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THE CANONICAL CONSTRUCTIONS OF CONNECTIONS
ON TOTAL SPACES OF FIBRED MANIFOLDS

WELODZIMIERZ M. MIKULSKI

ABSTRACT. We classify classical linear connections A(T', A, ©) on the total
space Y of a fibred manifold Y — M induced in a natural way by the following
three objects: a general connection I' in Y — M, a classical linear connection
A on M and a linear connection © in the vertical bundle VY — Y. The main
result says that if dim(M) > 3 and dim(Y) — dim(M) > 3 then the natural
operators A under consideration form the 17 dimensional affine space.

1. INTRODUCTION

All manifolds considered in the paper are assumed to be finite dimensional and
smooth (of class C*°). Maps between manifolds are assumed to be of class C™°.

Let Y — M be a fibred manifold and £ — M be a vector bundle. Put m =
dim(M) and n = dim(Y') — dim(M).

A general connection in Y — M is a section I': Y — J'Y of the first jet
prolongation J'Y — Y of Y, see [4]. It can be equivalently defined by its cor-
responding lifting map T': Y xpy TM — TY (or T Y — T*M ® TY) given by
I(y,v) = Tpo(v), ji(c) =T(y), y € Yy, v € T, M, x € M. It can be also equi-
valently defined by its corresponding decomposition TY = VY @ H'Y of the
tangent bundle 7Y of Y, where VY is the vertical bundle of Y — M and H'Y is
the so-called I'-horizontal sub-bundle being the image of I': Y xpy TM — TY.

A general connection D: E — J'E in E — M is called a linear connection in
FE — M if D is a vector bundle map. It can be equivalently defined by its covariant
differentiation D given by (Dxo)(x) := the vertical part of T,0(X,) (modulo the
identification V() = E,) for all vector fields X on M and all sections o of
E — M andall z € M.

A linear connection ©: VY — J(VY) in the vertical bundle VY — Y of
Y — M is called a vertical classical linear connection on Y — M.

A linear connection A: TM — J*(TM) in the tangent bundle TM — M of M
is called a classical linear connection on M. (Then the covariant differentiation of
A is a linear connection on M in the sense of [2].)
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In [5], we described all classical linear connections A(I',A,0): TY — J(TY)
on Y induced in natural way by the following three objects: a general connection I'
inY — M, a torsion free classical linear connection A on M and a vertical classical
linear connection © on Y — M. We proved that if m > 3 and n > 3 then the
induced connections A(T', A, ©) form 12-parameter family.

In the present note, we describe all classical linear connections A(T', A, 0): TY —
JYTY) on Y induced in natural way by the following three objects: a general
connection I' in Y — M, a (not necessarily torsion free) classical linear connection
A on M and a vertical classical linear connection ©® on Y — M. The main result
(Theorem [8.3)) is that if /. > 3 and n > 3 then the induced connections A(T', A, ©)
form the 17-dimensional affine space. In particular, the basis of the affine space is
presented.

An important example of A(T', A, 0) is U(T', A, ©), see Example In Proposi-
tion we deduce that every T-lift of a geodesic of A is a geodesic of (T, A, ©).

In the case of a vector bundle E — M, there exists a classical linear connection
G(D,A): TE — JY(TE) on E induced in natural way by the following two objects:
a linear connection D in E — M and a (not necessarily torsion free) classical
linear connection A on M, see Example |3.1] This connection was discovered by
J. Gancarzewicz, [I]. Quite similarly, there is a vertical classical linear connection
0(D):VE — JYVE) on E — M induced in natural way be a linear connection
D in E — M, see Example In Proposition we observe that ¥(D, A, ©)
generalizes G(D, A). Namely, we prove G(D,A) = (D, A,6(D)). In Remark [3.4]
we generalize this fact (we reobtain some construction by I. Kolar [3]).

General connections globalize first order differential systems. Indeed, if 2!, ..., 2™,
y',...,y" are fibre manifold local coordinates on Y — M, then a general connec-
tion I': Y — T*M ® TY has the coordinate expression dz’ ® a(zi +I'P(z,y)dz' @
agv or (dually) dy? = I'¥ (z, y)dx?, where we use the Einstein convention of summa-
tion. Classical linear connections play fundamental role in the differential geometry.
They globalize parallel transport and involve in the equations of geodesics, and
therefore they have applications in many physical theories. Canonical constructions
on connections have been studied in many papers, e.g. [Tl B} 4} 5].

From now on, let 2',...,2™,y',...,3" be fibre manifold local coordinates on a
fibred manifold Y — M, n',...,n™ be the additional coordinates in the vertical
bundle VY and £!,. .., &™ be the additional coordinates in the tangent bundle TM.

Let the same letters £1,...,&™ and n',...,n" denote the additional coordinates on
TY.If Y = E — M is a vector bundle, we assume that z',...,2™, y!, ..., y" are
vector bundle local coordinates. If Y = R™"™ = R x R"™ — R™ is the obvious
trivial bundle, we assume that z',...,2™,y!,... y™ are the usual coordinates.

2. CoNNECTIONS ¥(T', A, ©) AND THEIR (I'-HORIZONTAL) GEODESICS

Let Y — M be a fibred manifold. Let I': Y — J'Y be a general connection
inY - M and A: TM — JY(TM) be a classical linear connection on M and
©: VY — JYVY) be a vertical classical linear connection on Y — M.
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Example 2.1 ([5]). Let Z € T,)Y, y € Y,, x € M. We decompose Z € T,,Y into
the horizontal part h(Z) =I'(y, Z,), Z, € T M, and the vertical part vZ. We take a
vector field X on M such that j1X = A(Z,) and construct its T-lift T X: Y — TY,
and we take a vertical vector field 0Z: Y — VY such that j;(0Z) = ©(vZ). For
every Z € T,Y we put U(T',A,0)(Z) := j,(TX +60Z) . Thus ¥(T',A,0): TY —
JYTY) is a classical linear connection on Y.

Lemma 2.2 ([5]). Let dy? = T?(x,y) dx" be the coordinate expression of T,
(1) det = Aék(x)ﬁj dax*

be the coordinate expression of A, and dnP = @gi(ﬂc, y)n?dzt + b (z,y)n? dy® be
the coordinate expression of ©. The coordinate expression of U = U(T', A, ©) is (1))
and

orr |k ¢ dgd -
) dnP = (877 + A, — 08 )¢ dal + 67 n da’ +
gy — OpIE dy* + O dy.

Proof. ([5]) Let ¢ = X*(z) and n* = (0Z)P(z,y) be the coordinate expression of
X or 87, respectively. Hence
0x?
ozl

, a(6Z)P
Al k _
= My XE, = = ep(02)7,

a(02)P
dys

—er.(02)".

Then the coordinate expression of I'X + 67 is ¢! = X(x) and
=T (2, y) X" (x) + (02)" (2,y) .
Differentiating this relation we obtain . (Il

Proposition 2.3. Every U-lift (2'(t),y"(t)) of a geodesic x'(t) of A is a geodesic
of ¥ =U(T', A, ©) for arbitrary ©.

Proof. The I'-lift satisfies % =T (x(t), y(t))dd—“f. Differentiating this and using

2%(t) is a geodesic of A we obtain

d?z? ; dxd dak d?yP o or? P Ak dx® da? ﬂdwi dy?

az N gr = G RN T e a a

. dy? _ ppdat d?zt _ ad dad da®
Since - = I} %5, then we obtain 3 = A}, €7 - and

d2y:l7 _ (al—‘f —‘rFZAf] . @pfq)dﬂ@ n @17 dy? drj+

dt2 OxI qj~ i/ dt dt qj dt dt
ore i doy® Ay dy®
i _ @Qp 1T9)\dz" dy p Ay ay
+( oys eqsri) dt dt + ®qs dt dt

for any ©. But these equations are the ones of geodesics of ¥ = ¥(T", A, ©) (with
the coordinate expression (1) and (2)). O
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3. CONNECTIONS G(D,A) AND THEIR RELATIONS WITH ¥ (D, A, ©)

Let E — M be a vector bundle and D be a linear connection in £ — M and A
be a classical linear connection on M. Thus, if X is a vector field on M and s is a
section of E, then Dxs is a section of E. Further, let X denote the horizontal
lift of vector field X with respect to D. Moreover, using the translation in the
individual fibres of F, we derive from every section s: M — FE a vertical vector
field sV on E called the vertical lift of s.

Example 3.1. In [I], J. Gancarzewicz proved that there exists a unique classical
linear connection G = G(D, A) on the total space E such that

GxpZP = (Ax2)P, G.vZP =0, Gxps' =(Dxo)V, Gywo' =0

for all vector fields X and Z on M and all sections s and o of E — M. It generalizes
the (usual) horizontal lift V# of a classical linear connection V on M to TM.
(Namely, VH = G(V,V).)

Example 3.2. Quite similarly, there is a unique vertical classical linear connection
0 =6(D) on E — M such that

Oxps” = (Dxo)V, Oy =0
for all vector fields X on M and all sections s, of E.

Proposition 3.3. We have G(D,A) = U(D, A,0(D)) , where U(T', A, ©) is as in
Ezample[2.1}

Proof. Let dy? = Dgi (r)ydx’ be the coordinate expression of D and be the
coordinate expression of A and let

dg' = (Gjy€! + Gn”) da” + (Gje8 + Gpgn) dy*
dn? = (GL;€" + GYin?) da? + (GY.€ + GY ) dy”
be the coordinate expression of G = G(D, A). Then, by Section 54.2 in [4], we have

Gi _ Ai G;D _ 8D§z DP.D" DP Ak q
gk = ko ij = ( Opi Tritai + Dy, ij)y )
Gl =Gl,=0, GY=G’=DF, G\ =0, GP =0.

Then the coordinate expression of G(D, A) is and
apr, . . . , .
(3) dnP = (G2 & + Dh A yI¢t + DY (n? — D8,y da? + D& dy® .
Further let
— QP j r

dn? = 0,,n" dx’ + 05,0 dy
be the coordinate expression of § = 6(D). Then, by quite similar (almost the same)
proof as in Section 54.2 in [4], we have

P _ P —
0, =D 0hs =0.

qj
Then, by Lemma [2.2 with T} (x, y) replaced by DY;(z)y? and with © replaced by
(D), the coordinate expression of ¥ = (D, A,0(D)) is (1) and (3), as well. O
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Remark 3.4. The result of this section can be generalized as follows. Let p: Y —
M be a fibred manifold and E — M be a vector bundle with the same base M.
Let T" be a general connection in Y — M, A be a classical linear connection on
M, A be a linear connection in ¥ — M and ®: Y xp;y E — VY be a vertical
parallelism on Y — M, i.e. a system of parallelism ®,: Y, x B, - TY,, x € M
such that the resulting map ®: Y xp; E — VY is a vector bundle isomorphism
covering the identity map of Y. The system (A, A, ®) determines a vertical classical
linear connection © = O(A,®,A): VY — JY(VY — Y) on Y — M. Indeed, for
any point v = ®(y,Z1) € VY, y € Y, Z1 € E,, x = p(y), we take a section
0 : M — E such that j,o = A(Z;) and we define ©(v) = j)(¢(0)) , where
©(0) : Y — VY is a vertical vector field given by ¢(0)(y) = ®(y,o(p(y))). Now,
using our general construction from Example one can define a classical linear
connection (T, A, ®,A) := U(T',A,0(A, P, A)) on Y. Clearly, it is the same as in
B]l. £ Y = E — M is a vector bundle and I' = A = D and ® = ®° is the canonical
vertical parallelism on E — M, then (D, A, ®°, D) coincides with the (mentioned
in Example classical linear connection G(D,A) on E.

4. EXAMPLES OF TENSOR FIELDS OF TYPE (1,2) ON Y INDUCED BY (I', A, ©)

Let Y — M be a fibred manifold. Let I': Y — J'Y be a general connection
inY — M and A: TM — JY(TM) be a classical linear connection on M and
©: VY — JYVY) be a vertical classical linear connection on ¥ — M. Let
U = U(T', A, ©) be the classical linear connection on Y as in Example and let
Tor(¥) be the torsion tensor (of type (1,2)) of ¥ on Y.

Using the usual I'-decomposition TY = VY @y H'Y, we can write

T*Y @TY = (V'Y @VY) @y (VY ® H'Y)
@y (H'Y) @ VY) @y (H'Y) @ H'Y).

Let id gy be the tensor field of type (1,1) on Y being the (H'Y)*® H'Y -component
of the identity tensor field idyy on Y (the other 3 components of idgy are 0) and
let idyy be the tensor field of type (1,1) on Y being the V*Y ® VY-component of
idpy. Similarly, we can write

T*Y@TY @TY = (VY @VY@VY)dy (VY V'Y @ HY)
oy (VY@ HY) @VY)ey (VY (HY) @ H'Y)
Sy (H'Y)* @ V*YeVY)ey (H'Y) @ V'Y @ H'Y)
Dy (H'Y) @ H'Y) @VY)oy (H'Y) @ (H'Y)* @ H'Y).

Let Tor ®V'®V(0) and Tor ®®V(0) and TorV ®# ®V(¥) and
Tor' @V ®V (1) and Tor™ ®# ®H (1) be the tensor fields of type (1,2) on Y being
the H'Y @ V*Y ®@VY-and (H'Y)*®(H'Y)*®VY- and the V*Y @ (H'Y)*@ VY-
and the V*Y @ V*Y ® VY- and the (H'Y)* ® (H'Y)* ® H'Y-component of
Tor(W¥), respectively. Applying contraction C3 to the above tensor fields of type
(1,2), we get (in particular) 1-forms C2Tor® @V @V (0) and CLTor” ®V @V (1)
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and CleorH*®H*®H(\II) on Y. We can tensor these 1-forms by the tensor fields
idgy and idyy of type (1,1) and obtain respective tensor fields of type (1,2) on
Y. Thus we have the following tensor fields 7, = 7;(T', A, ©) of type (1,2) on YV
canonically depending on (T', A, ©).

Example 4.1. 7, := Tor!l ®H &V (),
Example 4.2. 75 := Tor®l &V &V (),
Example 4.3. 753 :=idgy ® C’leorH*®V*®V(\II).
Example 4.4. 74 := CleorH*‘X’V*@V(\IJ) ® id gy .
Example 4.5. 75 := CiTor™ ®V @V (¥) @ idyy.
Example 4.6. 75 := idyy ® CiTor? ®V &V ().
Example 4.7. 77 := Tor” ®V @V (1),
Example 4.8. 73 := idgy ® C%Torv*®v*®v(\ll).
Example 4.9. 79 := C’%Torv*®v*®v(\l’) ®idgy.
Example 4.10. 70 := idyy ® CiTor” ®V @V ().
Example 4.11. 711 := C%Torv*‘gv*@‘/(\l/) ®idyy.
Example 4.12. 75 := Tor” @ @V (p),
Example 4.13. 73 := TorH*®H*®H(\I/).
Example 4.14. 114 := idyy ® CTorl ®H @H (),
Example 4.15. 715 := CTor? ®H ®H (@) @ idyy.
Example 4.16. 76 := idgy ® CiTor! ®H @H (),
Example 4.17. 717 := C%TorH*®H*®H(\I/) ® idgy.
5. THE NATURAL OPERATOR APPROACH

Let F M, » be the category of fibred manifolds with m-dimensional bases and
n-dimensional fibres and their fibred (local) diffeomorphisms. The general concept
of natural operators can be found in [4]. We need the following particular cases.

Definition 5.1. An FM,, ,-natural operator A sending a triple (I', A, ©) consis-
ting of a general connection I' in a FM,, ,-object Y — M and a classical linear
connection A on M and a vertical classical linear connection ® on Y — M into
a classical linear connection A(I',A,©) on Y is an FM,, ,-invariant system of
regular operators

A: Con(Y) x Conglas(M) X Conyert—clas(Y) — Conglas(Y)

for any FM,, n-object Y = (Y — M), where Con(Y) is the set of general connec-
tions I'in Y — M, Concjas(M) is the set of classical linear connections A on M,
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Conyert—clas(Y) is the set of vertical classical linear connections © on Y — M and
Conglas(Y) is the set of classical linear connections on Y. The FM,, ,-invariance
of A means that if (I'A,0) € Con(Y) X Conglas(M) x Conyert—clas(Y) and
(T'1,A1,01) € Con(Y1) X Conglas(M7) X Conyert—clas(Y1) are f-related for an
FMyp-map f: Y — Y7, then so are A(T',A,©) and A(T'y,Aq1,01). The regu-
larity of A means that A transforms smoothly parametrized families into smoothly
parametrized families.

For example, A(T', A, ©) := ¥(I[', A, ©) defines a natural operator in the sense of
Definition (.11

Definition 5.2. An FM,, ,-natural operator A sending a triple (I', A, ©) consis-
ting of a general connection I' in a FM,, ,-object Y — M and a classical linear
connection A on M and a vertical classical linear connection ® on Y — M into a
tensor field A(T', A, ©) of type (1,2) on Y is an FM,, ,-invariant system of regular
operators

A COH(Y) X COHC]&S(M) X Convertfclas(y) i Ten(l’Z)(Y)

for any FM,, n-object Y — M, where Ten(l’Q)(Y) is the space of tensor fields of
type (1,2) on Y and the other spaces are as in Definition

Clearly, any natural operator A in the sense of Definition [5.1]is of the form
AT, A, 0)=T(T,A,0)+ AT, A,0)

for a unique natural operator A in the sense of Definition So, to describe all
natural operators in the sense of Definition [5.1] it is sufficient to describe the ones
in the sense of Definition

Definition 5.3. An FM,, ,-natural operator A sending a 4-tuple (I', A, ©,.5)
consisting of a general connections I" in an FM,,, ,-object Y — M and a torsion-free
classical linear connection A on M and a vertical classical linear connection © on
Y — M and a skew-symmetric tensor field S of type (1,2) on M into a tensor field
AT, A,0,5) of type (1,2) on Y is an FM,, ,,-invariant family of regular operators
A: Con(Y) x Con’y (M) x Conyert—ctas(Y) x Ten't2) (M) — Ten™? (V)

clas skew—sym

for any FM,, n-object Y — M, where Cond),q
sical linear connections on M, Tenéll(j;z_sym(M ) is the space of all skew-symmetric
tensor fields on M of type (1,2) and the other spaces are as in Definitions and

For any classical linear connection V on a manifold M, the classical linear
connection V — 1Tor(V) is torsion free and

(M) is the set of all torsion-free clas-

V = (V— S Tor(V)) + S Tor(V)

Hence, there is the obvious bijection between the natural operators A in the sense
of Definition [5.2] and the ones A in the sense of Definition So, to describe all
natural operators in the sense of Definition [5.1] it is sufficient to describe the ones
in the sense of Definition [5.3
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Definition 5.4 ([5]). An FM,, ,-natural operator A sending a 3-tuple (I', A, ©)
consisting of a general connections I" in an F.M,,, ,-object Y — M and a torsion-free
classical linear connection A on M and a vertical classical linear connection © on
Y — Y into a tensor field A(T', A, ©) of type (1,2) on Y is an FM,, ,-invariant
family of regular operators

A: Con(Y) x Cond, (M) x Conyert—clas(Y) — Ten(1’2)(Y)

clas

for any FM,, n-object Y — M.

Proposition 5.5 ([5]). Let m > 2 and n > 3. Let A be an FM,, ,,-natural
operator in the sense of Definition , Then there are (uniquely determined) real
numbers A, ..., A2 such that

12

AT, A,0) = Xr(T,A,0)

i=1
for any triple (I', A, ©) consisting of a general connection I' in a F My, ,-object
Y — M and a torsion-free classical linear connection A on M and a vertical
classical linear connection © on'Y — M, where 7; are as in Examples[[.1H{.13

Let A be a natural operator in the sense of Definition Then we have an
F My, n-natural operator A() in the sense of Definition given by

AT, A, 0) := A(T, A, 0,0)

for any triple (I', A, ©) consisting of a general connection I' in a FM,, ,-object
Y — M and a torsion-free classical linear connection A on M and a vertical classical
linear connection © on Y — M. Clearly,

AT, A,0,5) = AN, A,0)+ AT, A,0,5)

for any 4-tuple (T', A, ©, S) consisting of a general connection I" in a FM,, ,-object
Y — M and a torsion-free classical linear connection A on M and a vertical classical
linear connection © on Y — M and a skew-symmetric tensor field S of type (1,2)
on M, where A is the natural operator in the sense of Definition satisfying
A(2)(_a R _70) =0.

So, to describe all natural operators A in the sense of Definition [5.1] it is
sufficient to classify all natural operators A in the sense of Definition satisfying
A(—,—,—,0)=0.

6. THE DIMENSION OF THE VECTOR SPACE OF ALL A WITH A(—,—,—,0) =0

Let Y = R™" be the trivial bundle R™ x R" — R™. We denote the trivial
general connection in R™" by I'° (i.e. ['° = 7" dr' ® %), the flat classical
linear connection on R™ by A° (i.e. A° = (0)) and the trivial vertical classical
linear connection on R™" by ©° (i.e. ©° = 37" da' ® 52 + D1 dyP ® %)

We study a natural operator A in the sense of Definition satisfying the
condition A(—,—,—,0) = 0. Such A is determined by the values

AT,A,0,5)(y) eTY @ T,Y ® T,Y
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for F M, n-objects Y — M, general connections I in Y — M, torsion free classical
linear connections A on M, vertical classical linear connections © on ¥ — M,
skew-symmetric tensor fields S of type (1,2) on M and y € Y,,, « € M. Using the
invariance of A with respect to (respective) fibred manifold charts, we can assume
Y =R™" y = (0,0). Further, similarly as in Section 4 in [5], using Corollary 19.8
in [4], we may assume

(4) r=re + Eri;aﬂxayﬁ d.’l?J ® % )

where the sum is over all m-tuples o and all n-tuples 3 of non-negative integers
and j=1,...,mand p=1,...,n with 1 < |o|+ |8] < K,

(5) A= (Z A;k;yxv)ivj:k:1’~~‘am ’ A A;cj v

where the sums are over all m-tuples 7 of non-negative integers with 1 < |y| < K,

(6) 0= @0+Z@Zp56$y77pdx ®8T+Z@Sp56xynpdys®8?7r7

where the first sum is over all m-tuples § and all n-tuples o of non-negative integers

andi=1,...,mand r,p=1,...,n with 0 < |[0] + |o] < K and the second sum is
over all m-tuples § and n-tuples o of non-negative integers and r,s,p=1,...,n
with 0 < |0] + |o| < K,

(7) S = ZSjgxé(dx /\d‘r])@)daﬂ"

where the sum is over all m-tuples £ and all integers 7,5,k = 1,...,m with

0 < |¢] € K, where K is an arbitrary positive integer. Here (and from now on)
. , 1. . , .
dz' N da? = E(dxl ® da! —da? @dz').

So, A is determined by the collection of smooth maps Ax: R*5) — RI =
(0 0)Rm mTRT, (0 O)Rm’” ®@TnR™" (K =1,2,...) given by

(8) Ak ((Map)s (Ain)s (Ohhis0): (O p60), (Sfie)) = AT, A, ©,5)(0,0)

where I', A, ©, S are as in 7.
Using the invariance of A with respect to ¢; X ¢y, py = tidgm, ¢ = tidgrn,
t > 0, we get the homogeneous condition

tAK((rg‘);aﬁ)a( ék;’y)?( ip; 60) (egp7 ) (Sz] 5))
= AK((tlaH_wlrp )a (t"y‘+lAz'k;’y)7 (t‘5‘+|0|+1@:p;50)7

(t\5\+|0|+1@g 2), (t\f\+15k ))

i5;€
By the homogeneous function theorem, from this homogeneity condition we obtain
that Ak is the linear combination with real coefficients of @Zp (0)(0)® @Zp;((])(0)7
Sij-(O) and l"?;a[j with |o| + |8 =1, 4,4,k=1,...,m, p,r,s =1,...,n. So, since A
satisfies the condition A(T', A, ©,0) = 0, we get
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Lemma 6.1. If m > 2 and n > 1, Ak is the linear combination of Sfj,(o) with
real coefficients.

We prove the following lemma.

Lemma 6.2. Let m > 2 and n > 1. The natural operator A is fully determined
by the value

(9) Al = A(T°,A°,0°, (dz! A da?) ® 525)(0,0).

Proof. We know that the collection of maps Ax for K = 1,2,... determines
A. Then, using Lemma it remains to prove that A(I'°, A%, 0°, (dz’ A dx') ®
%)(070) is determined by A! for i,5,k = 1,...,m. The case m = 2 is easy.
Let m > 3. Using the invariance of A with respect to the FM,, ,-map ¢ :=
(xl 22 23 +2 2t 2™yt Ly, we see that A= A(T°, A%, 0°, (dot Ndz?)®

(621 + a%3))(0,0) is determined by A! (it is the image of A! by ¢), and then
AT, A%, 0°,dzt Ada?) ® 525)(0,0) is determined by A (it is A — A'). Now, using
the invariance of A with respect to permutations of the coordinates z!, ..., 2™, we
complete the proof. O

We else prove the following lemma.

Lemma 6.3. Let m >3 and n > 1. Let Al be as in @ There are aq,...,a5 € R
such that

Al = a1 Z d(o’o)x2 &® d(o’o)l‘i &

i=1

3]
0x*|(0,0)

+azy_ dogr ©dog’ ®

— 9z 1(0,0)

+a32d(00 ®d00)y ®ayp 00)+

0
do.0y? @ d —
+a4; 0.0y ®d(,0)2° ®8yp 00)

0
d leod 2R —
+a5( (0.0)%" & do,0)% ®8331|(0,0)

d
— d(0.0)2% ® d(g,0)2' ® —— )
007" B dor @53

Proof. By the invariance of A with respect to (t'a!,... tma™ iyl ... 77y")
fort! >0,...,t" >0and 7! >0,...,7" > OwegeteasﬂyA _Z b d(oo)y”@)
(00T =1 007 @d 0,0y D505, o F2im dido,0)7' @d0,0)2°@

%Ko,o) + 30, eid(070)x2 ® d(oyo)xi ® %‘(070). Then by the invariance of A with

d(070)$2®%

respect to respective permutation of coordinates, we deduce b; = -+ = by,
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01:"':cn,d3:"‘:dm;63:"':€m- Then

Al = ai Z d(070)x2 024 d(ovo)xi ®

0
— Oz (0,0

m
+ aq Z d(o’o)xi ® d(o’o)ZQ ®

=1

0x%(0,0)

- 0
+a3 ) door® @ dooy’ © 5
p=1 Y7100,0)

+ ay Z d(oyo)yp ® d(O’O)LL‘Q

® -
— P 1(0,0)

0
/\ d 2 d 1 _
+ A1€(0,0)T” @ d(0,0)% ®8x1|(0,0)

1 20 2
+ Aado,0)%" @ d(o,0)% ®8:r1|(0,0)

+ Agd(o,o)xz & d(070)1'2 ® @K0,0) .
Then by the invariance of A with respect to (z!, 2%, 23 + 22, ..., 2™, y*, ... ,y")
(here we apply m > 3), we get Al = Al + )\3d(070)m2 ® d(o’o)xQ ® %l(o,o)' So,
A3 = 0. Then by the invariance of A with respect to (x! —22, 22, ... 2™ y', ..., y")
we get Al =AM+ Ald(o’o)l‘Q 29 d(0,0)$2 ® %‘(070) + /\Qd(o’o)l‘Q ® d(070)1‘2 X %K0,0)'
SO, )\1 = 7/\2. O

From Lemmas [6.2] and [6.3] it follows immediately the following proposition.
Proposition 6.4. Let m > 3 and n > 1. The real vector space of all natural

operators A in the sense of Deﬁnition satisfying the condition A(—,—, —,0) =0
is of dimension < 5.

7. LINEAR INDEPENDENCE OF SOME NATURAL OPERATORS

Let 7; (i =13,...,17) be as in Examples [4.13{4.17, We define natural operators
by

x; (for j =1,...,5) in the sense of Definition
(10) X (F’ Aa o, S) = Tj+12(F7 A+ S, 6) - Tj+12(F’ A? 6)

for any 4-tuple (T, A, ©, S) consisting of a general connection I in a F.M,, ,-object
Y — M and a torsion-free classical linear connection A on M and a vertical classical
linear connection © on Y — M and a skew-symmetric tensor field S of type (1,2)
on M. Clearly, x;(—,—,—,0) =0.

Proposition 7.1. Let m > 3 and n > 1. The collection of natural operators
X1,--->X5 @S linearly independent over R.
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Proof. Denote ¥ := (I'°, A°,0°, (dz' A dz?) ® %) . Then

X5 (8) = T1245(31) — m245(2°)
where X! := (I'?,A,0°), £ := (I°,A°,0°) and A := A° + (dz' A da?) ® 2.
Clearly,

o ] o 1
T} =0, (0% =0, (©)r =0, Aly=—Ay = 3 and other Aj; =0.
Then, by Lemma U(X!) has expression
1 )
dnP =0, d¢t = §(§1dm2 — &%dz') and other d¢ =0.
Then we have
0
® a5  —door’®doenr' @ 37
0at |00y OOT FEOOT EHT 00
where Tor(¥(31)) is the torsion tensor of ¥(X1). Similarly, Tor(¥(3°)) = 0. Then

Tor(¥(X"))(0,0) = d,0)z" ® d(g,0)2°

X1 = d(070)$1 ® d(0,0)1'2 &® %‘(070) — d(0,0)952 ® d(070)$1 ® @l(op)»

X2 = *i d(0,0y” ® do,0)2° ® % » X3 = *i d(o.0)2” ® do,0)y" @ % :
1 Y7 1(0,0) =1 Y7 1(0,0)

By - , , 0 N " ) R,

X4 = —Z d(o’o)x’ & d(070)$ ® o I(0,0), X5 = —Z d(o,o).’ll ® d(o,o)l‘l &® B |(070)7

i=1

Il
s

(2

where X; 1= x;(2)(0,0). Then x1, ..., x5 are linearly independent because X1, ..., X5
are (here we use m > 3 and n > 1). O

8. THE MAIN RESULT

Proposition 8.1. Let m > 3 and n > 3. Any natural operator A in the sense of
Definition is of the form
12 1
AT, A,0) = U(I,A,0) + Y Nry(T, A — 5 Tor(8), ©)

i=1
° 1 1
+ ; 1 x; (T, A — iTor(A), o, §Tor(A))

for (uniquely determined by A) real numbers X', 7, where 7; are as in Examples

x; are defined by (10]), Tor(A) is the torsion tensor of A and ¥(T', A, ©) is
as in Example @ Consequently, the vector space of all F M, n-natural operators
in the sense of Definition[5.3 is of dimension 17 over R.

Proof. It follows immediately from Propositions and and Section [5 (in
particular Proposition . O

Proposition 8.2. Let m > 3 and n > 3. The collection of FM,, n-natural
operators Ty, ...,T17 from Examples 1s linearly independent over R.
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Proof. By Section [7] we can write

X5 = X3 (2)(0,0) = 71245(31)(0,0) = T1245(X°)(0,0) = m124,(%)(0,0).
Then the collection 713(%1)(0,0),...,717(X%)(0,0) is linearly independent over R,
see Proof of Proposition|[7.1} Further, 71(£%)(0,0),...,712(2")(0,0) are 0. Moreover,

the collection 74, ..., 72 is linearly independent over R because of Proposition [5.5]
So, the collection 71, ..., 717 is linearly independent over R. O

Theorem 8.3 (The main result). Let m > 3 and n > 3. Any FM,, ,-natural
operator A in the sense of Definition [5.1]is of the form

17
AT A,0) =U(I,A,0)+ ) vir(I, A, 0)
i=1
for (uniquely determined by A) real numbers v, where 71, . .., 717 are as in Examples
and ¥ is as in Example
Proof. It follows immediately from Propositions [8:1] and O
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