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Abstract. J.Q.Yang (2019) established a regularity criterion for the 3D shear thinning
fluids in the whole space R? via two velocity components. The goal of this short note is to
extend this result in viewpoint of Lorentz space.
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1. INTRODUCTION

In this paper, we study the shear thinning fluids:

_ . -2 . —
1) {ut V- (|DulP~2Du) + (u-V)u + V7 = f, n Op = B x (0.T).

divu =0

where u = (uy,u2,u3): R® x (0,T) — R? is the flow velocity vector, 7: R? x
(0,T) — R is the pressure. Also, Du = 3(Vu + VuT). We consider the initial
value problem of (1.1), which requires initial conditions

(1.2) u(z,0) = ug(z), =€ R

We assume that the initial data ug(z) € L?(R®) hold the incompressibility, i.e.,
divug(z) = 0.

The non-Newtonian flows is a fluid such that the relation between the shear stress
and the shear strain rate is non-linear. Typical examples are as follows: honey, blood,
paint, melted butter and corn starch (see e.g. [2], [5], [14]).
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We report shortly some known results related to the existence of solutions and

regularity issues. The existence of weak solutions was firstly shown for % < q

in [9]-[11], and later, the result was improved up to ¢ < ¢ in [7]. Here, weak

solutions are meant to solve the equations in the sense of distributions and satisfy

T
sup [u(t) Bagery + [ 1700 Laqas) 4t < Cllunl e
0<t<T 0

Miélek et al. proved in [13] that a strong solution exists globally in time in periodic
domains for ¢ > & in R® (see [17] for the whole space case). Here by strong solutions
we mean solutions satisfying the following energy estimate:

T
sup [[u(®)fn + [ [ 1DuTDU < Cluals ooy
o<t<T 0 R3

Also, they established local existence of strong solution in time for g > g in three
dimensional periodic domains (refer to [4] for shear thinning case, £ < ¢ < 2).

When % < p £ 2, in particular, for the regularity issue for (1.1), Bae et al. (see [3])
obtained the following regularity of weak solutions of (1.1)—(1.2) in the class

3 5p—6_5p—8 6

1.3 LP(0,T; L*(R? =z < .
(13)  welPOTLYRY), S+ == ST a>

On the other hand, Yang in [19] improved regularity condition (1.3) by only the
two-component velocity field. More precisely, for @ = (u1, u2,0) he proved the regu-
larity of weak solutions in the class

3 5p—6_5p—8 6

14 e LP0,T: LYR® 4 K )
(14)  BeLPOTLYRY), S+ ST a>

For a = 0o, Ahmad et al. (see [1]) improved Yang’s result (1.4). More precisely, for
u = (u1,us2,0) he proved the regularity of weak solutions in the class

o e LOP=9/6r=8) (0, T; BMO(R?)).
In this direction, our main result is read as follows:

Theorem 1.1. Suppose that u is a weak solution to (1.1)—(1.2) with & < p < 2.

Then there exists a constant § > 0 such that u is a strong solution on (0, T| provided
that u € L?>°(0,T; L*>(R?)) and

.., 3 bHp—6 _5S5p-—8
HUHLﬁ,x(QT;La,m(Rs)) <d with . + 25 < 5

o> .
* 7 5p—8
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Theorem 1.2. Suppose that u is a weak solution to (1.1)—(1.2) with & < p < 2.
Then there exists a constant § > 0 such that u is a strong solution on (0, T| provided
that u € L?>°(0,T; L*>(R3)) and

3 5p—6 < 5p — 8

[6ll o, (0,70 o0 (3)) < 0 with ” + a>

28 2 7 5p — 8

Remark 1.3. For a half space R‘i with the slip boundary condition instead
of R, our results are also established due to Sobolev embedding (see e.g. [8],
pages 215-216).

2. PRELIMINARIES

In this subsection we introduce the notation. For 1 < ¢ < oo, we denote
by Wk4(Q) the usual Sobolev spaces, namely W*4(Q) = {f € L9(Q): D*f €
L), 0 < |a] < k}. The set of gth power Lebesgue integrable functions on

is denoted by L9(Q2) and L{ () indicates the set of locally gth power Lebesgue

integrable functions defined on Q. Let O C 2 and J C I, we denote ||f||L§1;z(OXJ) =
IIfllzeoyllLa(sy- For vector fields u, v we write (u;v;); j=1,23 as u ® v. We denote
by A : B = a;;jb;; the 3 x 3 matrices A = (a;;), B = (b;;). The letter C is used
to represent a generic constant, which may change from line to line. Before the
proof, we will list some lemmas needed for the proof. First of all, we recall Korn’s
inequality in [17], Lemma 2.7.

Lemma 2.1. Let 1 < q < co. Assume that u is in W14(R3). Then
Vul Larsy < Cl|Dul[Lars),

where C' is a positive constant depending on q.

We recall a key estimate for the stress tensor in [3] or [19].

Lemma 2.2. Let 1 < p < 2. Suppose that u € W25(R3) for 1 < s < 2. Then

/”“ Ve C</Rg 23: V(D)2 Dij(w)) - VD, j(u) dx)S/Q

i,j=1

(2—9)/2
X |Vu|2=P)s/(2=9) 4y .
R3
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For s = p, in particular, we have

3
/[R3 |V2ulP do < 5/[R3 Z V(D)[P2D; j(u)) - VD; j(u)dz + C'/[R3 [Vul|P da.

ij=1

Next, we present some basic facts on Lorentz spaces LP>4(2). For p, ¢ € [1, 00] we
define

LPY(R*) = {f: f is a measurable function on R® and || f||1r.e(r3) < o0}

with

0 d 1/q
(o [T atlte e pr@l> )L a<oe,
[fllzea(ms) = 0 [ @
supal{s € B |f(a) > a}7 0=

And also, followed [18], Lorentz space may be defined by real interpolation
methods as
LPUR?) = (LPH(R?), LP* (R?))a,q
with
1 1-« «

1< p1 <p<p2 <o

P m }7_2 7
We also remind the Holder inequality in Lorentz spaces (see [15]).

Lemma 2.3. Assume 1 < p1, p2 < 00, 1 < q1, @2 < 00 and u € LPL4(R3), v €
LP>%2(R3). Then uv € LP*%(R3) with 1/p3 = 1/p1 + 1/p2 and 1/q3 < 1/q1 + 1/ 2,
and the inequality

[uv||prs.as (re) < Cllullprva re)[|v]Lr2e gve)

is valid.

We recall the following useful Gronwall lemma required in our proof which was
first shown by [6] (see e.g. [16], [12]).

Lemma 2.4. Let ¢ be a measurable positive function defined on the interval
[0,T]. Suppose that there exists ko > 0 such that for all 0 < k < ko and a.e. t € [0,T],
 satisfies the inequality

L o< ualRplT2R
TP SH 2 )

where 0 < A € L*°(0,T) and p > 0 with p||Al|p1.e0,7) < 3. Then ¢ is bounded
on [0,T].
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3. REGULARITY CRITERION

Proof of Theorem 1.1. Testing —Auwu to the fluid equation of (1.1), respectively,
and using integration by parts, we have

RV | / S V(D)2 Dy (u)) - YDy (u) ds

,j=1

= / (u-V)u-Audzr = A.
R3

Now, the first term A is computed as follows. Since o > 6/(5p — 8) > 3p/(4dp — 6) >

p/(p—1), we have
A |U||Lw°||VUI|Lpa/<pa p—arn/-1) [ V2] oo

|
al| o oo | T | S 1207 6PV BP=O)ex) g 3020 o0 [0 =0)e | G2y
|
|

| oo | V2727120 O 00 g2 s or BBl

INCININ N

a(5p—6)/(5pa—8a—6) ”vu” (8210@—120‘—610)/(5170—8@—6) + E||V2
L

a0 u||7£p

|ul

Due to Lemma 2.2, the non-linear term A is estimated by

( ) |A| < || ||a(5p 6)/(5pa 8a— 6 ||V ||(81)0(7120476]))/(51)0(780(76)

+616/ Z V(D (u)[P2D; ; (u )).vpi,j(u)dﬁslcfs VP da.
R

i,j=1
With the energy estimate and (3.2), (3.1) becomes

d
U@ 7z @) + ||vu(t)||2L2(R3))

/ Z V(|D(u)[P~2D; (u)) - VD j(u) + |Vul’ dz

2,7=1
a(bp—6)/(5pa—8a— 6)||V ”(Spoz 12a—6p)/(bpa—8a—6)

lullzes
” |z£‘5€o 6)/(bpa—8a—6)
1

X (1 T ||VUH%Q)(4pa—6a73p)/(5pa78a76)71

5p—6 5pa—8a—6
(3.3) Jul| OO/ CPam8=0 1 4|2,

NN

L+ [IVulZ2)

Let Y(¢t) :=1+ ”“(t)HQLg(W) + |[Vu(t )||L2 rs) and thus (3.3) becomes

d 5p—6)/(5pa—8a—6
(3.4) Y (O < Oul G0y @),
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We use an argument similar to the one used in the work of Bosia et al.: For ¢ > 0,
let 5. = B+ 2pe((5p — 9)8 — (5p — 6))/(5p — 6) and (a., Bc) be a Prodi-Serrin pair.
We have

B(l1—e) 2pe B(1—e) 2pe

(3.5) Hu| Loeoo(R3) S ||u||Lu,oo(R3)||u||L6,oo < C||u||Lu o (R3) ||VUHL2 R3)

where we use
g1\ /ai—1/az
[ fll a2 (rsy < (;) I fllrar sy, 1<p<oo, 1<q <ga<o0
Since the pair (a., ) also meets 2/a. + 3/8: = 2, using (3.5), (3.4) becomes

d e e
TV O < Cllullfae ey Y (1) < Ollull 05y Y (1)

Applying Lemma 2.4, we obtain the desired result. O

Proof of Theorem 1.2. The proof is almost the same as that for Theorem 1.1.
Indeed, from the proof of Theorem 1.1, convection term A is decomposed with three
parts as follows:

— Z / u;0; u]('?kku] dz = Z Z / OruiOju O uj dz

i,j=1 i=1 j,k=1

+ ZZ/ Oruz0zu;0ku; da

j=1k=1

+Z/ Oru303u30,us do
k=1"/R®

= A + Ay + As.

For A; and As, by integration by parts, we have

2 3

A = —Z / u;Opu Oy uj dr — Z Z / w0k Osu O uj de,
i=1 j,k=1 = 1jk 1
2 3 2

Ay = —Z / ’U,]83’U,J8kk’u,3 dm—z Z / u;030ku;0kus d.
i=1j,k=17R? i=1 j,k=1

And thus, we know
(3.6) |A1], | A <C/ |(@ - Vu) : V2ul|da.
R3
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For As, using the divergence free condition, we get

3
As = — Z/ Oruz(01uy + Oauz)Opus dz
k=1"/R®

3 3
— Z/ 8ku381u18ku3 dz — Z 8ku;382uQ8ku3 dx
k=17R* k=178

3 3
—Z/ ulalakU38kU3 dl‘—Z/ u18ku3818ku3dx
k=1"R? k=171

3 3
— Z/ UQagaku;gaku?, dx — Z/ uQakU3828ku3 dx
k=17 R? k=17 R?

and thus, we have

(3.7) Ay] < c/ (- V) - V2| da.
R3

Through (3.6) and (3.7), we can see that

|A] < C/ |(u- Vu) : V2u|dz.
R3

Hence, with the same approach as in Theorem 1.1, we finally obtain the result in

Theorem 1.2. The proof is complete. O
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