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SOME NEW CONVERGENCE RESULTS
IN FINITE ELEMENT THEORIES

FOR ELLIPTIC PROBLEMS

A. ZENISEK

Computing Center of the Technical University

Obrdancit miru 21, Brno, Czechoslovakia

THE LINEAR PROBLEM

We consider the followinag variational problem: Find u € W such
that

atu,v) = L(v) = L) + Lhov) vy € v (1)
where

alv,w) = ﬂ{ki] Vii Wiy dx, (2)

Q T .
L (v) = [J/vE dx, L (v) = [ wvq ds, (3)
Q r,

v = {v € Hl(Q): v = 0 on Yl; meslrl > 0}, W= 2z + V; (4)

@ is a bounded domain in EZ with a boundaryv T = Fl U F2 (Fl n Fz

= ¢); z € Hl(Q), z=uon Ty, u€lLy(r)) is a given function. In (2)
and in what follows the summation convention over repeated subscripts
is adopted and v,i = av/axi. The functions kij = kij(x) are bounded
and measurable in @ D @ and satisfy

(5)

K., (X)E.E. > CE.E, VYx€qD0Q VE.,E. EE
ij i3 ivi . i’75

17
where C > 0, and £ € L,(%), q € L,(r ). Assumption (5) and Friedrichs'’
inequality imply that the form a(v,w) is V-elliptic. Thus, according
to the Lax-Milaram lemma, problem (1) has just one solution.

Problem (1) is approximated by the problem: Find u, € W_ such

h h
that

_ ) r
ah(uh(v) = Lh(v) = Lh(v) + Lh(v) Yv € Vh (6)

where Vh is a finite element approximation of V and Wh = zy + Vh' zy
being a finite element approximation of z. The forms ah(v,w), Lh(v)

approximate the forms a(v,w), L(v) in the following way: The sets

and ry appearing in (2), (3) are substituted by Qh and Ty and the
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obtained forms é;(v,w), Eh(v) are then computed numerically.

In the Ciarlet’s and Raviart’s theory and its modifications (see

[1]1,[2]),[61) the solution u of (1) is assumed to be sufficiently
smooth, u € Hn+l(u) (n 2 1), and the maximum rate of convergence is
proved:

g - I < ch?

e U T (1)

~ . . +
where u is the Calderon’s extension of u into H" l(Ez).

The problem of convergence of u_ to u (when u € HI(Q) only) was

h
solved recently in [8]. In this section we present outlines of con-

siderations of [8].

Theorem 1. Let the boundary T of the domain Q@ be piecewise cf
class ¢ pet r
kij,f € wLF%E) and let the quadrature formula used on the standard
triangle T

approximate I' piecewise by arcs of degree n. Let

0 for calculation of ah(v,w) and Lg(v) be of degree of pre-
cision 2n - 2. Let q € Cn(ﬁ), where U is a domain containing Toy and
let the guadrature formula used on [0,1] for calculation of Lg(v)

be of degree of precision 2n - 1. Let U be so smooth that there ex-

ists a function z € H2(®) such that z = U on ry. Then

I -0 if h - 0.

Iy -
u u, 1,9, (8)

Proof. The assumptions concerning ' and ah(v,w) imply, according

to [2] and [7], that the forms ah(v,w) are uniformly Vh—elliptic.
Thus we have similarly as in [1], [2]:

- 1Ly (W) = a, (u,w)l

la = u < cC sup T ST +

h l,mh wev w
h L%
- ng(v,w) - ah(v,w)l
+inf | lu - vl o + sup i . (9)
- ’ -
v«—,wh h thh \ llﬂh

For simplicity we prove Theorem 1 only in the case T r,

L=
W=0and n=1, i.e. Qp has a polygonal boundary and we use line-
ar triangular finite elements. As T is piecewise of class C2 each
boundary triangle satisfies (for sufficiently small h) one of the

following possibilities:

a) TCT ., b) T.4CT, (10)
where Tig is the ideal boundary triangle (see [9]) whose approxima-
tion is T.

In order to estimate the first term on the right-hand side of (9)

let us define a function ¥ € V associated with w € Vh in the following



”
N
o

way: Q(Pi) = w(Pi) at the vertices P, of the triangles of the trian-

gulation Th of the domain Qh;

the function W is continuous on T

linear on each interior triangle of T

deal "linear" interpolate of

Thus we can write, accordina

Lh(w) - ah(u,w) = Lh(w)

We have

L(w) = [/ffdx = [
2

w on Ty in the case (:9b) (see [91).

to

- LW + alu,W) - a

£
b

(1):

id

h
and linear on T in the case (1¢a) and,

1

(% - w)f ax -

](u,w),

e

where the sum is taken over all boundary trianales (1:

similarly a(u,@W)

o ~q
ILh(w) - ah(u,w)l < ILh(w) - L

+ L
b

IJ
T

+ 2SI (wE - kiju,iW,j)dx

b T—-Tid

§

{(w - W + k. .u,, (- w,.(dx
id e J

According to [2, Theorem 4.1.5],

~Q Q
Ly (w) - Ly(w)| < Chllwll1

Denoting the first sum in (12) briefly by Sl we have, according to

2

- ;h(a,w) we obtain from (11):

l
h(W>I +

the Cauchy inequality and the boundedness of k. .:

' Il sr-nﬁ - wl? 1/2
18,1 S(“f"o’Q-#'Cull’Q) % wllllT‘
Lb id

The definition of & and the proof of [9, Theorem 2]

lw - Wi < chlwl

Tig 2T

ij”

< Ch”wn

id

1,T

because w is linear on T and (10b) holds. Thus

< lwll .
ISlI < Chllw l,9h

As mes(T - Tid

2

lwl
g 0,T-T,

4 b

2
< ChBZ max w .

) = 0(h3) we have

Further, similarly as [7,(39)] we can prove

w2 > ch? v
0,8y TeT, i

ﬁvjw
—

(w(ph)]?

+

, equal to zero on Ti

id

b,

d

wf dxz
)

imply

- T

finallv, equal to Zld&mal’'s i-

(11)

Expressing

(1)

(13)

(14)
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where P; (i = 1,2,3) are the vertices of T. Using these results and
the fact that w,i are constants on each T € Th we can easily find for

the second sum S, on the right-hand side of (12):

2
-1 2 -2
s Lo lwl < Il Tl
! 2| W 1,4y ¢ E W O,T—Tid w 0,y *
+ EIW|i — leizg 1/2 < cpl/2 (1%)
b ! id "“h

According to (12) - (15), the first term on the right-hand side of
(a) is o(nt/?),

As to the second term on the right-hand side of (9) we can find

a set (vh}, where Vh € Wh' such that

la - vh"l,nh - 0 if h - 0, (16)
The following proof of (16) holds also in the case meslr‘l < meslr:
The set G = C*(W) N V is dense in V (see [3]). Thus for every c¢ > 0

we can find v_ € G such that T - Vg" < e. Let v_ and v# be the

1,0 5
Calderon’s extensions of v into Hl(Ez) and H (E2), respectively. We
have
o - Ihvflll,Q < llu - vE“l,Q +
h
+ ||v; -

+ H;c - ngl (17)

/9 -0 Ihve“l,n

h
where Ihve is the interpolate of Ve in wh, i.e. the piecewise linear
function which has the same function values at the vertices of T € Th
as the function vc. The properties of the Calderon’s extensions, the
absolute continuity of the Lebesque integral and the finite element
interpolation theorem imply that for all h < ho(c) the right-hand
side of (17) is bounded by Ke, where K does not depend on e. As
IhvE € Vh = Wh relation (17) implies (16).

The set {vh} appearing in (16) is bounded. Thus, according to [2,
Theorem 4.1.4], the third term on the right-hand side of (9) is 0(h).

This finishes the proof in our simple case. The general case I'. C T,

1
n > 1 is considered in [8].

SOME NONLINEAR PROBLEMS

Let the form a(u,v) appearing in (1) be now nonlinear in u, li-
near in v, strongly monotone and Lipschitz continuous and let
a(o,v) = 0 for all v € H' (Q). In addition, let the forms ah(v,w) be
uniformly strongly monotone and uniformly Lipschitz continuous in Xh
(the finite element approximations of Hl(ﬂ)), i.e. let

ah(v,v - w) - ah(w,v - w) 2 Clv - wli,Qh ,



s
o

Iah(v,z) - ah(w,z)l < Klv - w||l IIzUl

’ ‘:h ’ -”h

S |
vV,W, 2 &‘\h < H \.Lh) ~h C (|

where the positive constants C, K do not depend on v,w,z and h. Fi-

h

nally, let the forms ah(v,w) be uniformly Limpschitz continuous. Un-
der these assumptions the abstract error estimate has again the form

(3) (see [5]).

A typical form a(u,v) satisfying all assumptions prescnted in

this section is given bv relation () with
y
L= IR 18)
li b(x, (Vv) ) 13 (
where 5ij is the Kronecker delta and where the function b(x,n) has

the following properties (see [4]):
a) The functions b(x,n), ab(x,n)/dxi, 8b(x,n)/vn are con-
tinuous in & x [0,») , where a0,

b) There exist constants <y > 0, <, > ¢ such that

¢ £ ob/dn £ ¢, in @ »x [6,0),

c, <b <c

1 lab/axil < c

27 2’

2 2 2 . ~ L
le1(3b/3n)(x,£7), £7(db/on)(x,87) < c, ¥x € a1, ¥ € E, .

The functions (18) with properties a), b) apmear in many physical
and technical applications.

Now we generalize the result introduced in Theorem 1:

Theorem 2. Let the form a(u,v) avpearing in (1) be defined by (2)
and (18) and let the function b(x,n) have properties a), b). Let
the assumptions of Theorem 1 be satisfied with n = 1. Then the solu-
tions u and uy of‘problems (1) and (6) exist and are unique and re-
lation (8) holds. In addition, if u € H2(Q) then the rate of conver-

gence is given by (7), where n = 1.

Proof. As n = 1 we consider only linear triangular elements. We
again restrict ourselves to the case Iy =T, U = 0. The existence

and uniqueness of u and uy is proved in [4] . The first property b)
allows us to repeat (11) - (15). Thus the first term on the right-
-hand side of (9) is O(hl/z). Also relation (16) remains unchanged,
only the analysis of the third term on the right-hand side of (9) is
different: As Vv = const. on T € Th for all v € V}; = W, we can write

lah(v SW) - ah(vh,w)l < % Imes(’I‘)b(PT,qh T)

TeTh

h

- {g b(x,gh)dxl.l(Vvth.leT)l
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where vy are the functions from (16) and 9y = (Vvh)z. We used one-
-point integration formula with the centre of gravity PT of T € Th.
Using the properties of the function b(x,n) we see, according to [2,
Theorem 4.1.5], that the absolute value of the difference on the
right-hand side is bounded by Ch mes(T). Thus the right-hand side of

the last inequality is bounded by Ch"w"1 o, and relation (8) is valid.
13h

The error estimate in the case u € H2(q) is derived in [5] where

also more general forms a(v,w) are considered.
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