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THE CANONICAL CONSTRUCTIONS OF CONNECTIONS
ON TOTAL SPACES OF FIBRED MANIFOLDS

Włodzimierz M. Mikulski

Abstract. We classify classical linear connections A(Γ,Λ,Θ) on the total
space Y of a fibred manifold Y →M induced in a natural way by the following
three objects: a general connection Γ in Y →M , a classical linear connection
Λ on M and a linear connection Θ in the vertical bundle V Y → Y . The main
result says that if dim(M) ≥ 3 and dim(Y )− dim(M) ≥ 3 then the natural
operators A under consideration form the 17 dimensional affine space.

1. Introduction

All manifolds considered in the paper are assumed to be finite dimensional and
smooth (of class C∞). Maps between manifolds are assumed to be of class C∞.

Let Y → M be a fibred manifold and E → M be a vector bundle. Put m =
dim(M) and n = dim(Y )− dim(M).

A general connection in Y → M is a section Γ: Y → J1Y of the first jet
prolongation J1Y → Y of Y , see [4]. It can be equivalently defined by its cor-
responding lifting map Γ: Y ×M TM → TY (or Γ: Y → T ∗M ⊗ TY ) given by
Γ(y, v) := Txσ(v), j1

x(σ) = Γ(y), y ∈ Yx, v ∈ TxM , x ∈ M . It can be also equi-
valently defined by its corresponding decomposition TY = V Y ⊕ HΓY of the
tangent bundle TY of Y , where V Y is the vertical bundle of Y →M and HΓY is
the so-called Γ-horizontal sub-bundle being the image of Γ: Y ×M TM → TY .

A general connection D : E → J1E in E →M is called a linear connection in
E →M if D is a vector bundle map. It can be equivalently defined by its covariant
differentiation D given by (DXσ)(x) := the vertical part of Txσ(Xx) (modulo the
identification Vσ(x)E = Ex) for all vector fields X on M and all sections σ of
E →M and all x ∈M .

A linear connection Θ: V Y → J1(V Y ) in the vertical bundle V Y → Y of
Y →M is called a vertical classical linear connection on Y →M .

A linear connection Λ: TM → J1(TM) in the tangent bundle TM →M of M
is called a classical linear connection on M . (Then the covariant differentiation of
Λ is a linear connection on M in the sense of [2].)
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In [5], we described all classical linear connections A(Γ,Λ,Θ): TY → J1(TY )
on Y induced in natural way by the following three objects: a general connection Γ
in Y →M , a torsion free classical linear connection Λ on M and a vertical classical
linear connection Θ on Y → M . We proved that if m ≥ 3 and n ≥ 3 then the
induced connections A(Γ,Λ,Θ) form 12-parameter family.

In the present note, we describe all classical linear connections A(Γ,Λ,Θ): TY →
J1(TY ) on Y induced in natural way by the following three objects: a general
connection Γ in Y →M , a (not necessarily torsion free) classical linear connection
Λ on M and a vertical classical linear connection Θ on Y →M . The main result
(Theorem 8.3) is that if m ≥ 3 and n ≥ 3 then the induced connections A(Γ,Λ,Θ)
form the 17-dimensional affine space. In particular, the basis of the affine space is
presented.

An important example of A(Γ,Λ,Θ) is Ψ(Γ,Λ,Θ), see Example 2.1. In Proposi-
tion 2.3, we deduce that every Γ-lift of a geodesic of Λ is a geodesic of Ψ(Γ,Λ,Θ).

In the case of a vector bundle E →M , there exists a classical linear connection
G(D,Λ): TE → J1(TE) on E induced in natural way by the following two objects:
a linear connection D in E → M and a (not necessarily torsion free) classical
linear connection Λ on M , see Example 3.1. This connection was discovered by
J. Gancarzewicz, [1]. Quite similarly, there is a vertical classical linear connection
θ(D) : V E → J1(V E) on E →M induced in natural way be a linear connection
D in E → M , see Example 3.2. In Proposition 3.3, we observe that Ψ(D,Λ,Θ)
generalizes G(D,Λ). Namely, we prove G(D,Λ) = Ψ(D,Λ, θ(D)). In Remark 3.4,
we generalize this fact (we reobtain some construction by I. Kolář [3]).

General connections globalize first order differential systems. Indeed, if x1, . . . , xm,
y1, . . . , yn are fibre manifold local coordinates on Y →M , then a general connec-
tion Γ: Y → T ∗M ⊗ TY has the coordinate expression dxi ⊗ ∂

∂xi + Γpi (x, y)dxi ⊗
∂
∂yp or (dually) dyp = Γpi (x, y)dxi, where we use the Einstein convention of summa-
tion. Classical linear connections play fundamental role in the differential geometry.
They globalize parallel transport and involve in the equations of geodesics, and
therefore they have applications in many physical theories. Canonical constructions
on connections have been studied in many papers, e.g. [1, 3, 4, 5].

From now on, let x1, . . . , xm, y1, . . . , yn be fibre manifold local coordinates on a
fibred manifold Y → M , η1, . . . , ηn be the additional coordinates in the vertical
bundle V Y and ξ1, . . . , ξm be the additional coordinates in the tangent bundle TM .
Let the same letters ξ1, . . . , ξm and η1, . . . , ηn denote the additional coordinates on
TY . If Y = E →M is a vector bundle, we assume that x1, . . . , xm, y1, . . . , yn are
vector bundle local coordinates. If Y = Rm,n = Rm ×Rn → Rm is the obvious
trivial bundle, we assume that x1, . . . , xm, y1, . . . , yn are the usual coordinates.

2. Connections Ψ(Γ,Λ,Θ) and their (Γ-horizontal) geodesics

Let Y → M be a fibred manifold. Let Γ: Y → J1Y be a general connection
in Y → M and Λ: TM → J1(TM) be a classical linear connection on M and
Θ: V Y → J1(V Y ) be a vertical classical linear connection on Y →M .
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Example 2.1 ([5]). Let Z ∈ TyY , y ∈ Yx, x ∈ M . We decompose Z ∈ TyY into
the horizontal part h(Z) = Γ(y, Zo), Zo ∈ TxM , and the vertical part vZ. We take a
vector field X on M such that j1

xX = Λ(Zo) and construct its Γ-lift ΓX : Y → TY ,
and we take a vertical vector field θZ : Y → V Y such that j1

y(θZ) = Θ(vZ). For
every Z ∈ TyY we put Ψ(Γ,Λ,Θ)(Z) := j1

y(ΓX + θZ) . Thus Ψ(Γ,Λ,Θ): TY →
J1(TY ) is a classical linear connection on Y .

Lemma 2.2 ([5]). Let dyp = Γpi (x, y) dxi be the coordinate expression of Γ,

dξi = Λijk(x)ξj dxk(1)

be the coordinate expression of Λ, and dηp = Θp
qi(x, y)ηq dxi + Θp

qs(x, y)ηq dys be
the coordinate expression of Θ. The coordinate expression of Ψ = Ψ(Γ,Λ,Θ) is (1)
and

dηp = (∂Γp
i

∂xj + ΓpkΛkij −Θp
qjΓ

q
i )ξi dxj + Θp

qjη
q dxj+

+(∂Γp
i

∂ys −Θp
qsΓ

q
i )ξi dys + Θp

qsη
q dys .

(2)

Proof. ([5]) Let ξi = Xi(x) and ηp = (θZ)p(x, y) be the coordinate expression of
X or θZ, respectively. Hence

∂Xi

∂xj
= ΛikjXk ,

∂(θZ)p

∂xj
= Θp

qj(θZ)q , ∂(θZ)p

∂ys
= Θp

qs(θZ)q .

Then the coordinate expression of ΓX + θZ is ξi = Xi(x) and

ηp = Γpi (x, y)Xi(x) + (θZ)p(x, y) .

Differentiating this relation we obtain (2). �

Proposition 2.3. Every Γ-lift (xi(t), yp(t)) of a geodesic xi(t) of Λ is a geodesic
of Ψ = Ψ(Γ,Λ,Θ) for arbitrary Θ.

Proof. The Γ-lift satisfies dyp

dt = Γpi (x(t), y(t))dx
i

dt . Differentiating this and using
xi(t) is a geodesic of Λ we obtain

d2xi

dt2
= Λijk

dxj

dt

dxk

dt
and d2yp

dt2
= (∂Γpi

∂xj
+ ΓpkΛkij)

dxi

dt

dxj

dt
+ ∂Γpi
∂yq

dxi

dt

dyq

dt
.

Since dyp

dt = Γpi dx
i

dt , then we obtain d2xi

dt2 = Λijk dx
j

dt
dxk

dt and

d2yp

dt2 = (∂Γp
i

∂xj + ΓpkΛkij −Θp
qjΓ

q
i )dx

i

dt
dxj

dt + Θp
qj
dyq

dt
dxj

dt +

+(∂Γp
i

∂ys −Θp
qsΓ

q
i )dx

i

dt
dys

dt + Θp
qs
dyq

dt
dys

dt

for any Θ. But these equations are the ones of geodesics of Ψ = Ψ(Γ,Λ,Θ) (with
the coordinate expression (1) and (2)). �
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3. Connections G(D,Λ) and their relations with Ψ(D,Λ,Θ)

Let E →M be a vector bundle and D be a linear connection in E →M and Λ
be a classical linear connection on M . Thus, if X is a vector field on M and s is a
section of E, then DXs is a section of E. Further, let XD denote the horizontal
lift of vector field X with respect to D. Moreover, using the translation in the
individual fibres of E, we derive from every section s : M → E a vertical vector
field sV on E called the vertical lift of s.

Example 3.1. In [1], J. Gancarzewicz proved that there exists a unique classical
linear connection G = G(D,Λ) on the total space E such that

GXDZ
D = (ΛXZ)D , GσV Z

D = 0 , GXDs
V = (DXσ)V , GsV σ

V = 0
for all vector fields X and Z on M and all sections s and σ of E →M . It generalizes
the (usual) horizontal lift ∇H of a classical linear connection ∇ on M to TM .
(Namely, ∇H = G(∇,∇).)

Example 3.2. Quite similarly, there is a unique vertical classical linear connection
θ = θ(D) on E →M such that

θXDs
V = (DXσ)V , θsV σV = 0

for all vector fields X on M and all sections s, σ of E.

Proposition 3.3. We have G(D,Λ) = Ψ(D,Λ, θ(D)) , where Ψ(Γ,Λ,Θ) is as in
Example 2.1.

Proof. Let dyp = Dp
qi(x)yqdxi be the coordinate expression of D and (1) be the

coordinate expression of Λ and let
dξi = (Gijkξj +Gipkη

p) dxk + (Gijqξj +Gipqη
p) dyq ,

dηp = (Gpijξ
i +Gpqjη

q) dxj + (Gpirξ
i +Gpqrη

q) dyr

be the coordinate expression of G = G(D,Λ). Then, by Section 54.2 in [4], we have

Gijk = Λijk , Gpij = (
∂Dp

qi

∂xj
−Dp

rjD
r
qi +Dp

qkΛkij)yq ,

Gjip = Gjpi = 0 , Gpiq = Gpqi = Dp
qi , Gipq = 0 , Gpqr = 0 .

Then the coordinate expression of G(D,Λ) is (1) and

dηp = (∂D
p
qi

∂xj y
qξi +Dp

qkΛkijyqξi +Dp
qj(ηq −D

q
siy

sξi))dxj +Dp
siξ

idys .(3)

Further let
dηp = θpqjη

q dxj + θpqrη
q dyr

be the coordinate expression of θ = θ(D). Then, by quite similar (almost the same)
proof as in Section 54.2 in [4], we have

θpqj = Dp
qj , θpqs = 0 .

Then, by Lemma 2.2 with Γpi (x, y) replaced by Dp
qi(x)yq and with Θ replaced by

θ(D), the coordinate expression of Ψ = Ψ(D,Λ, θ(D)) is (1) and (3), as well. �
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Remark 3.4. The result of this section can be generalized as follows. Let p : Y →
M be a fibred manifold and E → M be a vector bundle with the same base M .
Let Γ be a general connection in Y → M , Λ be a classical linear connection on
M , ∆ be a linear connection in E → M and Φ: Y ×M E → V Y be a vertical
parallelism on Y → M , i.e. a system of parallelism Φx : Yx × Ex → TYx, x ∈ M
such that the resulting map Φ: Y ×M E → V Y is a vector bundle isomorphism
covering the identity map of Y . The system (∆,Λ,Φ) determines a vertical classical
linear connection Θ = Θ(Λ,Φ,∆): V Y → J1(V Y → Y ) on Y → M . Indeed, for
any point v = Φ(y, Z1) ∈ VyY , y ∈ Yx, Z1 ∈ Ex, x = p(y), we take a section
σ : M → E such that j1

xσ = ∆(Z1) and we define Θ(v) = j1
y(ϕ(σ)) , where

ϕ(σ) : Y → V Y is a vertical vector field given by ϕ(σ)(y) = Φ(y, σ(p(y))). Now,
using our general construction from Example 2.1, one can define a classical linear
connection (Γ,Λ,Φ,∆) := Ψ(Γ,Λ,Θ(Λ,Φ,∆)) on Y . Clearly, it is the same as in
[3]. If Y = E →M is a vector bundle and Γ = ∆ = D and Φ = Φo is the canonical
vertical parallelism on E →M , then (D,Λ,Φo, D) coincides with the (mentioned
in Example 3.1) classical linear connection G(D,Λ) on E.

4. Examples of tensor fields of type (1, 2) on Y induced by (Γ,Λ,Θ)

Let Y → M be a fibred manifold. Let Γ: Y → J1Y be a general connection
in Y → M and Λ: TM → J1(TM) be a classical linear connection on M and
Θ: V Y → J1(V Y ) be a vertical classical linear connection on Y → M . Let
Ψ = Ψ(Γ,Λ,Θ) be the classical linear connection on Y as in Example 2.1 and let
Tor(Ψ) be the torsion tensor (of type (1, 2)) of Ψ on Y .

Using the usual Γ-decomposition TY = V Y ⊕Y HΓY , we can write
T ∗Y ⊗ TY = (V ∗Y ⊗ V Y )⊕Y (V ∗Y ⊗HΓY )

⊕Y ((HΓY )∗ ⊗ V Y )⊕Y ((HΓY )∗ ⊗HΓY ) .

Let idHY be the tensor field of type (1, 1) on Y being the (HΓY )∗⊗HΓY -component
of the identity tensor field idTY on Y (the other 3 components of idHY are 0) and
let idV Y be the tensor field of type (1, 1) on Y being the V ∗Y ⊗ V Y -component of
idTY . Similarly, we can write

T ∗Y ⊗ T ∗Y ⊗ TY = (V ∗Y ⊗ V ∗Y ⊗ V Y )⊕Y (V ∗Y ⊗ V ∗Y ⊗HΓY )

⊕Y (V ∗Y ⊗ (HΓY )∗ ⊗ V Y )⊕Y (V ∗Y ⊗ (HΓY )∗ ⊗HΓY )

⊕Y ((HΓY )∗ ⊗ V ∗Y ⊗ V Y )⊕Y ((HΓY )∗ ⊗ V ∗Y ⊗HΓY )

⊕Y ((HΓY )∗ ⊗HΓY )∗ ⊗ V Y )⊕Y ((HΓY )∗ ⊗ (HΓY )∗ ⊗HΓY ) .

Let TorH
∗⊗V ∗⊗V (Ψ) and TorH

∗⊗H∗⊗V (Ψ) and TorV
∗⊗H∗⊗V (Ψ) and

TorV
∗⊗V ∗⊗V (Ψ) and TorH

∗⊗H∗⊗H(Ψ) be the tensor fields of type (1, 2) on Y being
the HΓY ⊗V ∗Y ⊗V Y - and (HΓY )∗⊗(HΓY )∗⊗V Y - and the V ∗Y ⊗(HΓY )∗⊗V Y -
and the V ∗Y ⊗ V ∗Y ⊗ V Y - and the (HΓY )∗ ⊗ (HΓY )∗ ⊗ HΓY -component of
Tor(Ψ), respectively. Applying contraction C1

2 to the above tensor fields of type
(1, 2), we get (in particular) 1-forms C1

2TorH
∗⊗V ∗⊗V (Ψ) and C1

2TorV
∗⊗V ∗⊗V (Ψ)
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and C1
2TorH

∗⊗H∗⊗H(Ψ) on Y . We can tensor these 1-forms by the tensor fields
idHY and idV Y of type (1, 1) and obtain respective tensor fields of type (1, 2) on
Y . Thus we have the following tensor fields τi = τi(Γ,Λ,Θ) of type (1, 2) on Y
canonically depending on (Γ,Λ,Θ).

Example 4.1. τ1 := TorH
∗⊗H∗⊗V (Ψ).

Example 4.2. τ2 := TorH
∗⊗V ∗⊗V (Ψ).

Example 4.3. τ3 := idHY ⊗ C1
2TorH

∗⊗V ∗⊗V (Ψ).

Example 4.4. τ4 := C1
2TorH

∗⊗V ∗⊗V (Ψ)⊗ idHY .

Example 4.5. τ5 := C1
2TorH

∗⊗V ∗⊗V (Ψ)⊗ idV Y .

Example 4.6. τ6 := idV Y ⊗ C1
2TorH

∗⊗V ∗⊗V (Ψ).

Example 4.7. τ7 := TorV
∗⊗V ∗⊗V (Ψ).

Example 4.8. τ8 := idHY ⊗ C1
2TorV

∗⊗V ∗⊗V (Ψ).

Example 4.9. τ9 := C1
2TorV

∗⊗V ∗⊗V (Ψ)⊗ idHY .

Example 4.10. τ10 := idV Y ⊗ C1
2TorV

∗⊗V ∗⊗V (Ψ).

Example 4.11. τ11 := C1
2TorV

∗⊗V ∗⊗V (Ψ)⊗ idV Y .

Example 4.12. τ12 := TorV
∗⊗H∗⊗V (Ψ).

Example 4.13. τ13 := TorH
∗⊗H∗⊗H(Ψ).

Example 4.14. τ14 := idV Y ⊗ C1
2TorH

∗⊗H∗⊗H(Ψ).

Example 4.15. τ15 := C1
2TorH

∗⊗H∗⊗H(Ψ)⊗ idV Y .

Example 4.16. τ16 := idHY ⊗ C1
2TorH

∗⊗H∗⊗H(Ψ).

Example 4.17. τ17 := C1
2TorH

∗⊗H∗⊗H(Ψ)⊗ idHY .

5. The natural operator approach

Let FMm,n be the category of fibred manifolds with m-dimensional bases and
n-dimensional fibres and their fibred (local) diffeomorphisms. The general concept
of natural operators can be found in [4]. We need the following particular cases.

Definition 5.1. An FMm,n-natural operator A sending a triple (Γ,Λ,Θ) consis-
ting of a general connection Γ in a FMm,n-object Y →M and a classical linear
connection Λ on M and a vertical classical linear connection Θ on Y → M into
a classical linear connection A(Γ,Λ,Θ) on Y is an FMm,n-invariant system of
regular operators

A : Con(Y )× Conclas(M)× Convert−clas(Y )→ Conclas(Y )
for any FMm,n-object Y = (Y →M), where Con(Y ) is the set of general connec-
tions Γ in Y →M , Conclas(M) is the set of classical linear connections Λ on M ,
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Convert−clas(Y ) is the set of vertical classical linear connections Θ on Y →M and
Conclas(Y ) is the set of classical linear connections on Y . The FMm,n-invariance
of A means that if (Γ,Λ,Θ) ∈ Con(Y ) × Conclas(M) × Convert−clas(Y ) and
(Γ1,Λ1,Θ1) ∈ Con(Y1) × Conclas(M1) × Convert−clas(Y1) are f -related for an
FMm,n-map f : Y → Y1, then so are A(Γ,Λ,Θ) and A(Γ1,Λ1,Θ1). The regu-
larity of A means that A transforms smoothly parametrized families into smoothly
parametrized families.

For example, A(Γ,Λ,Θ) := Ψ(Γ,Λ,Θ) defines a natural operator in the sense of
Definition 5.1.
Definition 5.2. An FMm,n-natural operator ∆ sending a triple (Γ,Λ,Θ) consis-
ting of a general connection Γ in a FMm,n-object Y →M and a classical linear
connection Λ on M and a vertical classical linear connection Θ on Y →M into a
tensor field ∆(Γ,Λ,Θ) of type (1, 2) on Y is an FMm,n-invariant system of regular
operators

∆ : Con(Y )× Conclas(M)× Convert−clas(Y )→ Ten(1,2)(Y )

for any FMm,n-object Y →M , where Ten(1,2)(Y ) is the space of tensor fields of
type (1, 2) on Y and the other spaces are as in Definition 5.1.

Clearly, any natural operator A in the sense of Definition 5.1 is of the form
A(Γ,Λ,Θ) = Ψ(Γ,Λ,Θ) + ∆(Γ,Λ,Θ)

for a unique natural operator ∆ in the sense of Definition 5.2. So, to describe all
natural operators in the sense of Definition 5.1 it is sufficient to describe the ones
in the sense of Definition 5.2.
Definition 5.3. An FMm,n-natural operator ∆ sending a 4-tuple (Γ,Λ,Θ, S)
consisting of a general connections Γ in an FMm,n-object Y →M and a torsion-free
classical linear connection Λ on M and a vertical classical linear connection Θ on
Y →M and a skew-symmetric tensor field S of type (1, 2) on M into a tensor field
∆(Γ,Λ,Θ, S) of type (1, 2) on Y is an FMm,n-invariant family of regular operators

∆: Con(Y )× Conoclas(M)× Convert−clas(Y )× Ten(1,2)
skew−sym(M)→ Ten(1,2)(Y )

for any FMm,n-object Y →M , where Conoclas(M) is the set of all torsion-free clas-
sical linear connections on M , Ten(1,2)

skew−sym(M) is the space of all skew-symmetric
tensor fields on M of type (1, 2) and the other spaces are as in Definitions 5.1 and
5.2.

For any classical linear connection ∇ on a manifold M , the classical linear
connection ∇− 1

2Tor(∇) is torsion free and

∇ = (∇− 1
2Tor(∇)) + 1

2Tor(∇) .

Hence, there is the obvious bijection between the natural operators ∆ in the sense
of Definition 5.2 and the ones ∆ in the sense of Definition 5.3. So, to describe all
natural operators in the sense of Definition 5.1 it is sufficient to describe the ones
in the sense of Definition 5.3.
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Definition 5.4 ([5]). An FMm,n-natural operator ∆ sending a 3-tuple (Γ,Λ,Θ)
consisting of a general connections Γ in an FMm,n-object Y →M and a torsion-free
classical linear connection Λ on M and a vertical classical linear connection Θ on
Y → Y into a tensor field ∆(Γ,Λ,Θ) of type (1, 2) on Y is an FMm,n-invariant
family of regular operators

∆: Con(Y )× Conoclas(M)× Convert−clas(Y )→ Ten(1,2)(Y )
for any FMm,n-object Y →M .

Proposition 5.5 ([5]). Let m ≥ 2 and n ≥ 3. Let ∆ be an FMm,n-natural
operator in the sense of Definition 5.4. Then there are (uniquely determined) real
numbers λ1, . . . , λ12 such that

∆(Γ,Λ,Θ) =
12∑
i=1

λiτi(Γ,Λ,Θ)

for any triple (Γ,Λ,Θ) consisting of a general connection Γ in a FMm,n-object
Y → M and a torsion-free classical linear connection Λ on M and a vertical
classical linear connection Θ on Y →M , where τi are as in Examples 4.1–4.12.

Let ∆ be a natural operator in the sense of Definition 5.3. Then we have an
FMm,n-natural operator ∆(1) in the sense of Definition 5.4 given by

∆(1)(Γ,Λ,Θ) := ∆(Γ,Λ,Θ, 0)
for any triple (Γ,Λ,Θ) consisting of a general connection Γ in a FMm,n-object
Y →M and a torsion-free classical linear connection Λ on M and a vertical classical
linear connection Θ on Y →M . Clearly,

∆(Γ,Λ,Θ, S) = ∆(1)(Γ,Λ,Θ) + ∆(2)(Γ,Λ,Θ, S)
for any 4-tuple (Γ,Λ,Θ, S) consisting of a general connection Γ in a FMm,n-object
Y →M and a torsion-free classical linear connection Λ on M and a vertical classical
linear connection Θ on Y →M and a skew-symmetric tensor field S of type (1, 2)
on M , where ∆(2) is the natural operator in the sense of Definition 5.3 satisfying
∆(2)(−,−,−, 0) = 0.

So, to describe all natural operators A in the sense of Definition 5.1 it is
sufficient to classify all natural operators ∆ in the sense of Definition 5.3 satisfying
∆(−,−,−, 0) = 0.

6. The dimension of the vector space of all ∆ with ∆(−,−,−, 0) = 0

Let Y = Rm,n be the trivial bundle Rm ×Rn → Rm. We denote the trivial
general connection in Rm,n by Γo (i.e. Γo =

∑m
i=1 dx

i ⊗ ∂
∂xi ), the flat classical

linear connection on Rm by Λo (i.e. Λo = (0)) and the trivial vertical classical
linear connection on Rm,n by Θo (i.e. Θo =

∑m
i=1 dx

i ⊗ ∂
∂xi +

∑n
p=1 dy

p ⊗ ∂
∂yp ).

We study a natural operator ∆ in the sense of Definition 5.3 satisfying the
condition ∆(−,−,−, 0) = 0. Such ∆ is determined by the values

∆(Γ,Λ,Θ, S)(y) ∈ T ∗y Y ⊗ T ∗y Y ⊗ TyY
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for FMm,n-objects Y →M , general connections Γ in Y →M , torsion free classical
linear connections Λ on M , vertical classical linear connections Θ on Y → M ,
skew-symmetric tensor fields S of type (1, 2) on M and y ∈ Yx, x ∈M . Using the
invariance of ∆ with respect to (respective) fibred manifold charts, we can assume
Y = Rm,n, y = (0, 0). Further, similarly as in Section 4 in [5], using Corollary 19.8
in [4], we may assume

Γ = Γo +
∑

Γpj;αβxαyβ dxj ⊗
∂
∂yp ,(4)

where the sum is over all m-tuples α and all n-tuples β of non-negative integers
and j = 1, . . . ,m and p = 1, . . . , n with 1 ≤ |α|+ |β| ≤ K,

Λ = (
∑

Λijk;γx
γ)i,j,k=1,...,m , Λijk;γ = Λikj;γ ,(5)

where the sums are over all m-tuples γ of non-negative integers with 1 ≤ |γ| ≤ K,

Θ = Θo +
∑

Θr
ip;δσx

δyσηp dxi ⊗ ∂
∂ηr +

∑
Θr
sp;δσx

δyσηp dys ⊗ ∂
∂ηr ,(6)

where the first sum is over all m-tuples δ and all n-tuples σ of non-negative integers
and i = 1, . . . ,m and r, p = 1, . . . , n with 0 ≤ |δ|+ |σ| ≤ K and the second sum is
over all m-tuples δ and n-tuples σ of non-negative integers and r, s, p = 1, . . . , n
with 0 ≤ |δ|+ |σ| ≤ K,

S =
∑
Skij;ξx

ξ(dxi ∧ dxj)⊗ ∂
∂xk

,(7)

where the sum is over all m-tuples ξ and all integers i, j, k = 1, . . . ,m with
0 ≤ |ξ| ≤ K, where K is an arbitrary positive integer. Here (and from now on)

dxi ∧ dxj := 1
2(dxi ⊗ dxj − dxj ⊗ dxi) .

So, ∆ is determined by the collection of smooth maps ∆K : Rn(K) → Rq =
T ∗(0,0)Rm,n ⊗ T ∗(0,0)Rm,n ⊗ T(0,0)Rm,n (K = 1, 2, . . . ) given by

∆K

(
(Γpj;αβ), (Λijk;γ), (Θr

ip;δσ), (Θr
sp;δσ), (Skij;ξ)

)
:= ∆(Γ,Λ,Θ, S)(0, 0) ,(8)

where Γ,Λ,Θ, S are as in (4)–(7).
Using the invariance of ∆ with respect to ϕt × φt, ϕt = tid Rm , φt = tid Rn ,

t > 0, we get the homogeneous condition

t∆K

(
(Γpj;αβ), (Λijk;γ), (Θr

ip;δσ), (Θr
sp;δσ), (Skij;ξ)

)
= ∆K

(
(t|α|+|β|Γpj;αβ), (t|γ|+1Λijk;γ), (t|δ|+|σ|+1Θr

ip;δσ),

(t|δ|+|σ|+1Θr
sp;δσ), (t|ξ|+1Skij;ξ)

)
.

By the homogeneous function theorem, from this homogeneity condition we obtain
that ∆K is the linear combination with real coefficients of Θr

ip;(0)(0), Θr
sp;(0)(0),

Skij;(0) and Γpj;αβ with |α|+ |β| = 1, i, j, k = 1, . . . ,m, p, r, s = 1, . . . , n. So, since ∆
satisfies the condition ∆(Γ,Λ,Θ, 0) = 0, we get
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Lemma 6.1. If m ≥ 2 and n ≥ 1, ∆K is the linear combination of Skij;(0) with
real coefficients.

We prove the following lemma.

Lemma 6.2. Let m ≥ 2 and n ≥ 1. The natural operator ∆ is fully determined
by the value

∆1 := ∆(Γo,Λo,Θo, (dx1 ∧ dx2)⊗ ∂
∂x1 )(0, 0) .(9)

Proof. We know that the collection of maps ∆K for K = 1, 2, . . . determines
∆. Then, using Lemma 6.1, it remains to prove that ∆(Γo,Λo,Θo, (dxj ∧ dxi)⊗
∂
∂xk

)(0, 0) is determined by ∆1 for i, j, k = 1, . . . ,m. The case m = 2 is easy.
Let m ≥ 3. Using the invariance of ∆ with respect to the FMm,n-map ϕ :=
(x1, x2, x3+x1, x4, . . . , xm, y1, . . . , yn), we see that ∆̃ := ∆(Γo,Λo,Θo, (dx1∧dx2)⊗
( ∂
∂x1 + ∂

∂x3 ))(0, 0) is determined by ∆1 (it is the image of ∆1 by ϕ), and then
∆(Γo,Λo,Θo, dx1∧dx2)⊗ ∂

∂x3 )(0, 0) is determined by ∆1 (it is ∆̃−∆1). Now, using
the invariance of ∆ with respect to permutations of the coordinates x1, . . . , xm, we
complete the proof. �

We else prove the following lemma.

Lemma 6.3. Let m ≥ 3 and n ≥ 1. Let ∆1 be as in (9). There are a1, . . . , a5 ∈ R
such that

∆1 = a1

m∑
i=1

d(0,0)x
2 ⊗ d(0,0)x

i ⊗ ∂

∂xi |(0,0)

+ a2

m∑
i=1

d(0,0)x
i ⊗ d(0,0)x

2 ⊗ ∂

∂xi |(0,0)

+ a3

n∑
p=1

d(0,0)x
2 ⊗ d(0,0)y

p ⊗ ∂

∂yp |(0,0)
+

+ a4

n∑
p=1

d(0,0)y
p ⊗ d(0,0)x

2 ⊗ ∂

∂yp |(0,0)

+ a5

(
d(0,0)x

1 ⊗ d(0,0)x
2 ⊗ ∂

∂x1 |(0,0)

− d(0,0)x
2 ⊗ d(0,0)x

1 ⊗ ∂

∂x1 |(0,0)

)
.

Proof. By the invariance of ∆ with respect to (t1x1, . . . , tmxm, τ1y1, . . . , τnyn)
for t1 > 0, . . . , tm > 0 and τ1 > 0, . . . , τn > 0 we get easily ∆1 =

∑n
p=1 bpd(0,0)y

p⊗
d(0,0)x

2⊗ ∂
∂yp |(0,0)

+
∑n
p=1 cpd(0,0)x

2⊗d(0,0)y
p⊗ ∂

∂yp |(0,0)
+
∑m
i=1 did(0,0)x

i⊗d(0,0)x
2⊗

∂
∂xi |(0,0) +

∑m
i=1 eid(0,0)x

2 ⊗ d(0,0)x
i ⊗ ∂

∂xi |(0,0). Then by the invariance of ∆ with
respect to respective permutation of coordinates, we deduce b1 = · · · = bn,
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c1 = · · · = cn, d3 = · · · = dm, e3 = · · · = em. Then

∆1 = a1

m∑
i=1

d(0,0)x
2 ⊗ d(0,0)x

i ⊗ ∂

∂xi |(0,0)

+ a2

m∑
i=1

d(0,0)x
i ⊗ d(0,0)x

2 ⊗ ∂

∂xi |(0,0)

+ a3

n∑
p=1

d(0,0)x
2 ⊗ d(0,0)y

p ⊗ ∂

∂yp |(0,0)

+ a4

n∑
p=1

d(0,0)y
p ⊗ d(0,0)x

2 ⊗ ∂

∂yp |(0,0)

+ λ1d(0,0)x
2 ⊗ d(0,0)x

1 ⊗ ∂

∂x1 |(0,0)

+ λ2d(0,0)x
1 ⊗ d(0,0)x

2 ⊗ ∂

∂x1 |(0,0)

+ λ3d(0,0)x
2 ⊗ d(0,0)x

2 ⊗ ∂

∂x2 |(0,0)
.

Then by the invariance of ∆ with respect to (x1, x2, x3 + x2, . . . , xm, y1, . . . , yn)
(here we apply m ≥ 3), we get ∆1 = ∆1 + λ3d(0,0)x

2 ⊗ d(0,0)x
2 ⊗ ∂

∂x3 |(0,0). So,
λ3 = 0. Then by the invariance of ∆ with respect to (x1−x2, x2, . . . , xm, y1, . . . , yn)
we get ∆1 = ∆1 +λ1d(0,0)x

2⊗ d(0,0)x
2⊗ ∂

∂x1 |(0,0) +λ2d(0,0)x
2⊗ d(0,0)x

2⊗ ∂
∂x1 |(0,0).

So, λ1 = −λ2. �

From Lemmas 6.2 and 6.3 it follows immediately the following proposition.

Proposition 6.4. Let m ≥ 3 and n ≥ 1. The real vector space of all natural
operators ∆ in the sense of Definition 5.3 satisfying the condition ∆(−,−,−, 0) = 0
is of dimension ≤ 5.

7. Linear independence of some natural operators

Let τi (i = 13, . . . , 17) be as in Examples 4.13–4.17. We define natural operators
χj (for j = 1, . . . , 5) in the sense of Definition 5.3 by

χj(Γ,Λ,Θ, S) := τj+12(Γ,Λ + S,Θ)− τj+12(Γ,Λ,Θ)(10)

for any 4-tuple (Γ,Λ,Θ, S) consisting of a general connection Γ in a FMm,n-object
Y →M and a torsion-free classical linear connection Λ on M and a vertical classical
linear connection Θ on Y →M and a skew-symmetric tensor field S of type (1, 2)
on M . Clearly, χj(−,−,−, 0) = 0.

Proposition 7.1. Let m ≥ 3 and n ≥ 1. The collection of natural operators
χ1, . . . , χ5 is linearly independent over R.
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Proof. Denote Σ := (Γo,Λo,Θo, (dx1 ∧ dx2)⊗ ∂
∂x1 ) . Then

χj(Σ) = τ12+j(Σ1)− τ12+j(Σo) ,
where Σ1 := (Γo,Λ,Θo), Σo := (Γo,Λo,Θo) and Λ := Λo + (dx1 ∧ dx2) ⊗ ∂

∂x1 .
Clearly,

(Γo)pi = 0 , (Θo)psj = 0 , (Θo)pqs = 0 , Λ1
12 = −Λ1

21 = 1
2 and other Λkij = 0 .

Then, by Lemma 2.2, Ψ(Σ1) has expression

dηp = 0 , dξ1 = 1
2(ξ1dx2 − ξ2dx1) and other dξi = 0 .

Then we have

Tor(Ψ(Σ1))(0, 0) = d(0,0)x
1 ⊗ d(0,0)x

2 ⊗ ∂

∂x1 |(0,0)
− d(0,0)x

2 ⊗ d(0,0)x
1 ⊗ ∂

∂x1 |(0,0)
,

where Tor(Ψ(Σ1)) is the torsion tensor of Ψ(Σ1). Similarly, Tor(Ψ(Σo)) = 0. Then

χ̃1 = d(0,0)x
1 ⊗ d(0,0)x

2 ⊗ ∂

∂x1 |(0,0)
− d(0,0)x

2 ⊗ d(0,0)x
1 ⊗ ∂

∂x1 |(0,0)
,

χ̃2 = −
n∑
p=1

d(0,0)y
p ⊗ d(0,0)x

2 ⊗ ∂

∂yp |(0,0)
, χ̃3 = −

n∑
p=1

d(0,0)x
2 ⊗ d(0,0)y

p ⊗ ∂

∂yp |(0,0)
,

χ̃4 = −
m∑
i=1

d(0,0)x
i ⊗ d(0,0)x

2 ⊗ ∂

∂xi |(0,0)
, χ̃5 = −

m∑
i=1

d(0,0)x
2 ⊗ d(0,0)x

i ⊗ ∂

∂xi |(0,0)
,

where χ̃j := χj(Σ)(0, 0). Then χ1, . . . , χ5 are linearly independent because χ̃1, . . . , χ̃5
are (here we use m ≥ 3 and n ≥ 1). �

8. The main result

Proposition 8.1. Let m ≥ 3 and n ≥ 3. Any natural operator A in the sense of
Definition 5.1 is of the form

A(Γ,Λ,Θ) = Ψ(Γ,Λ,Θ) +
12∑
i=1

λiτi(Γ,Λ−
1
2Tor(Λ),Θ)

+
5∑
j=1

µjχj
(
Γ,Λ− 1

2Tor(Λ),Θ, 1
2Tor(Λ)

)
for (uniquely determined by A) real numbers λi, µj, where τi are as in Examples
4.1–4.12, χj are defined by (10), Tor(Λ) is the torsion tensor of Λ and Ψ(Γ,Λ,Θ) is
as in Example 2.1. Consequently, the vector space of all FMm,n-natural operators
in the sense of Definition 5.2 is of dimension 17 over R.

Proof. It follows immediately from Propositions 6.4 and 7.1 and Section 5 (in
particular Proposition 5.5). �

Proposition 8.2. Let m ≥ 3 and n ≥ 3. The collection of FMm,n-natural
operators τ1, . . . , τ17 from Examples 4.1–4.17 is linearly independent over R.
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Proof. By Section 7, we can write
χ̃j := χj(Σ)(0, 0) = τ12+j(Σ1)(0, 0)− τ12+j(Σo)(0, 0) = τ12+j(Σ1)(0, 0) .

Then the collection τ13(Σ1)(0, 0), . . . , τ17(Σ1)(0, 0) is linearly independent over R,
see Proof of Proposition 7.1. Further, τ1(Σ1)(0, 0), . . . , τ12(Σ1)(0, 0) are 0. Moreover,
the collection τ1, . . . , τ12 is linearly independent over R because of Proposition 5.5.
So, the collection τ1, . . . , τ17 is linearly independent over R. �

Theorem 8.3 (The main result). Let m ≥ 3 and n ≥ 3. Any FMm,n-natural
operator A in the sense of Definition 5.1 is of the form

A(Γ,Λ,Θ) = Ψ(Γ,Λ,Θ) +
17∑
i=1

νiτi(Γ,Λ,Θ)

for (uniquely determined by A) real numbers νi, where τ1, . . . , τ17 are as in Examples
4.1–4.17 and Ψ is as in Example 2.1.

Proof. It follows immediately from Propositions 8.1 and 8.2. �
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