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Abstract. We introduce Engel elements in a BCI-algebra by using left and right normed
commutators, and some properties of these elements are studied. The notion of n-Engel
BClI-algebra as a natural generalization of commutative BCI-algebras is introduced, and
we discuss Engel BCl-algebra, which is defined by left and right normed commutators. In
particular, we prove that any nilpotent BCI-algebra of type 2 is an Engel BCI-algebra, but
solvable BCI-algebras are not Engel, generally. Also, it is proved that 1-Engel BCI-algebras
are exactly the commutative BCI-algebras.
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1. INTRODUCTION AND PRELIMINARIES

BCK-algebras and BClI-algebras are two important classes of logical algebras in-
troduced by Iséki in 1966 which have been extensively investigated by several re-
searchers (see [6]). From then, mathematicians have studied and developed many
concepts in these algebraic structures. For instance, Lei and Xi showed that each
p-semisimple BCI-algebra can be converted into an abelian group and, conversely,
that each abelian group can be converted into a BCI-algebra (see [8]). Some proper-
ties of these structures were presented in [3], [5], [7], [8]. The first author introduced
pseudo-commutator of two elements in a BCK-algebra (see [9]). After that, the
present authors used this notion to define a solvable BCK-algebra and considered
solvable BCK-algebras using commutators (see [10]). Then we gave a new defini-
tion for solvability, nilpotency, centralizer and pseudo-center in a BCl-algebra and
considered their properties (see [11], [12], [13]).
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In this paper, we present a definition for the notion of Engel element in BCI-
algebras based on commutators. We define also the notion of Engel set of a subset
of a BCl-algebra, give several characterizations of it, and prove that the class of
commutative BClI-algebras and 1-Engel BCI-algebras are equal. We also illustrate
these notions by some examples. One of the most important concepts in the study
of groups is the notion of nilpotency. Engel groups are certain generalized nilpotent
groups that have received considerable attention in recent years (see [6], [7]). It
is known that there exists a one-to-one correspondence between each p-semisimple
BCl-algebra and an abelian group (see [9]). Since a group is 1-Engel if and only
if it is abelian (see [7]), p-semisimple BCI-algebras have connections with 1-Engel
groups. This is one of the main motivations for defining the Engel BCI-algebras.
However, it is shown in group theory that the inverse of a right Engel element is left
one. But it is still an open problem whether every right Engel element of a group
is a left Engel element (see [1], [2]). We show that the answer to this question in
BClI-algebras is negative. Due to the close relationship between p-semisimple BCI-
algebras and abelian groups, perhaps this will be an incentive for finding a negative
answer to this question in group theory. We use the notion of Engel BCI-algebra to
develop other new concepts such as solvability and nilpotency of type 2, in BCK-
and BCl-algebras, and to discuss further properties of these concepts. We can also
investigate the variety and some subvarieties of this specific type of BCI-algebras.

By a BCl-algebra, we mean an algebra (X, x,0) of type (2,0) satisfying the fol-
lowing axioms for all x,y,z € X (see [5], [7], [6]):

(BCI1) ((zxy)*(xx2))*(z2*xy) =0,

(BCI2) (z* (z*y))*y =0,

(BCI3) xxa =0,

(BCI4) xzxy =y=*x =0 implies z = y.

Recall that given a BCI-algebra X, the BCI-ordering < on X is defined by x < y if
and only if z xy = 0 for any x,y € X. If in a BCl-algebra (X, x,0) the condition
0+ x = 0 for all x € X holds, then it is a BCK-algebra. A BCI-algebra X has the
following properties for all z,y,z € X:

(BCI5) z %0 =z,

(BCI6) (zxy)* 2= (xx*2)x*y,

(BCI7) x < yimplies zxz < y*z and zxy < z * x,

(BCI8) 0 (zxy) = (0xx)*(0*y),

(BCI9) zx(z*(z*y)) =x*vy.

An element x € X is called positive if 0 < z, i.e. 0z = 0. The set of all positive
elements of X is said to be the BCK-part of X. We say that an element = of X
is minimal if y < = (i.e. y * 2 = 0) implies x = y for any y € X. The set of all
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minimal elements of X is said to be the p-semisimple part of X. An element x is
called maximal if x < y implies x = y, for any y € X. If there exists n € N such
that 0 % 2™ = 0, then x is called nilpotent, where 0% 2™ = (... ((0*z) *xx)*...) % x
and z occurs n times. An ideal I of X is a subset of X such that

(i) 0el,

(ii) z,y*x € I imply y € I for any z,y € X.

A subalgebra Y of X is a nonempty subset of X such that Y is closed under
the BClI-operation * on X. If Y is both an ideal and a subalgebra of X, we call
it a closed ideal of X. If I is an ideal of a BCI-algebra X, then the relation 6
defined by (z,y) € 0 if and only if z xy € I and y xx € I is a congruence relation
on X. We usually write C, for {y € X: (z,y) € 8}. Moreover, Cy = I is a closed
ideal. Assume that X/I = {Cy: x € X}. Then (X/I,*,Cy) is a BCl-algebra,
where Cp x Cy = Cyuy for all z,y € X. Also C, < C, if and only if z < y. Let
(X,%,0) and (Y;-,0) be two BCI-algebras. Then a map f: X — Y is called a
homomorphism if f(xxy) = f(x)- f(y) for all z,y € X. A BCl-algebra X is called a
commutative BCI-algebra if x < y implies * = x Ay, where z Ay = y* (y*z). In any
commutative BCI-algebra X, for all z,y € X we have (y Azx)x (x Ay) =0x* (z xy).
A BCI-algebra X is called associative if x % (y x z) = (z xy) x z for all z,y,z € X.
A BCl-algebra X is called p-semisimple if 0% (0 x ) = z for all z € X. In any
p-semisimple BCI-algebra X, the following statements hold for all z,y € X (see [5]):

(PSBCIL) z* (0xy) =y * (0*x),

(PSBCI2) 0% (y*xx) = x * vy,

(PSBCI3) z * (z*xy) =y.

From now on, (X, *,0) or simply X is a BCI-algebra, unless otherwise specified.

Definition 1.1 ([11]). (i) Let z1,z2,..., 2z, be elements of X. Then the element
((x1 Axa)* (xa Ax1)) % (0% (z1 % x2)) of X is called a pseudo-commutator of 1 and xs
of weight 2 and denoted by [z1, z3].

[x1,22]) = (2 A1) * (21 A x2)) * (0% (21 % 22)).

If 219 Axg = [x1,22] * (x2 A z1) Or Ta A &1 = [21,22] * (1 A x2), then [zq1,z9] is
called the commutator of z; and z2. In general, the element [zq,z9,...,z,] =
[[z1,. .. Tn-1],2n] is a pseudo-commutator of weight n > 2, where by convention
[z1] = x1.

(ii) For nonempty subsets A and B of X, the commutator of A and B is
[A, B] = {[ai1,bj,] * [aia, bjy] % ... % [ain, b, ]: aiy, € A, b, € B, n € N}

So, the commutator [A, B] is the set of all finite *-products of commutators of kind
[a,b] with a € A and b € B. When A = B = X, [X, X] is denoted by X"’.
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Theorem 1.2 ([10], [4]). Let X be a BCK-algebra and x,y € X. Then
(i) [z,y] <z and [z,y] <y,

(ii) ify <z, then [z,y] =0,

(i) [z,y] =y if and only if y =0, so y # 0 if and only if [z,y] < y.

Theorem 1.3 ([11]). X is commutative if and only if X’ = {0}.

Definition 1.4 ([12]). The set {z € X: [z,y] = [y,2] = 0 for all y € X} is
called the pseudo-center of X and is denoted by Z(X).

Definition 1.5 ([13]). We define C'(X) = [X, X],...,CF(X) = [CF}(X), X]
and C1(X) = [X, X],.. ,Cr(X) = [Cr—1(X), Cr—1(X)]. X is said to be nilpotent of
type 2 (respectively, solvable) if there exists n € N such that C™(X) = {0} (respec-
tively, C,(X) = {0}). The least such n is called the nilpotency class (respectively,
derived length) of X.

Theorem 1.6 ([13]).
(i) Suppose that X is nilpotent of type 2. Then the nilpotency class of X is less
than or equal to n if and only if [[x1, 22, ..., Zn-1],2,] =0 for all z; € X.

(ii) There are proper inclusions of classes:

{commutative BCI-algebras} C {nilpotent BCI-algebras of type 2}
C {solvable BCI-algebras}

(iii) Any finite BCI-algebra is solvable.

2. ENGEL ELEMENTS IN BCI-ALGEBRAS

Suppose that x and y are elements of X. For the pair (x,y) and a non-negative
integer n we define inductively the n-Engel left normed commutator [z, ,y| as follows:

[xaoy] =T, ..., [x;ny] = [[xvnfly]vy]'

Also the n-Engel right normed commutator [,x,y] of the pair (z,y) is defined by
induction as follows:

[Ol‘,y] =Y, - [nx,y] = [J), [n—1x,y]]-

Especially, [z,1y] = [1z,y] = [z,y] = (y Az) * (x Ay)) * (0 (x *y)).
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Definition 2.1. For a positive integer k, an element x of X is called a right
k-Engel element of X whenever [z,,y] = 0 for all y € X. An element z of X is
called a right Engel element if it is right k-Engel for some non-negative integer k.
We denote by R(X) and Ry (X) the set of right Engel elements and right k-Engel
elements, respectively. So

Rpy(X)={z e X: [z,py] =0forally € X}

and
R(X) = | Ru(X).
kEN
Notice that the variable element y appears on the right of the bracket and that
if n can be chosen independently of y, then x is a right n-Engel element of X. Left
Engel elements are defined in a similar way.

Definition 2.2. For a positive integer k, an element x of X is called a left k-
Engel element of X whenever [y,,z] = 0 for all y € X. Also, z is said to be a
left Engel element of X if it is left k-Engel for some non-negative integer k. We
denote by L(X) and Ly(X) the set of left Engel elements and left k-Engel elements,
respectively. So

Ly(X)={reX :[y,rx] =0forally € X}

and

L(X) = |J Lr(X).

keEN
In Definition 2.2, the variable y is on the left of bracket. Also, since [z,0] =
[0,2] =0, for every x € X, 0 € R(X) N L(X).

Definition 2.3. An element x of X that is both the left and right Engel element
is said to be an Engel element. The set of all Engel elements of X is denoted by
En(X). Obviously, 0 is an Engel element in any BCI-algebra.

Example 2.4. Let X ={0,a,b,c,d} be a BCI-algebra in which * is defined by
the following table:

x|0 a b ¢ d
0(0 0 0 0 O
ala 0 0 a O
blb a 0 b O
cle ¢ ¢ 0 c
dld d d d 0
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The pseudo-commutators of elements of X are given by the following table:

[]10 a b ¢ d

0 |0 0 0 0O

a [0 0 0 0 a

b [0 0 0 0 b

c |0 0 0 0 O

d |00 0 0 O
By routine calculations, we obtain [a,2d] = [[a,d],d] = [a,d] = a, [a,3d] =
[[aan]ad] = [aad] = a, [b72d] = [[bv d]ad] = [bad] = b and [baJd] = [[ban]vd] =
[b,d] = b. For every positive integer n, we have [a,,d] = a, [b,n,d] = b and

hence a,b ¢ R(X). Therefore R(X) = {0,¢,d} and L(X) = {0,a,b,c}. Thus,
En(X) ={0,c}.

Lemma 2.5. Let z,y € X. Then for each n € N the following assertions hold:

(i) [z*y,z] =0 and [z,z *xy] = 0.

(ii) [z, ny| and [nz,y| are positive elements of X .

(iii) [oz,y] = 0.

(iv) If X is a BCK-algebra with |X| > 2, then [z, ,y] and [,z,y] are not maximal
elements.

Proof. (i)
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(ii) Suppose that z,y € X and n € N. We will proceed by induction on n. If
n =1, then

0 [z,y] = 0% (((zx (zxy)) * (y * (y x ) * (0 (z xy)))

= ((0x (2 (xxy))) * (0% (y * (y * 2)))) * (0 (0% (2 xy))))

= (((0x2) % (0 (z % y))) * (0% y) % (0 (y *2))))
* (0% ((0xx) % (0xy)))

= (((0%2) % ((0xz) % (0% y))) * (0% y) * (0% y) * (0xx))))
* (0% ((0xx)%(0xy)))

= (((0x2) % ((0xz) % (0% y))) * (0% y) * ((0xy) x (0xx))))
* (0% (0x2)) (0% (0%1y)))

= (0 2) * (0% 2) % (0 y))) * (0% (0% 2)) * (0% (0 xy))))
# (0% ) ((0xy) * (0 )))

= (((0%2) % ((0% (0% 2)) (0% (0% y)))) * (0% z) x (0xy)))
* (0% y) (0 y) * (0xx)))

=((0%(0x(0x2))*x(0x(0x(0*y)))*xx)*((0xxz)* (0xy)))
# (05 ) ((0xy) * (0 )))

= (((0# (0 (0% 2)) % (0% (0% (0x9)))) * (0% 2) * (0xy))) *x)
# (0% ) ((0xy) * (0 )))

= ((((0x2) % (0 y)) * (0% x) * (0xy))) )
* (0% ) ((0xy) * (0xx)))

= (0 2)* (0 y) * ((0xy) * (0 x)))

= (0 ((0xy)* ((0xy) (0xx)))) *x
(05 (((0 (0 y) * (0% 2))))) *y) * =

= (((0% (0% (0% y))) % (0 (0 (0% x)))) * (0xy)) *z

= (((0xy) * (0% z)) * (05 y)) xx

= (((0xy) (0% y)) x (0x2)) *x

=0x(0*xz))*xx=0

Thus [z, y] is a positive element of X. Assume that the hypothesis is true for n. So,
0% [x,,y] =0=0x[nx,y]. Hence 0 [x, n41y] = 0% [[x, ny],y] = [0 * [z, ny],0x y] =
[0,0%y] =0 and 0 * [,417,9] = [0 % x,0 * [,z,y]] = [0 % 2,0] = 0. Hence the result
holds for any positive integer n.

139



(iii) We first show that [z,y] xx = 0% (x A y).

2z,y] = [, [z, y]]
= ((z* (z * [2,9])) = ([z,y] = ([z, y] x x))) * (0 (z * [z, y]))
= ((z* (z x[2,9])) * ([z,y] * (0% (y * (y * 2))))) * (0 3) * (0% [2,9]))
= ((@x (z* [z,9])) * ([z,y] = (0% (y * (y x ))))) * (0 * 2) * 0)
= ((@x (z*[z,y])) * (0x2)) * ([z,y] * (0 (y * (y x2))))
= ((z* (0% 2)) * (z* [z,y])) * ([z, y] * (0% (y * (y * 2))))
< ([z,y]* (0% 2)) = ([z,y] * (0% (y * (y * 2))))
< (0 (y = (y*x2))) * (0*x)
=0x((yx(yx2))*xx)=0x0=0

(iv) We proceed by induction on n. For n = 1, we show that [x,y] is not a
maximal element of X. Suppose that there exist  and y in X such that [z,y] is
a maximal element of X. Then [z,y] = v, as [z,y] < y. Hence y = 0. Therefore
[z,y] = [#,0] = 0. This is a contradiction, because, if 0 is a maximal element of X,
then from 0 < = we deduce X = {0}.

Now assume that for n € N, [z,,y] and [,z,y] are not maximal elements of X.
Since [, n11y] = [[%,ny],y] < [2,0Y], [T, nt1y] is not maximal. Also [,+12,y] =
[, [n2,y]] < [nz,y]. Since [,z,y] is not a maximal element of X, [,+12,y] is not
either. Hence the result holds for n + 1 in both cases. O

Lemma 2.6.
(i) If X is a p-semisimple BCI-algebra, then any x € X is an Engel element of X .
(ii) Let X be commutative. Then any x € X is an Engel element of X.
(iii) Let X be associative. Then any x € X is an Engel element of X.

140



Proof. (i) Let X be a p-semisimple BCI-algebra. Then for all z,y € X

[xvly] = [lxvy] = [xvy]
((z* (xxy))* (y=* (y*2))) * (0 (z*y))
(yxz)« (0« (z*xy)) = (y*z)*x(yxz)=0.

Hence x is an Engel element of X. (The last two equalities are obtained from the
properties of (PBCI2) and (PBCI3)).

(ii) Since [z,y] = 0 for all x,y € X in any commutative BCI-algebra X. Therefore,
every element of X is an Engel element.

(iii) Let X be associative. Then for each x,y € X we obtain

[(E, ly] = [1$,y] = [xay]

= (@ (zxy))x (y* (yx)*(0x(zxy))
= (((z*z)xy) « ((y*xy) =) = ((0%2) xy)
= ((0%y)* (0% z)) * (0% 2) xy) = (0% y)* (05 x) % (0% x) *y))
= (0% y)x (((0%z)* (0% x)) *y) = (0% y)* (0xy) = 0.
Therefore every element of X is an Engel element. (Il

However, it is still an open problem whether every right Engel element of a group
is a left Engel element (see [1]), but Example 2.4 shows that the answer to this
question in BClI-algebras is negative.

By the following example, it can be shown that the converses to parts (i), (ii), (iii)
of Lemma 2.6 are not true.

Example 2.7. Let X = {0,a,b, c} be a BCI-algebra in which the operation
is defined by the following table:

QS O
o oo oOlo
Q2 O Ol
S e NoNel il
[l el e Rl KoY

By routine calculation, we obtain [b, ¢] = a and [z,y] = 0 for other z,y € X. On the
other hand, [b, 2¢] = [[b, ¢], ¢] = [a,¢] = 0. So En(X) = X. But X is not commutative,
because b = cAb # bAc=a. Also X is not p-semisimple, because 0* (0xa) = 0 # a.
BClI-algebra X is not associative, because b* (bxa) =a # (bxb) xa =0.

In the following remark, we study the relationship between an Engel element and
positive, nilpotent, maximal and minimal elements in a BCI-algebra.
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Remark 2.8. By Lemma 2.5, for every x,y € X and n € N, the elements [z, ,,y]
and [y, x] are positive elements and nilpotent elements of order 1, but the converse
is not true. For instance, the element d in Example 2.4 is positive (also nilpotent,
because 0 * d = 0), but it is not an Engel element of X and d # [z,,y| for all
z,y € X. In this example, d is a maximal element but is not Engel, and also c is
an Engel element but is not a minimal element of X. In Example 2.7, b is an Engel

element, but is neither a maximal nor a minimal element of X.

3. ENGEL SETS, DEFINED BY LEFT AND RIGHT NORMED COMMUTATORS

In this section, using the notion of commutator of two elements in a BCI-algebra,
we introduce and study Engel sets, which are defined by left and right normed
commutators and several properties of these sets are noticed.

Definition 3.1. Let X be any BCI-algebra. The sets L(X) and R(X) of all left
(right, respectively) Engel elements are called its left (right, respectively) Engel set.
Also for every integer number k > 1 the sets Li(X) and Ry(X) of all left (right,
respectively) k-Engel sets are called k-left (k-right, respectively) Engel set.

Example 3.2. From Example 2.7 we obtain Li(X) = {0,a,b}, L2(X) =
L3y(X)=...=X. Also R1(X) ={0,a,c}, R2(X) =R3(X)=...= X.
Lemma 3.3. Forallxz € X, 0*z € L1(X).

Proof. Let z € X. We show that for each y € X, [y,0*z] = 0.

[y, 0% 2] = ((y * (y* (0% 2))) % (0% ) * (0% 2) xy))) * (0 (y * (0+x)))
S((0x@) « ((0x2) % ((0x2)*y))) * (0 (yx (0xx)))
= ((0xz)xy) = (0 (y* (0xx)))
= ((0x ) xy) = ((0xy) * (0% (0xx)))
= ((0xz) xy) * ((0% (0% (0xx))) xy)
=(0xz)*y)*((0*z)xy) =0.

Since 0 is a minimal element of X and [y,0 % 2] < 0, we deduce that [y,0* z] = 0.
Hence 0 xx € L1(X). O

Lemma 3.4.
(i) Li(X) C La(X)

C...C LX)
(il) Ri(X)C Ry(X)C...CR

n(X)
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Proof. (i) Let x € L1(X). Then for all y € X we have [y,z] = 0. Hence
[y,2x] = [[y,z],x] = [0,2] = 0. Therefore z € Lo(X) and hence L1(X) C Lo(X).
Simple induction shows that L, (X) C L,4+1(X), for any positive integer n.

Obviously, L, (X) C L(X) for all n € N.

(ii) The proof is similar to the proof of (i). O

Corollary 3.5. For all x € X, we obtain 0 * x € L(X).

Theorem 3.6. The following conditions on X are equivalent:
(i) LX) = X,

(i) R(X)= X,

(ifi) En(X) = X.

Proof. (i) = (ii): Suppose that X = L(X). Then X = {zr € X: forally € X
exists n € N such that [y, ,x] = 0}, i.e. for all z € X and for every y € X there exists
n € N such that [y, ,z] = 0. By substituting « for y and y for « for any y € X, there
exists a positive integer n such that [z,,y] = 0 for all x € X. Hence X = R(X).

(ii) = (iii): Let R(X) =X and z € X = R(X). Then, by the definition of R(X),
for all y € X, there exists n € N such that [z,,y] = 0. So, for each y € X there
exists n € N such that [y, ,2] = 0. Thus € R(X) N L(X) and hence X C E(X).
Since E(X) C X, we have X = E(X).

(iii)) = (i): FEn(X)= X, then R(X)NL(X)=X. SoR(X)=L(X)=X. O

Corollary 3.7. L,(X)= X ifand only if R,(X) = X.

Proof. X =L,(X)ifand only if {x € X: forally € X, [y,nz] =0} = X if
and only if for all z,y € X, [y, ,2] = 0 if and only if for any z,y € X, [z,,y] = 0 if
and only if X = R, (X). O

Definition 3.8. Let X be any BCI-algebra. We define
(X)L={re X: forally € X exists n € N, [,x,y] =0}

and
(X)R={x € X: for all y € X exists n €N, [y, z] = 0}.

Also, for every integer number k£ > 1

(X)Ly={zx € X: [pz,y)=0forally € X}

and
(X)Rp,={ze€ X: [py,z] =0forally € X}.
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Example 3.9. Let X be the BCI-algebra of Example 2.7. Since [b,c¢] = a and

[z,y] = 0 for other =,y € X, [2b,¢] = [b,[b,¢c]] = [b,a] = 0 by routine calculation,
we have (X)L; = {0,a,c¢}, (X)La = (X)Lsg = ... = X. Also (X)R; = {0,a,b},
(X)Re=(X)R3=...=X.

Corollary 3.10. (X)LQ = (X)L3 =...=X.

Proof. Since [sz,y] =0 for every z,y € X, (X)Ly = {z € X: [az,y] = 0 for
all y € X} = X. Therefore, (X)L = (X)Lz=...=X. O

Theorem 3.11. (X)L, = X if and only if (X)R, = X and (X)L = X if and
only if (X)R = X.

Proof. The proof is similar to proof of Theorem 3.6 and Corollary 3.7. O

Remark 3.12. Whereas, for each y € X, [y,0+ 2] = 0, 0%z € (X)R; and
0xz € (X)R.

Lemma 3.13. Let A, B be two nonempty subsets of X and A C B. Then
R(B) C R(A), L(B) C L(A), R,(B) C R,(A), and L,(B) C L,,(A) for alln > 0.

Proof. Let A and B be nonempty subsets of X and A C B. Suppose that
x € R(B). Then for each y € B there exists n € N such that [z, ,y] = 0. Hence for
any y € A we have [z, ,y] = 0. Therefore R(B) C R(A). Proofs of the remaining
cases are similar. ]

Remark 3.14. The BCK-part of X, namely the set {x € X: 0x 2z = 0}, is a
subset of L1(X), L(X), (X)Ry and (X)R.

4. ENGEL BCI-ALGEBRAS

In this section, we introduce the concept of Engel BCI-algebras and study it in
detail.

Definition 4.1. A BCl-algebra X in which all elements are Engel is said to be
an Engel BCI-algebra. We call the number sup{n: [z, ,y] =0, (z,y) € X x X} the
Engel degree of X.

Also a subset .S of X is called an Engel set if, for all z,y € S, there is a non-negative
integer n such that [z, ,y] = 0.
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Example 4.2.
(1) Let X ={0,a,b,c,d} be a BCI-algebra in which the operation # is defined by
the following table:

*|0a b ¢
0/]0 a b ¢
ala 0 ¢ b
b|b ¢ 0 a
cle b a O

By routine calculation, En(X) = {0,a,b,c}. Therefore X is an Engel BCI-
algebra.
(2) The BCl-algebra in Example 2.4 is not Engel, because a,b,d ¢ En(X).

Definition 4.3. X is called n-Engel if X = L,,(X), or equivalently, X = R, (X).

Hence an n-Engel BCI-algebra is a BCI-algebra X such that [z, ,y] = 0 for all
z,y € X. That is, every element is an n-Engel element, i.e. the BCI-algebras in
which all elements are left Engel are Engel. For a given positive integer n, a BCI-
algebra X is n-Engel if all elements are left n-Engel elements. Obviously a 0-Engel
BClI-algebra has order 1. We now consider four special classes of Engel BCI-algebras:
p-semisimple, associative, commutative and nilpotent of type 2.

Proposition 4.4. Both the p-semisimple BCI-algebra and the associative BCI-
algebra are Engel BCI-algebras.

Theorem 4.5. X is 1-Engel if and only if X is commutative.

Proof. Let X be an 1-Engel BCl-algebra. Also suppose that =,y € X and
x <y. Then [z,y] = [1z,y] = [z,1y] =0, for all z,y € X. But [z,y] = ((x* (z*y)) *
(yx(y*z))x(0x(zxy)) = ((z*0)*x(yx(y*z)) =zx(y*@yx*z)) =0. So
x < (yx(yxx)). By BCI2, yx (y*x) < z, and thus y x (yxx) = x Ay = .
Therefore X is commutative.

Conversely, if X is a commutative BCI-algebra, then for all z,y € X, (y A x) *
(x ANy) = 0% (z *y), which implies that [x,y] = (yAz)* (x Ay))* (0 (zxy)) =0.
Therefore X is 1-Engel BCl-algebra. O

Theorem 4.6. Any nilpotent BCI-algebra of type 2 is an Engel BCI-algebra.

Proof. Let X be anilpotent BCI-algebra of type 2 and the nilpotency class of X
be n. By Theorem 1.6, [[z1,22,...,Zn_1],2s] = 0 for all z; € X. Hence [z, ,y] = 0
for all x,y € X. Therefore X is Engel. O
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In Example 2.7 we saw that X is an Engel BCI-algebra, but that it is neither a
p-semisimple nor a commutative, nor an associative BCI-algebra. In the following
example we show that the concepts of Engel, solvable, and nilpotent BCI-algebras
of type 2 are different.

Example 4.7. Let X = {0,a,b,c,d} and let the operation “+” on X be given
by the following table:

QUL O Qe O *
QL O T OO
QO 0 O oOle
O 0 OO o
QL OO O OO0
OO0 O O

Routine calculation shows that (X, *,0) is a BCI-algebra and C*(X) = C1(X) =
{0,a}, Co(X) = {0} and C?*(X) = C3(X) = C4X) = ... = {0,a}. Thus X is
solvable, but X is not nilpotent of type 2. Also, for each n € N, we obtain [a, ,,b] = a.
So, X is not Engel.

Lemma 4.8. The following conditions on X are equivalent:

(i) X'={0},
(ii) X is 1-Engel,
(iv) X = Z(X).

Proof. (i) = (ii): If X’ = {0}, then for each xz,y € X we have [x,y] = 0. So X
is 1-Engel.

(if) = (iii): Let X be 1-Engel. Then [z,y] = 0 for every xz,y € X. Hence
Z(X)={re X: [z,y]=y,z] =0forally € X} = X.

(i) = (i): Let X = Z(X). Then {z € X: [z,y] =[y,z] =0forall y € X} = X.
Hence [z,y] = 0 for every z,y € X. Therefore X’ = {0}. O

It is clear that Ro(X) = Lo(X) = {0}, Ri(X) = L1(X) = Z(X). So x is left
1-Engel or right 1-Engel element if and only if x is in the pseudo-center, and X is
1-Engel if and only if X is commutative.

Theorem 4.9. For every m > n, if X is an n-Engel BCI-algebra, then X is
m-Engel.

Proof. Suppose that X is an n-Engel BCI-algebra. Then [z,,y] = 0 for all
z,y € X. But for each m > n and z,y € X, we obtain [z, ,y] = [[2, nY], m—nYy] =
[0, m—ny] = 0. Hence X is m-Engel. O
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Remark 4.10. Commutative BCI-algebras of order n > 2 are 1-Engel but are
not 0-Engel, because the single 0-Engel BCI-algebra is {0}. Therefore the converse
of Theorem 4.9 is generally not true.

Theorem 4.11. Let (X,*,0) and (Y,-,0) be two BCIl-algebras. If f: X — Y
is a homomorphism from X toY and X is an Engel BCI-algebra, then f(X) is an
Engel BCI-algebra.

Proof. Suppose that t1,t2 € f(X). Then for some z,y € X we have t; = f(z)
and to = f(y). Since X is Engel, there exists n € N such that [z,,y] = 0. Hence

[t1, nta] = [f(2),nf ()] = f([z,ny]) = f(0) = 0. So f(X) is Engel. 0

In general, the homomorphic image of an Engel BClI-algebra is not a BCI-algebra.
Thus, Engel BCI-algebras do not form a variety (for more details see Example 5.8
of [11]).

Proposition 4.12. Let I be an ideal of X. Then I and X/I are Engel sets if and
only if X is an Engel BCI-algebra.

Proof. Let X be an Engel BCI-algebra. Since I C X, and any subset of an
Engel BCl-algebra is an Engel set by definition, it follows that, I is an Engel set.
Let z, y be elements of X. Then C,,C, € X/I. Since X is Engel, there exists
n € N such that [z,,y] = 0. We claim that [C,,,Cy] = C,
induction on n. If n = 1, then

y]- We will proceed by

Clo,yl = Cliyna)s(@ny) =0 @) = (Clyaa) * Clany)) * Cox(asy)
= (C;c*(;c*y) * Cy*(y*x)) * CO*(;c*y)
= ((Cyp # (Cy % Cy)) % (Cy % (Cy x Cy)))  (Co x (Cy % Cy)) = [Cy, Cy .

Now, let [Cy,—1Cy] = Oy, _,y)- Therefore Cp, ) = Cliz,_ 1910 = [Clan_1y)> Oyl =
[Czyn-1Cy), Cy] = [Cz,nCy]. Hence the above claim holds for every positive inte-
ger n. Thus [Cy,,Cy] = Cps,,.y) = Co. So X/I is Engel.

Conversely, let T and X/I be Engel sets. If x is an arbitrary element of X, then
C, € X/I. Therefore, for every y € X, there exists a positive integer n such that
[Cyin Cy] = Co. But [Cr,nCy] = Cly, 4, 50 Clp, .y = Co. Hence [z, ,y] € I. Since [
is Engel, there exists m € N such that [[z,,y],my] = 0. Whence [z, ,1my] = 0.
Then X is Engel. (]

By Lemma 3.13 if X is Engel, then any subalgebra of X is Engel too. Also, the
intersection of any two Engel subalgebras of X is Engel. Since commutative BCI-
algebras form a variety, 1-Engel BCI-algebras also form a variety. The quotient of
an Engel BCI-algebra is an Engel BCI-algebra.
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Proposition 4.13. The product of two Engel BCI-algebras is again an Engel
BClT-algebra.

Proof. Let X and Y be two Engel BCI-algebras of degrees r and s, respec-
tively. For every (z,y) and (a,b) € X x Y and n € N we show by induction that
[(z,y),n(a,b)] = ([x,nal, [y, nb]). In the case n = 1, we obtain

—
8
<
~
—
8
=
=
I
—~
—~
—
8
<
~—

*((2,y) * (a,b))) * ((a,b) * ((a, b) * (z,7))))
(0,0) * ((z,y) * (a, b)))

(xx(xxa)x(ax(axx
0 (z*a),0x(yx*b))
x(xxa)*(ax(axx))*(0*(xxa))),
(y * (y b)) * (b (bxy))) * (0% (y xb)))
= ([z,al, [y, b)).

(

*(0*(3&*@ ), 0% ( y*b)
@ ), ((y# (y ) * (b (bxy))))
(

Now inductively assume that [(z,y),n—1 (a,0)] = ([x,n—1 @], [y,n—1b]). Then

[(z,9), n(a, )]

[(%,9), n-1(a, )], (a,0)]

([, n-10l, [y, n-10]), (a, )]
([, n-1al, a], [[y, n—10],0])
[, nal, [y, nb]).

n—
n—

[
[
(
(

Since X and Y are Engel of degrees r and s, [z,,a] = 0 and [y, sb] = 0. By the as-
sumption n = max{r, s}, we have [z, ,a] = 0 and [y, ,b] = 0. Hence [(z,y),n(a,b)] =
([, nal, [y, nb]) = (0,0). Therefore X x Y is Engel of degree less than or equal to n.

([

The above proposition can be generalized to arbitrary families of Engel BCI-
algebras.
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5. CONCLUSIONS

In the present paper, we have introduced the concepts of Engel elements and Engel
sets in BCI-algebras and investigated some of their properties. To develop the theory
of BClI-algebras, one of the most encouraging ideas could be investigating the Engel
degree of BCI-algebras and finding a relation diagram between subclasses of BCI-
algebras. For instance, 1-Engel BCI-algebras are strictly commutative BCI-algebras.
It is hoped that this work contributes to further studies. Therefore, we think that
the results presented in this paper and the forthcoming works can pave the way for
a bright future of the theory of the BCI-algebras. The major goal of Engel theory in
BClI-algebras can be stated as follows: to find conditions on X which will ensure that
L(X) and R(X) are subalgebras, if possible. Some important problems for future
work are:

(1) For which BCI-algebra X and for which positive integers n are L(X), R(X)
and R, (X), L,(X) subalgebras of X. This question can be discussed for various
classes of BCI-algebras and small positive integers n.

(2) What is the relationship between left and right Engel elements of X7

(3) When do the right n-Engel elements of X form a subalgebra?

(4) For which positive integers n does there exist a positive integer k such that
R, (X) C Li(X) for all BCI-algebras X?

6. ACKNOWLEDGEMENT

The authors would like to express their sincere thanks to the referees for their
valuable suggestions and comments.

References

[1] A. Abdollahi: Engel graph associated with a group. J. Algebra 318 (2007), 680—691.

[2] A.Abdollahi: Engel elements in groups. Groups St. Andrews 2009 in Bath. Vol. I
(C.M. Campbell, et al., eds.). London Mathematical Society Lecture Note Series 387.
Cambridge University Press, Cambridge, 2011, pp. 94-117.

[3] W.A. Dudek: On group-like BCI-algebras. Demonstr. Math. 21 (1988), 369-376.

[4] W. A. Dudek: Finite BCK-algebras are solvable. Commun. Korean Math. Soc. 81 (2016),
261-262.

[5] Y. Huang: BCI-Algebras. Science Press, Beijing, 2006.

[6] K. Iséki: An algebra related with a propositional calculus. Proc. Japan Acad. 42 (1966),
26-29.

[7] K. Iséki: On BCl-algebras. Math. Semin. Notes, Kobe Univ. 8 (1980), 125-130.

| T. Lei, C.Xi: p-radical in BCI-algebras. Math. Jap. 30 (1985), 511-517.

[9] A. Najafi: Pseudo-commutators in BCK-algebras. Pure Math. Sci. 2 (2013), 29-32.

[10] A. Najafi, A. Borumand Saeid: Solvable BCK-algebras. Cankaya Univ. J. Sci. Eng. 11

(2014), 19-28.

149

zblMRfdoil
2l [MRfdoi|
ZOIIR|do]
2l MRfdoi]

zbIMRfdoi]
ZO[R

N
o
e

doi

zb.

=


https://zbmath.org/?q=an:1136.20034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2371966
http://dx.doi.org/10.1016/j.jalgebra.2007.09.007
https://zbmath.org/?q=an:1235.20039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2858851
http://dx.doi.org/10.1017/CBO9780511842467.005
https://zbmath.org/?q=an:0655.06011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0981689
http://dx.doi.org/10.1515/dema-1988-0207
https://zbmath.org/?q=an:1339.06022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3498234
http://dx.doi.org/10.4134/CKMS.2016.31.2.261
https://zbmath.org/?q=an:0207.29304
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0202571
http://dx.doi.org/10.3792/pja/1195522171
https://zbmath.org/?q=an:0434.03049
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0590171
https://zbmath.org/?q=an:0594.03047
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0812002
https://zbmath.org/?q=an:1305.06023
http://dx.doi.org/10.12988/pms.2013.13004

[11] A. Najafi, A. Borumand Saeid, E. Eslami: Commutators in BCI-algebras. J. Intell. Fuzzy
Syst. 31 (2016), 357-366.
[12] A. Najafi, A. Borumand Saeid, E. Eslami: Centralizers of BCI-algebras. To appear in
Miskolc Math. Notes.
[13] A. Najafi, E. Eslami, A. Borumand Saeid: A new type of nilpotent BCI-algebras. An.
Stiing. Univ. Al I. Cuza Iasi, Ser. Noua, Mat. 64 (2018), 309-326. MR

Authors’ addresses: Ardavan Najafi, Department of Mathematics, Behbahan Branch,
Islamic Azad University, Behbahan, Iran, e-mail: najafi@behiau.ac.ir; Arsham Borumand
Saeid, Department of Pure Mathematics, Faculty of Mathematics and Computer, Shahid
Bahonar University of Kerman, Pajoohesh Sq., Imam Khomeni Highway, 7616913439 Ker-
man, Iran, e-mail: arsham@uk.ac.ir.

150


https://zbmath.org/?q=an:1367.06009
http://dx.doi.org/10.3233/IFS-162148
https://zbmath.org/?q=an:0708.9742
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3896549

