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CRITICAL POINT THEORY
AND NONLINEAR DIFFERENTIAL
EQUATIONS

J. MAWHIN
Institut Mathématique, Université de Louvain
B-1348 Louvain-la-Newve, Belgium

1. INTRODUCTION
The variational approach to boundary value problems for differen-
tial equations consists in writing the problem, whenever it is possi-

ble, as an abstract equation of the form

(1) o(u) = 0

where ¢ : E - E* is of the form ¢ = ¢’, with ¢’ the Gateaux derivative
of a real function ¢ defined on a Banach space E. In this way the
search of solutions for (1) is equivalent to the determination of the
critical points of ¢, i.e. of the zeros of ¢'. Such a viewpoint can

be traced at least to Fermat, with his minimal type principle to find

the law of refraction for the light.

Since Fermat also, we know that the points at which ¢ achieves
its extremums are critical points of ¢. Thus, any way which succeeds
in proving, directly, that ¢ has a maximum or a minimum provides a
way of proving the existence of a solution of (1). This is the
so-called direct method of the calculus of variations which goes
back to Gauss, Kelvin, Dirichlet, Hilbert, Tonelli and others. More
recent work deals with proving the existence of critical points at
which ¢ does not achieve an extremum (saddle points). This paper
surveys some of the recent work in this direction. A systematic
exposition of many aspects of the variational approach to boundary-

-value problems for ordinary differential equations will be given in
[11].

For definiteness, we shall consider a system of ordinary differ-
ential equations of the form

(2u) u" + au = VF(x,u) (V = D)



on a compact interval I = [a.bl, submitted to homogeneous boundary
conditions, say, of Dirichlet, Neumann or periodic type. For sim-
plicity, we assume here that F and VF are continuous on I «x RN. We
could as well consider elliptic partial differential equations. It
is well known that the spectrum of - dz/dt2 submitted on I to the

above boundary conditions has the form

(0g) )‘1<>‘y <evew
Moreover, (2) is the Euler-Lagrange equation associated to the
functional

9 + I - R, U"’Q“(U)"')'I F(.,u(.))
where

0, (w = S 1/ 12 - alul?),
and 1 = 1) (RN, 1 (RY or Hy(1,RY = e n'(1,RY ¢ ua) -
= u(b)} with their usual norm denoted by l.l. Solving (2) with one
of the above boundary condition is thus equivalent to finding a
chitical point of ¢ on H, i.e. a point u € H such that

(3) 9'(u) = 0.

If ¢ = ¢(u) with u a critical point, ¢ is called a caitdcal value
for ¢.
The simplest situation for (3) to hold is when ¢ has a global
minimum (which requires of course ¢ to be bounded from below).
Since Hammerstein [6] in 1930 (in the Dirichlet case) we know

that ¢ will have a global minimum whenever

() a < Ay
and
(s) F(x,u) > -(8/2)1ul? - y(x)

for some B < Al— a, vy € Ll(I) and all (x,u) € I x RY, 1n fact, ¢ is
coercive (¢(u) = +o for lul - «) because, by (4) and (5), ¢ is
bounded from below by a coercive quadratic form. Moreover ¢ is weakly
lower semi-continuous so that ¢ has a global minimum by a classical
result. We shall discuss now situations where (4) and (5) do not
hold.



2., THE CASE OF o = Al AND IIF COERCIVE ON THE KERNEL

The situation is already more complicated when a = Al (rnesonance

at the Lowest eigenvalfue) and condition (5) is no more sufficient
for the existence of a critical points as shown by a linear equation
violating the Fredholm alternative condition. To motivate the
introduction of a new-sufficient condition, let us first consider

the case where VF is bounded.

a) The case where VF is bounded

Writing u(x) = u(x) + u(x) with € H the eigenspace of A, and

W e, = H, we have o(u) = Q, (@) + f{[F(.,T(.)) + F(.,u(.)) -
1
- F(.,u(.))] > Q, (W) + f; F(.,u(.)) -
1
- Muaan 2 e 112 - o, I3l + fFC., T,

where M is an upper bound for |VF| on I x RN, and we shall recover

coercivity for ¢ if we assume that
(6) J FGu()) = v as vl > e inH,

(coencdvity of the averaged F on the keanel). Such a condition was

first introduced by Ahmad, Lazer and Paul [1l] and it generalizes
the classical Landesman-Lazer conditions. As ¢ is again w.l.s.c.,

the existence of a minimum is insured.

b) The_case_where_F_is_convex

The boundedness of VF can be replaced bv the convexity of

F(x,.) for each x € I. In this case, if (6) also holds, there

exists u, € H; such that

a v = _e
(7) II VF(.,uO(.))V 0 for all v Hl'

Moreover, by convexity and using (7) we have

o(u) 2 QA1<B> + I [FCL,U 00 + (VFC,T 00 0 = )]
(8) = QA1<E) + 0 FGLUED) + SpOVFCL T 00) )

clnan2 - o lal - oy

\"



Thus each minimizing sequence (uk) for ¢ has (Gk) bounded in the

norms I.l and .1 _. On the
L

Flx,u /2) < (1/
and hence,

w(uk) > ZII F(.

\2

.
ZJI F(.

which, by (6), implies that

other hand, by convexity again

2F(x,u) + (1/?)F(x,-ﬁk)

,Gk/Z) -/
,Ek/2) - C

4’

(Gk) is bounded and ¢ has a minimum.

Let us remark that when F(x,.) is strictly convex for each x € I

and a = Al, it can be shown

the existence of a solution

Let us assume now that
(9) II F(.,NC(,)) -

As this situation only

convex, let us assume again

that (6) is necessary and sufficient for
[10].

coercive on the kernel

- as Iyl - e in ﬁl.

holds in trivial situations when F(x,.)
that VF is bounded. By (9), we have

o(v) = II F(.,v(.)) = - as Iyl - e

in El' so that ¢ is no more

minimum. On the other hand,
e(w) = Q, (w) +
1
> c lwl? -
1
and hence ¢ i is bounded fr
1

there exists R > 0 such that

bounded from below and has no global

on ﬁl’

Jp [FC,0) + (FC.,w()) - F(.,00] 2

lwl -
c,lw c,

om below (even coercive). Consequently,

sup 9 < inf ¢

HlnaB(R) H,

is



This suggests the use of the following sadd{e Zype or mindimax theoxrem
of Rabinowitz [15], introduced to give a variational proof of the

Ahmad-Lazer-Paul results [1].

LEMMA 1. Let E be a Banach space and ¢ € Cl(B,R). Assume that thene

exists a decomposition E = E, @ E, with dim E <o and R > 0 such

that
sup ¢ < inf ¢
E MIB(R) E, |
Lot
I = {0 €C(E,E) | o(u) = u on 93B(R)}
and
(10) c = inf max 9(o(s)) (2 inf ¢)

gel seB(R)ﬁEl E2

Assume that if there is a (uk) such that w(uk) - c and w'(uk) - 0,
then ¢ is a crditical value., (Palais-Smale type condition PS* at c).
Then ¢ has a crnditical point with crnitical value c.

This theorem can be proved by deformation techniques [12] or

Ekeland’s variational lemma [ 4].
In the above case with E = H, El = ﬁl, E2 = Hl’ the PS*-condition
holds for each ¢ and ¢ has a critical point.

The above results are summarized in the following.

THEOREM 1. Assume that
JIFC,v()) -+ as vl > e in ﬁl

(the edigenspace of Al) and that edthen VF 44 bounded or F is convex Ln

u. Then (2A ) with the suitable boundary conditions has at Least a

1
s0lution which minimizes ¢. Assume that

fI F(.,v(.,)) = =2 as lyl == 4n Hl

and that VF 44 bounded. Then (2A ) with the suitable boundary condi-

1
tions has at Least a so0lution u with ¢(u) = c given by (10) with

E, = H the edlgenspace of Ape



3. THE CASE OF « = A, AND F PERIODIC

An interesting situation in which (6) does not hold occurs

when
F(x,u + Tiei) = F(x,u) (1 £1i < N)
for all x € I, u € RN and some T, > o. (1 €£1i < N).
This implies that F and VF are bounded on I x RY, Therefore

o(w) = Q, (u) + Jp FCoul))

(11) !

v

c]uau2 -c,

so ¢ is bounded from below and any minimizing sequence (uk) is such

that (Gk) is bounded in the norms I.l anda 1.1 .

L

N . .
Then, Al = 0 and El ~ R is the space of constant mappings from
[a,b] into RN, Moreover,

(12) plu + Tye;) = o(u) (1 <i < N)

for all u € H, so that any minimizing sequence can be supposed,
without loss of generality, such that

Tg)l/Q_
, 1

gyl < (

-
noe 2z

Thus ¢ has a bounded minimizing sequence and hence a minimum. This
result is due to Willem [18] and (independently and in special cases)
Hamel [5] and Dancer [3]. The existence of a second solution was
proved by Mawhin-Willem [8,9] using the mountain pass lemma, a variant
of Lemma 1. Their approach was extended to systems of the form

d aL . 3L o

dac 38 (u,0) - a (u,0) =0
by Capozzi, Fortunato and Salvatore [2]. See also Pucci-Serrin [13,

14] for abstract critical point theorems motivated by this situation.

b) The_case_of Dirichlet_boundary _condition

1

The Dirichlet case strongly differs from the other ones because



‘o
‘n

2
Ay T " — > 0 and H, = span(sin %%3) which imply that we loose the
(b-a)
periodicity property (1?) of ¢. The problem has been studied by Ward

[17] for N = 1 and
(13) F(x,u) = G(u + E(x))

where G is continuous and T-periodic and E : I - R is continuous.
Indeed, Ward consicdered explicitely the problem

v" o+ A v g(v) + e(t)

v(a) = v(b) = 0

when g(v + T) = g(v), fg g = 0 and e € ﬁl, which reduces to the above
case by a trivial change of variables.

A possible way of approach, slightly different from Ward’s one,
makes use of the following lemma which can be proved by a deformation
technique or Ekeland variational lemma.

LEMMA 2. Let E be a Banach space and ¢ € Cl(E,R) be bounded from below
and satisfy PS* at c = inf ¢. Then ¢ has a minimum,

Using an extension of the Riemann-Lebesgue lemma, one can prove
that ¢ associated to F given in (13)satisfies the PS*-condition at

each b # 0 and that ¢|g satisfies PS* at each b € R. Thus the
1

existence of a critical point is insured by Lemma 2 except when

0 = inf ¢ < inf ¢
H Hl

The above mentioned Riemann-Lebesgue type lemma also implies that, on

ﬁl, p(v) = 0 as lvll = e, Thus, there exists some R > 0 such that

_ max 9 < inf ¢
HlnaB(R) H

and then c given by the Rabinowitz lemma is greater or equal to inf ¢

and hence nonzero. Consequently, this c is a critical value for g¢.

The above results can be summarized in the following.

THEOREM 2. Assume that
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F(x,u + Tiei) = F(x,u) (1 €1 £ N)

with N = | and F of the geam (13) <n the Dindchlet case, Then (25 )
with the sudltable boundary cond{tion has at Least one sclution,

4, THE CASE OFr Ai—l < a <A (12 2)

In this case, ¢ is neither bounded from below nor from above, as

Q‘(v) ~ =% on ﬁi—l = span of eigenfunctions of Al,...,xi_l and
Ql(v) ~ + % on ﬁi+1 = span of eigenfunctions of A
( 5 i

PR

+1

a) The case where VF is bounded

Then one can use the Rabinowitz Lemma in a way similar to the

case where a = A, and II F(.,v(.)) = = o as Iyl > o« if the extra
condition
(14) Jp FC.,v(.))dx = + @ or - < as lvl - o in the

eigenspace of Ai

Q

holds when A.. One choose in this case E_ = ﬁ,, E. = H, or Eq=
1 1 i 2 i

= Hi+1' E2 = Hi+l according to the sign of % in (14).Under these
conditions (QG) has at least one solution. This is essentially a
result of Ahmad-Lazer-Paul [1l] and Rabinowitz [15].

b) The case where F is convex

Then, sharper results can be obtained without boundedness
assumption of VF through the use of the Clarke-Ekeland dual least
action principle which reduce the study of the critical points of ¢
to that of an associate dual function ¢ involving the (possibly

generalized) inverse of é—f + A.I and the Legendre-Fenchel transform
dt

of F(x,.). Under reasonable conditions on F, ¢ is bounded from below

and, in this way the existence of a solution is in particular insured

when
(x,u) M TN
lim sup S-X82 < g < A1 (unif. in x € I)
[ul-»ee lul

and (if A, = a),
i

fp FO £GONX = + 0 as lvl - e in the eigenspace of ;.
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See [10] for general results in this direction.

Results are known only when N = 1 and F has the form (13). The
proof, due to Lupo and Solimini [16,7] is such more delicate because
the PS* is not satisfied at c¢c = 0. This requires, in addition to the
classical Rabinowitz saddle point theorem, other saddle point
theorems of the same type and some topological arquments (together

with the Riemann-Lebesgue-type lemma mentioned above).

The above results can be summarized in the following

THEOREM 3. Assume that Aoy Sy (i > 2) and that one of the
foLLowing conditions holds:
i) VF 44 bounded and, whenever o = A

J{FC,v()) = + © on - © as Iyl = o in the eigenspace of

A, - A,
P . . + . .
L4L) F(x,.) 48 convex, lim sup Flx,u) o B < = 12 L (unig. <n x € 1),

lul = * |ul

and, whenever a = iy,

(14) IIF(.,v(.)) - + 0o g5 vl = o in the eigenspace cf Ay

L4L) o = Aje No= 1 and F has the form (13) with G T-pendlodic,

Then the probfem (2)) with any of the boundary conditions has at
Least one so0lution,

One can show that (14) is necessary and sufficient when F(x,.) is
strictly convex [10].
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