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Abstract. This paper presents several sufficient conditions for the existence of weak
solutions to general nonlinear elliptic problems of the type

—diva(z,u, Vu) + b(z,u, Vu) =0 in Q,
u=0 on 0,

where € is a bounded domain of R™, n > 2. In particular, we do not require strict mono-
tonicity of the principal part a(z, z, -), while the approach is based on the variational method
and results of the variable exponent function spaces.
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1. INTRODUCTION AND MAIN RESULTS

We deal with the existence of weak solutions to general elliptic Dirichlet problems
of the type

(1.1)

—diva(z,u, Vu) + b(z,u, Vu) =0 in §,
u=20 on 01,

where Q is a bounded domain of R™, n > 2. Hereafter, a(z, z,£) and b(z, 2,£) are

always supposed to satisfy the assumption

(H1) a: @ x R x R" — R™ and b: Q x R x R™ — R satisfy the Carathéodory
conditions and

(1.2) la(z, 2, )] < ag|€[P@ 1 + ay|2]1@/P @ 4 £ (2),
(1.3) |b(z, 2, €)| < bol¢[P@/® by |21~ 4 fo(a)
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for a.e. x € Q and all (z,£) € R x R™, where p and ¢ are functions such that

(1.4) p,q € C(9),
(1.5) l<p = igfp(x) <pti=supp(z) < 0,
np(a:?
— if p(x n,
(1.6) p(o) < gla) <pia) o= 4 n-p() VS
00 if p(z) = n,

and ag, a1, by and by are given nonnegative constants, f; € Lp'(')(Q), fo €
L70(Q) and p/(x) = p(a)/(p(x) — 1).

The study of partial differential equations and variational problems involving op-
erators with variable exponent growth conditions has received more and more in-
terest in the last few years. It was found that these problems with the p(z)-growth
are related to modeling of electrorheological fluids, nonlinear elasticity and image
restoration; see, e.g., [4], [27], [31].

Elliptic Dirichlet problems with variable exponent have been studied by several
authors. In [3], [9], [7], [11], [30] the existence of nontrivial weak solutions for the

p(z)-Laplacian Dirichlet problem

—div(|Vu|P®=2Vu) = b(z,u) in Q,
u=0 on 0N

has been established assuming, among others, that the lower order term b satisfies
b(z,2)] < b1]2]?®) =1 + by. Similar results have been proved for the problem with
b(x,u) replaced by k(z)|u|"®)~2u + b(z,u); see, e.g., [8], [18], [22].

The principal part of the above equation, the p(z)-Laplacian, was generalized
in some papers. Galewski (see [15]) and Zhou (seen [32]) studied the cases that
a(@,2,€) = a@) [P0 2¢ and a(z, 2,) = (1+ P/ /1+ €7 [¢P@)-2¢, re-
spectively, where 0 < ap < a(z) < a1 < oco. In particular, Pucci and Zhang
(see [24]), and Rédulescu (see [25]) considered the equation with a(z, z, &) = a(x, ),
provided that a(z, ) is strictly monotone in ¢, i.e.,

(a(x,{) - a(%n))(f - 77) >0 when g # ,

among other requirements, while b(x, z, £) is independent of £. Mihailescu and Re-
povs (see [23]) studied the existence of weak solutions to the Dirichlet problem for a
special equation

—div(a(z,u)(AVu, Vu) PO =2D/2ATy) = f(z), zeQ,
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where A(z) = (ai;j (2))nxn, aij = aji, a;j € L=(Q) N CHQ),

n

(AL, €) = Z aij(0)&& = €7 Ve e QVEER”

4,j=1

and a: Q x R — R is a Carathéodory function for which there exist constants
0 < agp < a1 such that

ap L afr,z) <oy forae xzeQVzeR.

Moreover, they assumed that a continuous function p(x) is in (2, 00) and satisfies the
inequality
Jo [VuP@ dz

Al = ST -
! ueC(@\{0}  [q, [ulP® dz

)

which condition is very restrictive. Indeed, a sufficient condition on p(-) in order to
satisfy A; > 0 is that there exists a vector [ € R™\ {0} such that, for any = € Q, the
function f(t) := p(z + tl) is monotone in ¢t € I, := {t: = +tl € N}, see [12].

In our opinion the paper which dealt with the existence of weak solutions for the
most general elliptic Dirichlet problem with variable exponents seems to be that of
Fu and Yu (see [14]) up to date. They considered the Dirichlet problem for the higher
order elliptic equation

> (DD (2, &m(w) = G+ f(z,u), zEQ,

lal<m

DBy =0, r€INV|B <m—1,

where &, = {{u: |a] < m}, G is a bounded linear functional on Wom’p(')(Q),
and f(z,z) is a Carathéodory function and satisfies some structural conditions
including the critical growth. Moreover, they assumed that the principal part
(aa(,&m—1,Cm))|aj=m is strictly monotone in G, i.e.,

Z (aa(xvfmflvgm) - aa(xvfmflvgr/n))(fa - f(;) >0

|al=m

when G, # ¢, where G = {€a: |a] = m}, and

Y aa(@ &m)éa = Clenl"™ = h(z), heL'(Q), C>0,

laf<m

|0 (2, Em)| < ClémP® 7! + ho(z),  ho € LPO(Q),
and, in particular, p(z) is Lipschitz continuous and satisfies 1 < p~ < p™ < n/m.
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To our knowledge, [13] is the only paper concerning the existence of weak solutions
for elliptic Dirichlet problems with variable exponent of the type (1.1) under the
condition that a(z, z, £) is monotone in &, but not strictly monotone. In that paper,
the authors have considered the Dirichlet problem for the quasilinear elliptic system

—diva(z,u,Vu) = f in Q,
u=20 on 0},

where f € (Wol’p(')(Q, R™))*, p(z) is Lipschitz continuous and 1 < p~ < pT < n,

and a: Q x R™ x M™*" — M™*" where M™*" denotes the real vector space of
m X n matrices equipped with the inner product M : N = M;;N;; (with the usual
summation convention), satisfies the growth condition similar to (1.2) and coercivity
a(z,z,€) : € = agl¢P) — ay(x), a; € LY(Q), ag > 0, and for any 2 € Q and z € R™,
€ — a(w, 2,€) is a Cl-function and monotone, i.e.,

(al,2,€) —a(z,z,m) : (€—n) >0 for any &,y € M™ ™.

For an overview of elliptic equations with variable growth, we refer to [17] and [25].
The aim of the present paper is to improve the existence results of [13] and [14].
As seen above, the conditions on p(-) assumed in [13], [14] to obtain the existence
of weak solutions are too restrictive, while such strong conditions on p(-) need for
using the embedding results from [10]. In contrast to [13] and [14], we assume that p
is only continuous in  and satisfies (1.5), and we employ the embedding results
from [20] (see Propositions 2.2 and 2.3 below).
The following assumptions on a and b will be used.
(H2) For a.e. z € , all z € R and all £, n € R™, the inequality

(17) (a(xazaf)_a(x7z7n))(§_n) >0
holds.

(H3) For a.e. x € Q, a;(z,-,:),i=1,...,n, and b(z, -, ) belong to WI})’Cl([R x R™) and
impose the symmetry conditions

Oai(x,2,€) _ Oaj(z,2,€)  Oa(x,2,§) 0b(z,z,§)

8£j 851 ’ 0z 8&
for all 1 <i,j < m and for a.e. (z,2,£) € 2 x R x R™.
(H4) There exist ¢g > 0, f3 € LPO/®PO=10)(Q) f, € L90)/@)=r2()(Q) and func-
tions 71,79 € C(Q) with r1(z) < p(z) forany z € Qand 1 < r; <7rf < p~
such that
a(z, 2, )& +b(x, 2,8)z > oY) — f(@)[¢] W) = fa(w)|z|"

for a.e. z € Q and all (z,£) € R x R™.

(1.8)
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Our first main result is the following.

Theorem 1.1. Let (H1)—(H4) be satisfied. Then the Dirichlet problem (1.1) has
a weak solution.

In the present paper, we also show that there exists a weak solution of (1.1) without
requiring the assumption (H3). Namely, in Theorem 4.4, we prove the existence of
weak solutions of (1.1), assuming the lower order term b(x, z, ) is independent of £
or linearly dependent on £ and some growth conditions are satisfied, where we do
not require (H3). Moreover, the following theorem shows the existence result under
the further assumption that a(z, z, -) is strictly monotone and b(z, z, £) is nonlinearly
dependent on not only z but also £. The second result of this paper is the following.

Theorem 1.2. Let (H1) be satisfied. Assume that the following conditions hold:
(H5) For a.e. x € Q and all z € R, the inequality

(1.9) (a(z, 2,§) —alz,z,m)(§ —n) >0 when & #1n

holds.
(H6) There exist ¢ > 0, fy € LIO/@)=200)(Q) and f5 € L' (Q) such that
(1.10) a2, 2, )€+ b(x, 2,)2 > col€[") — fa(w)|2|**) — f(x),

where ro is continuous on ) and satisfies 1 < Ty < 7"; < p~. Then the prob-
lem (1.1) has a weak solution.

Compared with the known existence results for the elliptic Dirichlet problems
with variable exponent, our results are more general in the following sense. As
mentioned above, in [13] and [14] the authors assumed that p is Lipschitz continuous
and 1 < p~ < pT < n, but in this paper we only require that p is continuous on
and 1 < p~ < pT < co. Fu and Yang in [13] studied the general elliptic systems with
variable growth in which the principal part a(z, z, £) is monotone in £, but not strictly
monotone, and the lower order term b is independent of u and Vu : b(z, 2, £) = b(z),
while in Theorems 1.1 and 4.4 we generalized the condition on b to the case when b is
dependent on u and Vu. Fu and Yu (see [14]) studied the elliptic equation in which
a(zx, z,£) is strictly monotone and b satisfies a critical growth condition that is more
general than (1.3), but the conditions in [14] on the power exponents of |z| in (1.2)
and |¢] in (1.3) are stronger than those of Theorem 1.2 due to the assumption (1.6).

The proofs of Theorems 1.1, 1.2 and 4.4 are more difficult in comparison
with [13], [14] for the reason of general and sharp conditions on the coefficients
a(x, z,€) and b(z, z,£). The proof of Theorem 1.1 is based on the variational method
and several properties of variable exponent spaces. Here, we adapt some ideas
explored in [26] for the constant exponent case.

287



Theorems 1.2 and 4.4 are proved by using the theory of pseudomonotone operators.
For more details on this topic see, e.g., [1], [16], [26]. For the proofs of Theorems 1.2
and 4.4 we need Lemmas 4.2 and 4.3, respectively, such lemmas are proved by using
Leray-Lions’ technique (see [21]) under suitable variable exponent growth conditions
on the lower order term b.

The paper is divided into four sections. In Section 2 we present some preliminary
knowledge of the variable exponent spaces and some results which we use in the next
sections. In Section 3, we prove Theorem 1.1. In Section 4, by using the theory of
pseudomonotone operators, we prove some existence results including Theorem 1.2.

2. PRELIMINARIES

Let © be a bounded domain in R™, n > 2, and P () be the set of all Lebesgue
measurable functions p:  — [1,00]. We put Q = {z € Q: p(z) = co}. Given
p € P(Q), let

p~ :=essinfp(x), pT :=esssupp(z)
IS zEQ

and let the conjugate exponent function p’ be defined by the formula
1 . 1
p(z)  p'(x)

with the convention that 1/00 = 0.

=1, ze€q,

Given p € P(Q) and a measurable function u, define the modular associated
with p by

TEQ oo

oo (@i= [ Jul@) P do + esssupu(o).
2\ Qoo

We put LP()(Q) to be the set of measurable functions u such that g,)(u/\) < co
for some A > 0. Define the Luxemburg norm on LP()(Q) by

lullpey := inf{A > 0: gpey(u/A) < 1}

Put
WP (Q) == {u e LPO(Q): |Vu| € LPV(Q)}

with the norm
lullipey = [IVullpe) + [[ullpey,  where [Vullpey = [[[Vaull|p-

Denote by W7 (Q) the closure of C3°(€) in W120)(Q).
Given p € P(Q), for all u € LPO)(Q) and v € LF'()(Q), then uv € L* () and the
Holder inequality

A lu(z)v(x)| de < Cpeyllullpeyllvlly
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holds, where
1
Cp(.) = (p—_
and Q1 = {z € Q: p(x) =1}, Qo := Q\ (21 UQx), and xg is the characteristic
function of E (see Theorem 2.26 in [5]).
For every f € (LP()(Q))* there exists a unique function v € L? ()(Q) such that

1
= 1) Ixeoloe + o oo + el

flu) = /Qu(x)v(x) dz Yue LPO(Q)

and 1
L ORN FARSE [l PIOF

provided p € P(2) N L>®(Q). The dual space to LP()(Q) is LV’ ()(Q) if and only if
p € P(Q) N L>(Q).

The variable exponent spaces LP()(Q), W'P()(Q) and Wol’p(')(Q) are complete
and, moreover, separable if pT < oo or reflexive if 1 < p~ < pt < oo.

For a measurable set E' in R™ we denote by |E| the n-Lebesgue measure of E. If
p,q € P(Q) and p(x) < ¢(z) for a.e. x € Q, then LI (Q) is continuously embedded
in LP()(Q) and

lullpy < A+ 19D ullg) Vue LO).

Given p € P(Q) N L>®(Q), for every u € LP)(Q) there holds the inequality
. - + . - +
win{ s g} < [ P de < maxfull .l

Given p € P(Q) N L>®(Q), and r € L>®(2) with 0 < r~ <rt < oo and 1 < r(z)p(x)
for a.e. x € Q, then for every u € L"?()(Q) it follows that

: T rt r(- r rt
mln{HuHr(~)p(~)’ ||u||7"(~)p(~)} < lful ()Hp(-) < maX{HuHT(~)p(~)’ ||u||7"(~)p(~)}'

Proposition 2.1 ([20], Theorems 4.1 and 4.2). Let h: & x R™ — R be a
Carathéodory function, where m is a given natural number. If for given p;,
r e P(Q)NLX(Q),i=1,...,m, there exist a function g € L")(Q) and a constant
C > 0 such that

A, )] < C Y|P /) 1 g(a)

i=1

for a.e. v € Q and every £ € R™, then the Nemyckii operator Ny, defined by

Nu(u, .. yum)(x) == Wz, ur (), ... um (), x€Q,
maps LP10)(Q) x ... x LP»()(Q) in L")(Q), and is continuous and bounded.
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Proposition 2.2 ([20], Theorem 3.9). Assume that p € C(Q) with p(x) > 1 for
allz € Q. If g € C(Q) and 1 < q(z) < p*(x) for every x € Q, then there exists
a continuous and compact embedding

Wy P(Q) < L10(9).

Proposition 2.3 ([20], Theorem 3.10). Let p € P(Q) N C(2). Then
lull = I Vallp.)

is an equivalent norm in Wol’p(')(Q).

For more results on the variable exponent spaces LP()(Q) and W?()(Q), we refer
to [6], [20].

Now we list several well known results which will be used in the next sections.

Proposition 2.4 ([2], Corollary 2.8.7). Let ¢: 2 X (a,b) — R be a function such
that for every t € (a,b) the function ¢(-,t) is integrable on € and for a.e. x € ) the
function ¢(z,-) is differentiable, and there exists an integrable function g such that
for a.e. x € Q we have |0p(x,t)/0t| < g(x) for all t simultaneously. Then the function

F: tH/gp(x,t)dx
Q

is differentiable and

F'(t) = /Q %dx.

Proposition 2.5 ([29], Proposition 42.6). Let ¢: X — R be a functional on the
real Banach space X. Suppose the Gateaux derivative ¢': X — X* exists on X.
Then ¢’ is monotone on X if and only if

pv) —p(u) = (¢'(u),v—u) YuveX,
where (-,-) is the duality pairing between X and its dual X*.

A functional ¢: X — R U {£o0} is called weakly lower semicontinuous if for any
u € X the inequality
o(u) < liminf p(uy)
k—o00
holds for every sequence {ux} in X such that uy — u as k — oo, where up, — u
means the weak convergence of the sequence {uy} to u.
A functional ¢: X — R on the Banach space X is called coercive if
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Similarly an operator A: X — X* is called coercive if

(A(u), u)

——2— =00 as |uf = oo.
[l

An operator A: X — X* is called pseudomonotone if A is bounded and

up — u, limsup{A(ug),ur —u) <0
k—o0

=Vove X, (Alu),u —v) < liminf(A(uk), ux — v).

k—o0

Proposition 2.6 ([26], Theorem 4.2). Let J: X — R be Gateaux differentiable
and weakly lower semicontinuous and A = J'. Then, if J is coercive, the equation
Au = f has a solution for any f € X*.

Proposition 2.7 ([26], Theorem 2.6). Let A: X — X* be pseudomonotone and
coercive. Then, for any f € X*, the equation A(u) = f has solution.

We say that a function u € Wol’p(')(Q) is a weak solution to the problem (1.1) if

(2.1) / (a(x,u, Vu)Vv + b(z,u, Vu)v)de = 0 for every v € Wol’p(')(Q).
Q

3. PrROOF OF THEOREM 1.1

In what follows, for brevity, we write X instead of VVO1 P0) (Q). From Proposition 2.3
we are able to define the norm on X by ||u|| := ||Vu/|,.). The assumption (H1) and
the results on LP()(Q) and Wol’p(') (Q) mentioned in Section 2 are sufficient for us to
define the operator A: X — X* by

(3.1) (A(u),v) := /Q(a(x,u,Vu)Vv +b(z,u, Vu)v)de, u,ve X.

It is easy to see that A is bounded. Obviously, u € X is a weak solution of (1.1) if
and only if A(u) = 0. Put

1
(3.2) o(z,2,£) = / (a(x,tz,t&)E + b(x, tz,t€)z) dt.
0

It is known from the assumption (H3) that the equalities
op(x,2,8) .

(3.3) 2%, =a;(z,2,§), i=1,...,n,
Op(x,2,8) _

(3.4) 5, = 0,28

hold for a.e. € Q and all (z,£) € R x R™; see Roubicek [26], page 117.
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It follows that the functional J: X — R defined by
(3.5) J(u) == / o(z,u, Vu)dz, ueX,
Q

is continuous by using the assumption (H1), Propositions 2.1 and 2.2.

Lemma 3.1. Let (H1) and (H3) be satisfied. Then J is Gateaux differentiable
and J' = A with A given by (3.1).

Proof. Fix u,v € X. Define the function

(3.6) t— J(u+tv) = / o(x,u+tv, Vu + tVo) dz.
Q

Putting

wéz(?—é,...,?—i),

it follows from (1.2), (1.3), (3.3) and (3.4) that for any ¢ € [0, 1],

g (@, u + tv, Vu 4 tVv) V|

< (ao|Vu 4tV 4 a4y |u 4 t|1@/P' @ 4 f (2)) |Vl

< g ([VulP 1 4 [V PO 4 a0V o s@/P@) o ()W),
|0 (2, u + tv, Vu + tVo)v|

< vaq(|vu|p(x)/q/(x) + |Vv|p(x)/q/(x) + u|4@ =1 @ £ ()],

where the constant C), , depends on ay, a1, bo, b1, p(-) and ¢(-). It is obvious that the
right-hand sides of the above inequalities are integrable on 2. Therefore, by Propo-
sition 2.4, J(u + tv) defined by (3.6) is differentiable with respect to ¢ € [0,1] and

%J(u—ktv):/Q%go(x,u—ktv,Vu—kth)dx
:/(a(x,u—i—tv,Vu—i—th)Vv-I—b(x,u—i—tv,Vu—l—th)v)dx
Q

by (3.3) and (3.4). Thus, the directional derivative DJ(u,v) of J at u in the
direction v is

o Jutt) = Jw)  d
(3.7) DJ(u,v) := }1_1}(1) . =%

= /Q(a(x, u, Vu) Vo + b(x, u, Vu)v) de = (A(u), v).

J(u+ tv)|i=o
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We use (1.2), (1.3) and the Young inequality to get

la(x, u, Vu)Vo + b(x, u, Vu)v
< O(IVulP® + [VolP@ 4 [u]t®) 4 o]0 + | £ ()@ + | fo()] 7 @),

where the constant C' depends on ag, a1, bo, b1, p(-) and ¢(-).

Finally, it follows from Propositions 2.1 and 2.2 that DJ(u,-): X — R is linear
and continuous, and therefore J is Gateaux differentiable in X and J' = A by (3.7).
Lemma 3.1 is proved. (|

Lemma 3.2. Let (H1), (H2), (H3) be satisfied. Then J is weakly lower semicon-
tinuous.

Proof. Suppose that a sequence of functions u; weakly converges to u in X.
Hence, by Proposition 2.2, ux — u strongly in L()(Q). We have

lo(x,2,6)] < O(EF™ + [27) + g(x)

by using (1.2), (1.3) and (3.2), where C is an constant and g is an integrable func-
tion on Q. So, by Proposition 2.1, o(z, ug, Vu) — o(x,u, Vu) strongly in L*(Q)
and by (1.2) and (3.3) we have ¢ (x, u, Vu) — ¢i(x,u, Vu) strongly in LY O(Q).
By (3.3), (H2), the monotonicity of a(z, z,-) is just the monotonicity of ¢ (x, 2, ),
hence from Proposition 2.5 we have

o2, uk, Vur) — (@, ug, Vu) > ¢ (2, uk, Vu) - (Vug, — Vu).

Therefore, by using the above limits we get

liminf/go(x,uk,Vuk)dx
Q

k—o0
= 1ikm inf/ (p(x, ug, Vu) + (p(x, ug, Vug) — ¢(z, ug, Vu))) dz
— 00 Q
> / o(z,u, Vu)dz + lim [ @g(x,up, Vu)(Vu, — Vu) dz
Q k—o0 Q
= / o(z,u, Vu) dz.
Q

Lemma 3.2 is proved. ([l

Lemma 3.3. Let (H1) and (H4) be satisfied. Then J is coercive.
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Proof. By (H4) and (3.2), we have
1
oo, 2, ) :/ téa(x,tz, t&) + tzb(x, tz, t€) gt
0

t
>/ ! eolteP ) — Syl @ — fa(@leel @
0 t
— i'ﬂp(m) f3(x) ri(z) _ f4(x) |Z|r2(m)

p(x) r1(x) ra(z)
Suppose that ||| is large enough. Using the Young inequality with ¢ = ¢q/(2p™)
and the results on LP()(2) and Wol’p(')(Q) and (3.5), we get

C
¢ - —Tr1(x
gpr Iul” =€ /Qlf3<x>|p<x>/<p<m> @) dg

o ri
= 2[[fallq()/(at)—rayy max{lull .y, [[ull 7}
<2p+| ulfpm = —C/|f3 )P PE=ED 4z — Ol fall o), rz()>>||ul|

Since p~ — 7“2 > 0, thus J is coercive. O

Proof of Theorem 1.1. By combining Lemmas 3.1-3.3 and Proposition 2.6 it
follows that (1.1) has a weak solution. O

Remark 3.4. We emphasize that (H3) is not necessary for A to have a potential.
Indeed, for example, if n = 1 and a = a(z, ) and b = b(z, z), then the Carathéodory
condition is obviously sufficient; ¢(x,-,-) is just the sum of the primitive functions
of a(z,-) and b(z, ).

4. PROOF OF THEOREM 1.2
The proof of Theorem 1.2 is based on the theory of pseudomonotone operators.

Lemma 4.1. Suppose that a sequence of functions {uy} weakly converges to u
in LP()(Q) and converges to v almost everywhere in Q. Then u = v.

Proof. From the assumptions it follows that {uz} is bounded in LP()(Q) and

lim |ug(z)P@) = |v(z)P®) for ae. 2 € Q.
k—o0
Thus, by the Fatou lemma, we have

/ lo(z)[P™) do = / lim inf ug (2)[P®) dz < liminf/ Jug(x)|P®) dz < M < oo.
Q q k—oo k—oo Jo
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So v € LPM)(Q) and v is finite almost everywhere in Q. Put

Q= {x € Q: sup|ug(x)| > l}, l=12,...
k>l

Obviously, then ; is a measurable set and

D)

Q= {x € Q: limsup |ux(z)| = oo}.

k— o0

=1

It follows that llim || = 0 since ﬂQl‘ =0 and D Q1. Let w € LF'O(Q).
Then e =1
lug(z)w(z)| < lw(z)] YVk=1

for a.e. x € '\ ;. Therefore, by the dominated convergence theorem we get

(4.1) leII;O o ug(z)w(z)de = /Q\m v(z)w(z) de.

On the other hand, by the weak convergence of {uy} to u in LP()(Q), we have

fim [ de = Jim [ @)oo @)= [ a6 o

It follows from this result and (4.1) that
/ uxo\o,wdr = / vxo\qwdr Vw e Lp/(')(Q)
Q Q

and so u(z) = v(z) for a.e. x € Q\ ;. Therefore, u(z) = v(x) for a.e. x € Q since
|| — 0 as I — co. Lemma is proved. O

Lemma 4.2. Let (H1), (H5) and (H6) be satisfied. Then the operator A defined
by (3.1) is pseudomonotone.

Proof. Assume that up — v in X and

(4.2) lim sup(A(ux ), ur — u) < 0.

k—o00

We have to prove that
(4.3) (A(u),u —v) < 1ikm inf(A(ux),ur —v) for any v € X.
—00

Let u, w € X. Putting
(B(w,u),v) = / (a(z,w,Vu)Vuv + b(z,w, Vw)v)dz, v e X,
Q
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it follows from (H1) that B(w,u) € X*. Obviously, A(u) = B(u,u). Let us put
Uue = (1 —e)u+ewv, € € (0, 1]. Since

(B(uk,ur) — B(ug, ue), up — ue) >0
by (1.9), it is easy to see that
(4.4) e(A(ur),u —v) = —(A(uk), ur — u) + (B(ug, ue), ux — u) + e(B(ug, ue), u — v).

It follows from Proposition 2.2 that uj, — u in L) (Q) and by (1.3) the sequence
{b(z, ur, Vuy)} is bounded in L7 ) (Q). Therefore

(4.5) / b(x,ug, Vug)(up —u)de — 0 as k — oo.
Q

Moreover, it follows from (1.2) and Proposition 2.1 that

(4.6) ai(z, uk, Vue) = a;(z,u, Vue) as k — oo in L O(q).
Since Vuy, — Vu in (LPO)(Q))™, from (4.5) and (4.6) we have

(4.7) klg& (B(ug, ue), up, — u)

= lim [ (a(x,ug, Vue)(Vur — Vu) + b(z, ug, Vug)(ur, — 1)) dz = 0.

k— o0 Q
Now we prove that
(4.8) lim (B(ug, ue),u —v) = (B(u, ue),u — v).
k—o0
Since
(B(uk, ue),u — vy = / (a(z, uk, Vue)(Vu — Vo) + bz, ugk, Vug) (v — v)) dz
Q
and (4.6) hold, in order to show (4.8), it suffices to prove that

(4.9) lim [ b(x,uk, Vug)(u —v)de = / b(x,u, Vu)(u — v) dz.
k—oo Jo Q

Since u — v € LIO)(Q), (4.9) follows if we prove that
(4.10) b(x,ug, Vug) — b(z,u, Vu) as k — oo in Lq/(')(Q).

Since {b(z, ug, Vuy)} is bounded in L9 (Q) and L9 ()(Q) is reflexive, there exist
a subsequence {b(z,u,, Vug,;)} and g € Lq/(')(Q) such that b(x,ug;, Vug,) — g in
L70)(Q). Putting

ag; (z) := (a(z, ug,; (), Vug, () — a(z, ur, (x), Vu(x)))(Vug, (r) — Vu(x)),
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by (1.9), (4.2) and (4.7) we have

0 < lim sup/ ag, (x) dz = limsup(B(u,, ur,;) — B(ug,,u), ug; —u)
Q

Jj—o0 j—o0
= limsup(A(ug; ), ur, —u) — lim (B(ug;,u), ux; —u) <0,
j—)OO J—0o0
Then there is a subsequence {ak;} which converges to 0 for a.e. z € Q2. Without loss
of generality, we can assume that

(4.11) up () = u(z), op(z) =0 askj — oo

for a.e. x € €. Take a measurable set ' C € satisfying the following conditions:
|2\ Q| =0 and (1.2), (1.9) and (4.11) hold and a(z, z,£) is continuous in (z,&) €
R x R™ and [V (2)| < oo, [Vu(z)| < oo, [fi(x)] < oo, [f2(x)| < oo, [fa(z)| < oo,
|f5(x)] < oo for any = € . Let x € Q' be fixed. Using (1.3), (1.10) and the Young
inequality, we get

C T 2 q(;c)—l xT ro(x
a(@, 2, )6 > I = (7 ()7 1) 1179 — o)zl — fa(@) 22O ~ fo(a).
co
If {Vuy ()} is unbounded, then there exists a subsequence {Vuyy (z)} C {Vug, (2)}

such that Vi, (x) — & and |&| = co. Hence, by (1.2) and the above inequality it
is easily seen that

vy (z) = alz, Uy (z), Vuk;/ (x))Vuké/ (x)

= C(|Vury (@7 + [V (@) +1) = 00 as ki — oo,

which contradicts the fact that {ak;/ (x)} converges to 0. Hence {Vuk; ()} is
bounded. Let {& € R™ be an accumulation point of {Vuk; (x)}. Assume that
Vg (z) = &o as k] — oo, where {Vuk;/ (x)} is a subsequence of {Vuk;. (2)}. Then
by (4.11), it follows that

Qg (z) = (a(z,u(x),&) — alz, u(z), Vu(z)))(§o — Vu(z)) =0 as k] — oo

and, thus, from (1.9) we have { = Vu(z). This implies that {Vuy ()} has the
unique accumulation point Vu(z). Therefore, it follows that Vg () = Vu(z) as
kj — oo. Thus
b(z, U (), Vg, (x)) = b(z, u(z), Vu(zx))
for a.e. z € Q. Hence, by Lemma 4.1 we have g(z) = b(x, u(z), Vu(z)) and this
implies that (4.10) holds. Using (4.2), (4.7) and (4.8), it follows from (4.4) that
liminf(A(ug), u —v) = (B(u,u.),u — v).

k—o0
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However, since u. — u as € — 0 in X, it follows from Proposition 2.1 that
(B(u,ue),u —v) = (B(u,u),u —v) ase—0,
so we have

(4.12) liminf(A(ug),u — v) = (A(u),u — v).

k—o0

Since it follows from (1.9) that (B(uk,ur) — B(ug,u),ur — u) > 0 and we have
klim (B(ug,u),ur, —u) = 0 by replacing u. in (4.7) by u, we get
—00

(4.13) lim inf(A(ug), ur —u) > 0.

k—o0

Combining (4.12) and (4.13), we have

likminf<A(uk),uk —v)y = likminf(<A(uk), ug — u) + (Aug), u — v))
—00 —00
> liminf(A(ug), ur — u) + liminf(A(ug), v — v)
k—o00 k—o0

> (A(w),u—v).

Therefore (4.3) is proved. U
Proof of Theorem 1.2. From (H6) we have

(Au,u) = /Q(a(a:, u, Vu)Vu + b(x, u, Vu)u) de

g /Q(Colvul”(”) — |fa(@)|fu]"**) — f5(x)) de
-
2 (collull® =" = Cll fallacy/cacr—ra2) = 15l lull;

provided ||ul| is large enough (see the proof of Lemma 3.3 for detail). Since p~ > rJ,
thus A is coercive. Therefore, by Proposition 2.7 and Lemma 4.2, the problem (1.1)
has a weak solution. O

As seen in the proof of Lemma 4.2, the condition (H5) was used only to ensure
that the subsequence {VukS, ()} converges to Vu(x) for a.e. €  in order to prove
the weak convergence (4.10). The following lemma shows that if the lower order
term b is independent of £ or linearly dependent on &, then it allows us to replace
the condition (H5) in Lemma 4.2 by the monotonicity condition (H2).

Lemma 4.3. Let (H1) and (H2) be satisfied except (1.3) and let one of the fol-
lowing two cases hold:
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(i) b is independent of €, i.e., b(x,z,&) = b(x,z) and b: Q x R — R satisfies
(4.14) bz, 2)| < br[2|" 7+ fo(a)

for a.e. x € Q) and all z € R, where the constant by and functions q, fs are the
same as in (H1).

(ii) b is linearly dependent on &, i.e., b(x,2,&) = b(x,2) - & and b: Q xR — R" is a
Carathéodory function satisfying

(4.15) 1b(x, 2)| < ba|2| (M@ =Dp@)=m@)/p@) 4 £(y)

for a.e. x € Q and all z € R, where by is a nonnegative constant and variable
exponent p is the same as in (H1) and m is a function satisfying p'(xz) < m(z) <
p*(x) for any z € @ and m € C(Q) and f € LPO™ O)/@()=m"())(Q). Then the
operator A defined by (3.1) is pseudomonotone.
Proof. Case (i): Since the condition (4.14) on b is a special case of (1.3), it
remains only to show that

(4.16) klg& A b(x,ug)(u —v)de = /Q b(z,u)(u —v)dx

instead of (4.9), where {ur}, v and v are the same as in the proof of Lemma 4.2.
Since up — u strongly in L)(Q) by Proposition 2.2, it follows from (4.14) and
Proposition 2.1 that b(x,u;) — b(z,u) strongly in L7 ()(Q). Hence, we use that
u—wv € LI(Q) to get (4.16).

Case (ii): Using the Schwarz inequality and Young inequality, it follows from (4.15)
that

bz, 2,€)| = |B(x,z) €] < (by + 1)|€|P(w)/m’(x) + b2|z|m(x)—1 + |f(x)|p(x)/(l?(:c)—m/(x)).

Since feLp(-)ﬂl'(~)/(p(~)*m'(-))(9)7 putting fo(z) := |f(x)|p(x)/(p(x)*M'(w)) eLm’(')(Q)’
we obtain the inequality

[b(z, 2, )] < (bz + D[EP@/™ @) by |2 @71 4 fo(2),

which is similar to (1.3). Hence, like in Case (i), in order to prove Case (ii), it suffices
to show that

(4.17)  lim [ b(z,uk) - Vupwdr = / b(x,u) - Vuwdz for any w € L™0O(Q).
Q

k—o0 Q

Since up — wu in X, the sequence {Vuy} converges weakly to Vu in (LP()(Q))™.
Therefore, if

(4.18) b(z, ug)w — b(x, u)w strongly in (L' ) (€)™,
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then it follows that (4.17) holds. By the Hoélder inequality we have
(4.19) / b(, u)w — bz, w)wl” @) dz
Q

< 20wl Oy 8@, ) = B, W) i) m) =)
< 2max{||w]| ) lwl 7)) }
x max{ |[b(z, wx) = bz, W) [0y —pr (o
15, wk) = B w1200 smey - -
It is clear that

m@p'(@) _ p@m'@ () = Dp() - mi)
m(z) —p/(2)  pla) —m/(a) p(a)

Thus, from (4.15) and Proposition 2.1, it follows that
b(z, ug) — bz, u) strongly in (L™ O/(mO=p"() (),

where we used the fact that uj, — u in L™()(Q), which follows from Proposition 2.2.
Lemma is proved. (I

Theorem 4.4. Let the hypothesis of Lemma 4.3 hold, and let, in addition, the
assumption (H6) be satisfied. Then the problem (1.1) has at least one weak solution.

Proof. In last part of the proof of Theorem 1.2, we showed that the operator
A: X — X* defined by (3.1) is coercive. Therefore, the proof of Theorem 4.4 is
completed by using Proposition 2.7 and Lemma 4.3. O

Remark 4.5. In papers [19] and [28], the authors studied the regularity prop-
erties of weak solutions to elliptic equations with the general nonstandard growth
conditions. According to [28], Theorem 1.1, under slightly stronger conditions on
the data in (H1) and (H6), that is, fi € LP'OsO(Q), fy € LIOO(Q), f3 €
LrOsO/wO)=rO) | e LaOsO/@O=rO)(Q), f5 € L*O(Q) for some s € C(Q) satis-
fying s(z) > p*(x)/(p*(z) — p(x)) for all z € 2, the weak solution of (1.1) is bounded
in , where we use the convention co/oco = 1. If, in addition, p is log-Holder contin-
uous in €2, i.e.,

1
~Ip(z) = p(y)lloglz —y| < C Va,y €, o —y[ <5
and () is sufficiently smooth, for example, €2 satisfies a uniform exterior cone condition
on 99, and u is a weak solution of (1.1) then u € C%%(Q) for some o € (0, 1); see [28],
Theorem 1.2.
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