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Abstract. We identify new classes of structured matrices whose numerical range is of the
elliptical type, that is, an elliptical disk or the convex hull of elliptical disks.
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1. INTRODUCTION

The numerical range of A € C"*™ is the subset of the complex plane defined and
denoted as

W(A) :={z*Az: x € C", 2"z = 1}.

The numerical range is unitarily invariant, i.e., invariant under unitary similarity
transformations. The Toeplitz-Hausdorff theorem asserts that W (A) is a convex set.
It is also well-known that it contains o(A), the spectrum of A. Moreover, every
extreme point (corner) of W(A) is an eigenvalue of A. If A is unitarily similar to
A1 ®...@ A, with p > 2, then W(A) is the convex hull of W(A;)U...UW(A,). In
particular, if A is normal, then W (A) is the convex hull of 0(A). Kippenhahn proved
that W (A) is the convex hull of the so called generating curve, see [13]. For more de-
tails and a comprehensive discussion of the basic properties of W (A) see e.g. [11], [12].

The Elliptical Range Theorem states that the numerical range of A € C2*? is
an elliptical disc with foci at A; and Ao, the eigenvalues of A, and a minor axis of
length (tr(A*A) — |A1]? — [X2]?)'/2. The elliptical shape of the numerical range of
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matrices of size n > 2 and operators has deserved the attention of several researchers,
see [1], [3], [4], [5], [6], [7], [8], [9], [10], [13], [14], [15], [16]. This is the case e.g. for
certain Toeplitz matrices and operators (see [1]) or for quadratic matrices (that is,
those with minimal polynomial of degree 2), see [4]. In [1], refining an idea of Marcus
and Pesce (see [15]), the numerical range of banded biperiodic Toeplitz operators is
characterized by performing a reduction to the 2 x 2 case, and taking the convex
hull of an infinite number of elliptical discs. In a recent work (see [10]), classes
of 2 x 2 block matrices with scalar diagonal blocks whose numerical range is the
convex hull of at most a finite number of ellipses have been given. The main goal of
this note is to present new classes of matrices with elliptical shape numerical range.

In Section 2 we introduce some notation and auxiliary results. In Sections 3 and 4,
we identify classes of antitridiagonal matrices, with at most two nonzero antidiagonals
and constant main diagonal, having elliptical shape numerical range. Our approach
is based on a reduction by permutation similarity of these matrices to tridiagonal
ones, leaving the numerical range unchanged. We focus on the antibidiagonal case
in Section 3 and on the antitridiagonal case with 0 main antidiagonal in Section 4.
In Section 5 an illustrative example is presented.

We note that the antitridiagonal matrices we consider here can be partitioned
into 2 x 2 block matrices whose principal blocks are scalar. In this perspective, we
emphasize that we add new classes of block matrices to those in [10].

In our statements we will consider matrices with a 0 main diagonal. Using the
elementary property

W(aA +bI) = W(A) +b

for any a,b € C, our results can be extended to matrices with a constant main
diagonal.

2. NOTATION AND AUXILIARY RESULTS

The following notation will be used throughout. Given b = (by...,b,-1), a =
(a1,...,ay) and ¢ = (c1,...,¢n—1), we denote by T'(n; b, a, c) the n x n tridiagonal
complex matrix with subdiagonal b, main diagonal a and super diagonal c,

a1 ¢ 0
b1 a9 C2
T= ba
Cn—1
0 bn—l Gn,
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By A(n;b,a,c) we denote the n x n antitridiagonal complex matrix with suban-
tidiagonal b, main antidiagonal a and super antidiagonal c,

0 c1  ap

A= b1
Cpn—2 .

Qp, bn,1 0

In the case b = 0 (¢ = 0), the antibidiagonal matrix is denoted by A(n;0,a,c)
(A(n; b, a,0)).

The numerical range of a tridiagonal matrix is invariant under the switching of
any two corresponding off-diagonal entries, b; and ¢;, see [4], Lemma 3.1. In [4],
Theorem 3.3, a class of tridiagonal matrices with elliptical numerical range is ob-
tained. We next state a particular case of this result that will have a crucial role in
the sequel. For this purpose the following notation is needed.

By 0(B) we denote the largest singular value of a matrix B. For complex numbers

di,...,d,—1, we denote the [5] x [ 5| matrix
di
dy ds
X(n;d,d") := dy ds ,

with d = (dy,ds,...) and d’ = (da,dy,...). Here |z| (or by [z]) denotes the largest
(smallest) integer smaller (larger) than or equal to the real number z.

Theorem 1 ([4]). Consider the tridiagonal matrix T'(n;b,0,c). Assume that
there is J1 C {1,...,n — 1} and k € C such that b; = k¢; for j € J; and c¢; = kb;
forje Jo={1,...,n—1}\ Ji. Let dj = ¢; for j € J1 and d; = b; for j € Jo. Let
0= 0(X), where X = X(n;d,d’), d = (d1,ds,...) andd’ = (d2,dy,...). Then W(T)
is an elliptical disc centered at the origin, with foci, major axis length and minor
axis length, respectively,

+ovk, o(k|+1), ollkl -1
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3. ANTIBIDIAGONAL MATRICES WITH ELLIPTICAL SHAPE NUMERICAL RANGE

In this section we will be concerned with antibidiagonal matrices with zeros above
the main antidiagonal. Antibidiagonal matrices with zeros below the main antidiag-
onal can be obtained from them by a similarity transformation via the permutation
matrix R, = A(n;0,(1,...,1),0), which preserves the numerical range.

Let k € C and denote by F,,(k) the class of matrices A = A(n;b,a,0), where

a=(ay,...,ap)and b = (by,...,b,_1) are such that
_ . n
aj = kant1—; or a,., ,=ka;, j=1,..., {—J,

and

— — —1
by =Kbuy or buj=kb, j=1lo. "0,
Forj=1,...,|5], let
An+41—j5 if a; = k;an+1_j,
dj = . _
a; if Un41—5 = kaj.
Forj=1,..., L"T_lj, let
bp—; if b = kbp—j,
digjes = b . o
' if bn_j = kbj

Theorem 2. Let k € C. Consider the antibidiagonal matrix A = A(n;b,a,0) €
Fulk), with a = (a1,...,a,) and b = (by,...,b,—1). Suppose that a(,11y2 = 0
if n is odd and b,/ = 0 if n is even. Let ¢ = o(X), where X = X(n;d,d’),
d = (di,dz2,ds,...,d|»)) and d = (dizj1,d2)42,.-.,dn—1). Then, W(A) is the
elliptical disc centered at the origin, with foci, major axis length and minor axis
length, respectively,

tovE, ol +1), ollkl 1l

Proof. By [2] the antibidiagonal matrix A = A(n;b,a,0) in the statement is
permutationally similar to T'(n; b’, 0, c’) with

/ /
b’ = (an;blaanflvb%anf% e aa(n/2)+1)7 c = (alvbn717a2vbn72;a3a cee aan/Q)v

if n is even, and

b’ = (a’na bi,an—1,b2,an—2,..., b(n—l)/Q)v c = (a’lv bn-1,a2,bn—2,as3, ..., b(n+1)/2)7
if n is odd.
Now the claim follows from Theorem 1. O
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4. ANTITRIDIAGONAL MATRICES WITH ZERO MAIN ANTIDIAGONAL
AND ELLIPTICAL SHAPE NUMERICAL RANGE

4.1. Odd size matrices. Let k € C and n be odd. Denote by H,,(k) the class of
matrices A = A(n;b,0,c), with b= (by,...,b,—1) and ¢ = (c1, ..., ¢p—1) such that,
for j = 1,...,%(71—1),

C2j—1 = kcn—2j+1 or Cp—2j+1 = kCQj—l;

and

b2j = kbn72j or bn72j = k@

Forj:l,...,%(n—l),let

boj  if by oj = kb

J Cn—2j+1 if coj—1 = kCn_2541, and d bp—oj if byj = kbp_oj,
2j—1 = ] 2 =
C25—1 if Cn—2j+1 = k?CQj—h

Theorem 3. Let k € C and n be odd. Consider the antitridiagonal matrix
A = A(n;b,0,c) € Hp(k), with b = (by,...,bp—1) and ¢ = (c1,...,¢n-1). Let
0= o(X), where X = X(n;d,d’) for

dz(dl,dg,...,dn_g) and dI:(dQ,d4,...,dn_1).

Then, W (A) is the elliptical disc centered at the origin and with foci, major axis
length and minor axis length, respectively

+ovk, o(lk|+1), ollkl -1

Proof. From [2], the antitridiagonal matrix A = A(n;b, 0, c) is permutationally
similar to T'(n;b’,0,c’) with

b’ = (Cnfla b2; Cp—3, b4a <5 C2, bnfl) and ¢ = (Clv bn727 C3, bn74; ce 3 Cn—2, bl)

The result is now a consequence of Theorem 1. (I

We notice that the class of matrices considered in the previous theorem includes
the real antitridiagonal Hankel matrices of odd size with zero main antidiagonal.
Recall that a Hankel matrix has constant entries on each antidiagonal.
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4.2. Even size matrices. Let k1, ks € C and n be even. Denote by G,,(k1, k2)
the class of matrices A = A(n;b,0,c), with b = (by,...,b,—1) andc = (c1,...,¢n—1)
such that

Coj—1 = ki1Cn2j51 or cp_2j41 = kiCaj—1,

and

boj_1 = kabp_2j41 or bnp_oj11 = kabaj_1,

where j =1,...,[%], and
bgj = klbn—Qj or bn—Qj = klgj’

and

coj = koCrn_g; or Cn—2j = kaCaj,

wherejzl,...,L”—*QJ.
For j=1,...,[%], let

Cn—2j+1 if coj_1 = k1€ 2541,
C2j—1 if cp_gj+1 = k1C25_1,

and

FONN bp—ojy1 if boj_1 = kabn_2541,
boj—1 if bp—2j+1 = kaboj_1.

o [ b = kb
bo—g; if baj = k1bp_2j,

Fol {CQj if ¢,,—2; = koCaj,

Cn—2j if Co5 = kgcn_gj.

Theorem 4. Let k1, ke € C and n be even. Consider the antitridiagonal matrix
A= A(n;b,0,c) € G, (k1, ko) withb = (b1,...,bp—1), €= (C1,...,¢n—1) and by o =
cns2 = 0. Let

d, = (dgl)v d:(sl)a s d(l) )7 d/l = (dél)v dz(ll)a s d(l) )a

»2l -1 o nr?)
and
2 2 2 2 2 2
do = (A2 1o nd ), dh=(d2), ... d,dP),
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if %n is even, and

d?,ds?),  dy = (df)

— (g
d2 —_— (d (n/2)_27"'7

2 2
B 1 d?,d?),

if %n is odd. Let o1 = o(X1) and g2 = o(Xs2), where X; = X(%n,dl,d’l) and
Xy = X(4n,d2,d}). Then, W (A) is the convex hull of two elliptical discs C1 and Ca
centered at the origin, where C;, i = 1,2, has foci, major axis length and minor axis
length, respectively,

Toivki, oi(lkil +1), oillki| — 1|
Proof. By [2], matrix A is permutationally similar to 77 @ T, where 77 =
T(in;b},0,c}) and T, = T(3n;bh, 0, ch) with
bll = (Cnfla b2; Cn—3, b47 s C(n/2)+1)7 b/2 = (b(n/2)+17 -y Cq, bnf?n C2, bnfl);
C'1 = (c1,bn—2,¢3,bp 4, .. -,C(n/2)71), C'z = (b(n/2)71, ooy Cn—a,b3,Cn_2,b1),
if %n is even, and
b} = (cn—1,b2,¢n=3,b4, ..., bns2y—1), b = (C(nj2)—1,-- -4, bn—3,¢2,bp_1),
Cll = (Cla bn—27 €3, bn—4a EREE) b(n/2)+1)a C/2 = (C(n/2)+17 -+ Cn—4, b3a Cn—2, bl)a

if %n is odd. The claim follows from Theorem 1, being in mind that the numerical
range of a direct sum of matrices is the convex hull of the numerical ranges of the
direct summands. O

5. AN EXAMPLE

Let ~ _
00 0000320

1 5

00000 3 0 3
000032010
Azooooogoo

001 00000
020320000
102 00 0 00

0 £ 00 0 0 0 0]

Using the notation in Section 4.2, we have A € gg(%, 5). Moreover,

d; = (c7,¢5), dj = (b2),
dg = (b7,b5), d/2 = (Cg).
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Then, 0, and po are the largest singular values of

1 0 111 0
X1|:1 1:| and XQZ|:1 1:|,

respectively, that is, g1 = 1.618 and g2 = 0.040451. According to Theorem 5, W (A)
is the convex hull of the elliptical discs C; and Cs, centered at the origin, with focus,
major axis and minor axis, respectively,

j:le \ kl = i19816, Q1(|k‘1| + 1) = 4045, Q1||k1| — 1| = 0.809
for C1 and

toov/ kg = £0.9045,  0a(|ka| + 1) =2.4271, 02of|ke| — 1| = 1.6180

for Cy. See Figure 1.

Figure 1. Boundary generating curves of W(A), for A in the example.

References

[1] N. Bebiano, J.da Providéncia, A.Nata: The numerical range of banded biperiodic
Toeplitz operators. J. Math. Anal. Appl. 398 (2013), 189-197.

[2] N. Bebiano, S. Furtado: Remarks on anti-tridiagonal matrices. Appl. Math. Comput.
378 (2020), Article ID 125008, 10 pages.

[3] N. Bebiano, I. M. Spitkovsky: Numerical ranges of Toeplitz operators with matrix sym-
bols. Linear Algebra Appl. 436 (2012), 1721-1726.

[4] E.S. Brown, I. M. Spitkovsky: On matrices with elliptical numerical ranges. Linear Mul-
tilinear Algebra 52 (2004), 177-193.

[6] M.-T. Chien: On the numerical range of tridiagonal operators. Linear Algebra Appl. 246
(1996), 203-214.

[6] M.-T. Chien, H. Nakazato: The numerical range of a tridiagonal operator. J. Math. Anal.
Appl. 373 (2011), 297-304.

[7] R.T. Chien, I. M. Spitkovsky: On the numerical ranges of some tridiagonal matrices.
Linear Algebra Appl. 470 (2015), 228-240.

1022

zbI[MRfdoi|
zblMRfdoi]
2l MRfdoi]
zblMRfdoil
zblMRfdoi]
zbI[MRfdoi|
zbIMRfdoi]


https://zbmath.org/?q=an:1283.47030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2984325
http://dx.doi.org/10.1016/j.jmaa.2012.08.029
https://zbmath.org/?q=an:1437.15017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4051886
http://dx.doi.org/10.1016/j.amc.2019.125008
https://zbmath.org/?q=an:1248.47005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2890952
http://dx.doi.org/10.1016/j.laa.2011.06.019
https://zbmath.org/?q=an:1059.15030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2074861
http://dx.doi.org/10.1080/0308108031000112589
https://zbmath.org/?q=an:0862.47001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1407667
http://dx.doi.org/10.1016/0024-3795(94)00353-X
https://zbmath.org/?q=an:1205.47007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2684480
http://dx.doi.org/10.1016/j.jmaa.2010.07.025
https://zbmath.org/?q=an:1309.15036
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3314314
http://dx.doi.org/10.1016/j.laa.2014.08.010

[8] M.-T. Chien, L. Yeh, Y.-T. Yeh, F.-Z. Lin: On geometric properties of the numerical

range. Linear Algebra Appl. 274 (1998), 389-410. IMR]

[9] M. Fiermann: Field of values and iterative methods. Linear Algebra Appl. 180 (1993),

167-197. MR

[10] T. Geryba, I. M. Spitkovsky: On the numerical range of some block matrices with scalar
diagonal blocks. To appear in Linear and Multilinear Algebra. doi
[11] K. E. Gustafson, D. K. M. Rao: Numerical Range: The Field of Values of Linear Opera-

tors and Matrices. Universitext. Springer, New York, 1997. MR

[12] R.A. Horn, C.R. Johnson: Topics in Matrix Analysis. Cambridge University Press,

Cambridge, 1991. IMR]

[13] R. Kippenhahn: Uber den Wertevorrat einer Matrix. Math. Nachr. 6 (1951), 193-228.

(In German.) MR

[14] E. M. Klein: The numerical range of a Toeplitz operator. Proc. Am. Math. Soc. 35

(1972), 101-103. MR

[15] M. Marcus, C.Pesce: Computer generated numerical ranges and some resulting theo-

rems. Linear and Multilinear Algebra 20 (1987), 121-157. MR]

[16] P.X. Rault, T. Sendova, I. M. Spitkovsky: 3-by-3 matrices with elliptical numerical range

revisited. Electron. J. Linear Algebra 26 (2013), 158-167. MR

Authors’ addresses: Natalia Bebiano, Mathematics Center of the University of
Coimbra, Mathematics Department, University of Coimbra, 3001-454 Coimbra, Portugal,
e-mail: bebiano@mat.uc.pt; Susana Furtado (corresponding author), Center for Func-
tional Analysis, Linear Structures and Applications, Faculty of Economics, University of
Porto, Rua Dr. Roberto Frias, 4200-464 Porto Portugal, e-mail: sbf@fep.up.pt.

1023


https://zbmath.org/?q=an:0903.15010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1611958
http://dx.doi.org/10.1016/S0024-3795(97)00373-X
https://zbmath.org/?q=an:0784.65022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1206415
http://dx.doi.org/10.1016/0024-3795(93)90530-2
http://dx.doi.org/10.1080/03081087.2020.1749225
https://zbmath.org/?q=an:0874.47003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1417493
http://dx.doi.org/10.1007/978-1-4613-8498-4
https://zbmath.org/?q=an:0729.15001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1091716
http://dx.doi.org/10.1017/CBO9780511840371
https://zbmath.org/?q=an:0044.16201
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0059242
http://dx.doi.org/10.1002/mana.19510060306
https://zbmath.org/?q=an:0268.47029
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0296725
http://dx.doi.org/10.1090/S0002-9939-1972-0296725-4
https://zbmath.org/?q=an:0626.65038
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0878290
http://dx.doi.org/10.1080/03081088708817748
https://zbmath.org/?q=an:1283.15072
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3065855
http://dx.doi.org/10.13001/1081-3810.1646

