme continuous linear functionals as the original topology <«
of E. If E_ is an F-space (i.e. metrizable and complete), then
M 18 eagily seen to be the strongest locally convex topology
on E which 1s weaker than 7 (ocf. [3])s In this case u 13
metrizable. The completion £ of (Eyu) 4s an F-space which
we call the Xackey—completion of E.

N, J. Kalton [2] has shown that the Mackey-—completion ,!.f
of a sgpara‘ble Orlicz sequence spéace ,&p is the Orlicz space ,!
where § is the Orlicz function which coincides with ¢ om
[1,o<) and is the largest convex function <y on [0,1],

¥e present now some results about the Mackey—completions of
non—geparable Orlic: sequence spaces (cf. [1]).

By an Orlicz function we mean a function ¢3[0,o°) —[0,°°)
which is non—decreasing, strictly positive and left—continuous
on (0,°c), and continuous at O with ¢(0) = O, The Orlics
sequence sgpace {, is the vector space of scalar sequences X =
(x,) such that Z ¢(lex 1) <oo for some € > 0, with the
linear topology Ay defined by the F-norm

Nxlp = in2 {508 = ellx 1l/e )< e} .
The Minkowski functional Py of the absolutely convex absorbing
subset k.= {x- (zy)s = tp(lxnl)<°°} of l is a continuous
seminorm on fyp .
Ve demote by wuy,, T  the Mackey topology on f¢ and the
topology defined on. ’Z‘P by Pe o respectively.

Theoxem 13

- fp= s { Al 0 T} o
Henze ( £o» (a?) is normable.

Theorem 23 Let ¢ , ¢ be Orlicz functions.
The following conditions are equivalent:

1) lcpn ,Zy, is a dense subset of Ly .

v) ,Z.\i, I= '[‘F+ 1:,,,



L&
c) There exist ¢> 0, d>90 and w,> O such that each
we [O,wo] can be written as w= u + v, (u, v> 0) so0 that
plecu) = y(2v) < ay(w).
It 1s not difficult to prove that if y = &, then the
condition ¢) holds with any w,>0, oc=1, d=3, Hence we have

Corollary: For every Orlic:z function P }‘P is a dense
subset of £3 . '

It o= AP gy 0 then f; may be identified in a natural
way with 1? . '
Theoxrea 33 The following conditions are equivalgnt:
a) Mo= 2‘PIL .
b) There exist a> 0, >0 and t,> 0 such that
P(2t) < a max{q(t), (bt)} for te [0,t,].

We can construct an Orlicz runction which is non—Az, nonequi-
valent to any convex Orlicz function and yet satisfies b).

Our last result says that if the condition a) fails, then
cannot be naturally treated as a sequence space.

Propositions If ¥ AP Lp o ‘then the identity map
Is ( lcpp Hcp )™ w
does not extend to a continuous linear injection from I*P into
@, where co 1s the F—-gpace of all scalar sequences.
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